
         

OnobstructionstotheHasseprinciple

PerSalberger

toSirPeterSwinnerton-Dyer

Introduction

Abasicprobleminarithmeticgeometryistodecideifavarietydefinedover
anumberfieldkhasak-rationalpoint.Thisisonlypossibleifthereisa
kv-pointonthevarietyforeachcompletionkvofk.Itremainstodecideif
thereisak-pointonavarietywithakv-pointateachplacevofk.Thefirst
positiveresultswereobtainedbyHasseforquadricsandvarietiesdefinedby
meansofcertainnormforms.Aclassofvarieties,therefore,issaidtosatisfy
theHasseprincipleifeachvarietyintheclasshasak-pointassoonasit
haskv-pointsforallplacesv.Thecorrespondingpropertyforthesmooth
locusiscalledthesmoothHasseprinciple.Itisalsonaturaltoaskifweak
approximationholds.Thismeansthatthesetofk-pointsisdenseinthe
topologicalspaceofadelicpointsonthesmoothlocus.

TherearecounterexamplestotheHasseprincipleandweakapproximation
alreadyforsmoothcubiccurvesandcubicsurfaces.Thesecounterexamples
canbeexplainedbymeansofageneralobstructiontotheHasseprinciple
duetoManinbasedontheBrauergroupofthevarietyandthereciprocity
lawinclassfieldtheory.Mostbutnotalloftheknowncounterexamples
canbeexplainedbythisobstruction(Skorobogatov[Sk]).Itislikelythat
Manin’sobstructionistheonlyobstructiontothe(smooth)Hasseprinciple
forrationalvarieties.Butithasonlybeenprovedinveryspecialcases.

ItismorereasonabletostudytheHasseprinciplefor0-cyclesofdegree
one.ForcurvesitispossibletorelatetheuniquenessofManin’sobstruction
tothefinitenessoftheTate–Shafarevichgroupofthejacobian,whichhas
beenprovedforsomeellipticcurvesbyKolyvaginandRubin.Anotherfairly
generalresultisduetotheauthor[Sa]andconcernsconicbundlesurfaces
overtheprojectiveline.ThereweprovedadifficultconjectureofColliot-
ThélèneandSansuc(ConjectureBonp.443in[CT/S1]).Itsaysthatanew
kindofShafarevichgroupX

1
(k,M)definedbymeansofKtheoryvanishes
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forrationalsurfaces.Thisresulthasseveralconsequences.Onecorollarycon-
cernsthesizeoftheChowgroupofdegreezerocycles(cf.[CT/S1]and[Sa]).
Anothercorollaryobtainedin1987andannouncedin[Sa]isthefollowing

0.1TheoremLetkbeanumberfieldandXaconicbundlesurfaceover
P

1
k.ThenManin’sobstructionistheonlyobstructiontotheHasseprinciple

for0-cyclesofdegreeone.

Theauthorincludedin[Sa]aproofwhentheBrauergroupH
2
ét(X,Gm)

ofXcontainsnootherelementsthanthosecomingfromtheBrauergroup
ofk.ThentheManinobstructionvanishessothatoneobtainsthesimpler
statementthattheHasseprincipleholdsfor0-cyclesofdegreeone.Oneof
themotivationsforthepresentpaperistopresentaproofofTheorem0.1,
bydeducingitfromourresultonX

1
(k,M).Thisisanimprovedversionof

theprooffoundin1987.

ItisbasedonageneralizationofthedescenttheoryofColliot-Thélène
andSansuc[CT/S2]forrationalpointsto0-cyclesofdegreeone.Therest
oftheproofistoshowthatcertaindiagramscommute.Thisisdoneusing
techniquessimilartothoseinBloch[Bl]and[CT/S1].

ThedescenttheorydevelopedbyColliot-ThélèneandSansucisananalog
oftheclassicaldescenttheoryforellipticcurvesdevelopedbyFermat,Euler,
MordellandWeil.Ifpα:Tα→XisaclassofsuchdescentvarietiesandK
isanoverfieldofk,thenthesetspα(Tα(K))formapartitionofX(K).The
descentvarietiesweconsideraretorsorsoverXundercommutativealgebraic
groups.

Forvarietieswithfinitelygeneratedtorsion-freePicardgroups,Colliot-
ThélèneandSansuc[CT/S2]introducedaspecialkindofdescentvarieties
calleduniversaltorsors.ThesearetorsorsundertheNéron–Severitorusof
thevarietyhavingacertainuniversalpropertyamongothertorsors.Oneof
themostimportantresultsintheirpaperisthefollowing

0.2TheoremLetXbeasmoothproperrationalvarietywithakv-point
Pvineachcompletionofk.Supposethatthesetofthesekv-pointssatis-
fiesManin’sBrauergroupcondition.ThenthereexistsauniversalX-torsor
p:T→XundertheNéron–SeveritorusTofX(see(1.2))suchthatthe
kv-torsorsunderT×kkvatPvobtainedbybaseextensionaretrivialforeach
placevofkv.

Thismeansthattherearekv-pointsQvonTsuchthatp(Qv)=Pvfor
eachplacevofk.Therefore,iftheuniversaltorsorsoverXsatisfythe
Hasseprinciple,thenManin’sobstructionistheonlyobstructiontotheHasse
principleforX.Therearemanyapplicationsofthisresult.Forsomeclasses
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ofrationalvarietiesXitispossibletoestablishtheHasseprincipleforthe
universaltorsorseitherdirectlyorbymeansofsomeintermediatetorsors.

TheproofofTheorem0.2in[CT/S2]usesexplicitcomputationsofcocy-
cles.TheaimofSection1istoofferaproofbasedonsimplefunctoriality
propertiesofétalecohomology.ItisnotnecessarytoassumethatXisra-
tional.Itsufficestoassume(justasintheproofinop.cit.)thatthePicard
groupofX×kkisfinitelygeneratedandtorsion-freeforanalgebraicclosure
kofk.OnlyBrauerclassesinthe“algebraicpart”H̃

2
ét(X,Gm)oftheBrauer

groupofXoccur.ThisisthekernelofthefunctorialmapfromH
2
ét(X,Gm)

toH
2
ét(X×kk,Gm).IfXissmoothandrational,thenH̃

2
ét(X,Gm)isthefull

BrauergroupofX.

Thebasicideaoftheproofisto“kill”thenonconstantalgebraicpartof
theBrauergroupofXbyconsideringafibreproductΠofafinitenumber
ofSeveri–BrauerschemesoverXwhicharetrivialatthespecializationsat
thegivenkv-points.ThevanishingofManin’sobstructionforthealgebraic
partoftheBrauergroupimpliesthatH̃

2
ét(Π,Gm)containsnootherelements

thanthosecomingfromtheBrauergroupofk.Thegivenkv-pointscanbe
liftedtokv-pointsonΠ.Itisnoweasytoshowthatthereexistsauniversal
Π-torsorwhichistrivialatthesekv-pointsonΠandfromthis,constructthe
desireduniversalX-torsor.(Use(1.4)anditsfunctorialityunderΠ→X.)
ThisgivesanaturalproofofTheorem0.2.

Thereisnodirectextensionofthisproofto0-cyclesofdegreeonesince
suchcyclescannotbeliftedtotheSeveri–BrauerschemesoverX.Wethere-
forereplacetheSeveri–BrauerX-schemesbyX-torsorsundertori.This
makestheprooflesstransparent.Buttherôleoftheauxiliarytorsorsis
thesame.Theyareusedtosimplifythecohomologicalobstructions.The
X-torsorsdenotedbySareinfactchoseninsuchawaythattheygiverise
touniversaltorsorsoverΠafterpull-backoftheirbasewithrespecttothe
morphismΠ→X.

TheadvantageofthisapproachisthatwecangeneralizeTheorem0.2to
astatementwherethekv-pointsPvarereplacedby0-cyclesofdegreeone(see
Theorem1.27).Any0-cyclezvonX×kkvdefinesanaturalspecialization
mapρ(zv)fromH

1
ét(X,T)toH

1
ét(kv,Tv).OurgeneralizationofTheorem0.2

saysthatthereexistsauniversalX-torsorp:T→Xsuchthattheclass
[T]∈H

1
ét(X,T)ofTbelongstothekernelofρ(zv)foreachplacevofk.This

generalizationismoredifficulttoproveandapplythanTheorem0.2,since
thetrivialityofρ(zv)([T])inH

1
ét(kv,Tv)doesnotguaranteethatzvcanbe

liftedtoa0-cycleofdegreeoneonTasinthecaseofkv-points.

TheresultsinSection1arethefollowing.Wefirstgiveprecisecriteria
forwhenthereexistsauniversaltorsorforalargeclassofvarietiesovera
numberfieldk.Onenecessaryconditionisthatthereareuniversaltorsors
overthekv-varietiesthatareobtainedbybaseextensionfromktokv.A
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secondnecessaryconditionisgivenbyconsideringtheelementsintheBrauer
groupofthevarietythatbecomeconstantafterallthebaseextensionstolocal
fields.Wefirstformulateonecriterion(Proposition1.12)withoutassuming
thatthereare0-cyclesofdegreeoneoverthelocalfieldskvandthen,as
anapplication,asecondcriterion(Proposition1.26)undertheassumptions
thatsuch0-cyclesexistovereachcompletionkv.Suchcriteriawerefirst
establishedin[CT/S2]inthecasewhenthe0-cyclesarekv-pointsonX.

InTheorem1.27wethenproveourgeneralizationofTheorem0.2dis-
cussedabove.Itisworthnotingthattheresultalsoappliestovarietieswith
H

1
(X,OX)=0andtorsion-freeNéron–Severigroup,suchasK3surfaces.

Buttherationalityassumptionin[CT/S2,Section3]remainsessentialfor
theconjecturethattheuniversaltorsorssatisfytheHasseprinciple.Thecon-
verse(ii)⇒(i)ofTheorem1.27tellsusthattheuniversaltorsorscontainall
theinformationabouttheobstructioncomingfromthealgebraicpartofthe
Brauergroup.

ToproveTheorem0.1weneedastrangecorollaryofTheorem1.27(Corol-
lary1.45)fortorsorsdefinedoveranopensubsetofX.Toprovethisresult,
weuseargumentsrelatedtothe“descriptionlocaledestorseurs”in[CT/S2].
ThiscorollaryplaysanimportantrôleintheproofofTheorem0.1inSec-
tion2.

InSection2wefirstrecalltheK-theoreticconstructionofBloch[Bl]
forrationalsurfacesaswellassomerefinementsin[CT/S1]and[Sa].A
fundamentaltoolin[Bl]isacharacteristichomomorphismφ′forrational
surfacesfromthegroupZ0(X)

0
of0-cyclesofdegreezerotoH

1
ét(k,T)where

TistheNéron–SeveritorusofX.InordertoproveTheorem0.1weneed
thatthismapbehaveswellunderspecializations.Thisisnotimmediatefor
Bloch’smap,buteasytoshowforanothermapφofColliot-Thélèneand
Sansucdefinedbymeansofuniversaltorsors.Weshallthereforemakeuseof
thefactthatφ=φ′forrationalsurfaces.Wethenprovethatthevanishingof
X

1
(k,M)impliesthattheManinobstructionistheonlyobstructiontothe

Hasseprinciplefor0-cyclesofdegreeone.Thisisprovedforrationalsurfaces
and,moregenerally,fortheclassofvarietiessatisfyingcertainaxioms(2.3)
and(2.4).Inparticular,wededuceTheorem0.1fromthedeeparithmetical
resultonX

1
(k,M)forrationalconicbundlesurfacesin[Sa].

Thispaperisaslightlyrevisedversionofamanuscriptfrom1993inwhich
IproveTheorem0.1foramoregeneralclassofrationalvarietieswithapencil
ofSeveri–Brauervarieties.Thereisalsoaproofofthismoregeneralresultin
thepaperofColliot-ThélèneandSwinnerton-Dyer[CT/SwD].Theirapproach
isdifferentandnotbasedondescenttheory.

Iwouldliketoexpressmygratitudetotherefereeforhiscarefulreading
ofthepaper.
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1Universaltorsors,Brauergroupsand

obstructionstotheHasseprinciple

Letkbeafield,kaseparableclosureofkandG:=Gal(k/k)theabso-
luteGaloisgroupofk.Thereisacontravariantequivalence(cf.Borel[Bo])
betweenthecategoriesofk-toriandthecategoryoffinitelygeneratedtorsion-
freediscreteG-modules.IfSisak-torus,thenthereisanaturalG-action
onthecharactergroupŜ:=Hom(S,Gm,k)ofthek-torusS=k×kSsuch

thatŜbecomesafinitelygeneratedtorsion-freediscreteG-module.Con-
versely,ifMisafinitelygeneratedtorsion-freediscreteG-module,then
D(M):=HomZ(M,k

∗
)isak-toruswithanaturalk-structureinducedbythe

G-actiononM,therebydefiningak-torus.InthesequelweidentifyMwith

itsbidualD̂(M)andwriteid:D̂(M)
'
−→MforthecanonicalG-isomorphism.

WerecallsomebasicnotionsandresultsfromthedescenttheoryofColliot-
ThélèneandSansuc[CT/S2].Wewillconsiderk-varietiesoveraperfectfield
ksatisfyingthefollowingassumptions.

Xisasmoothproperk-varietysuchthatX:=k×Xis
connectedandPicX:=H

1
ét(X,Gm)isfinitelygenerated

andtorsion-free.
(1.1)

Letπ:S→Xbeak-morphismfromak-varietySwhichisfaithfullyflat
andlocallyoffinitetypeoverX.LetSbeak-torus.Thenπ:S→Xissaid
tobea(left)X-torsorunderSifthereisa(left)actionσ:S×S→Ssuch
thatthek-morphism

(σ,pr2):S×XS−→S×XS

inducedbyσandthesecondprojectionpr2:S×XS→Sisanisomor-
phism.WeusuallywriteSratherthanπ:S→XfortheX-torsor.An
X-torsorunderak-torusislocallytrivialintheétaletopologybyatheorem
ofGrothendieck.TheisomorphismclassesofX-torsorsunderScorrespond
toelementsofH

1
ét(X,S).

Nowletχ:H
1
ét(X,S)→HomG(Ŝ,PicX)bethehomomorphisminduced

bytheadditivepairingH
1
ét(X,S)×Hom(S,Gm,k)→H

1
ét(X,Gm,k).

1.2Definition

(a)LetSbeanX-torsorunderSand[S]itsclassinH
1
ét(X,S).Then

χ([S])∈HomG(Ŝ,PicX)iscalledthetypeofS.

(b)TheNéron–SeveritorusTofXisthek-torusD(PicX)associatedto
thediscreteG-modulePicX.
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(c)AuniversaltorsoroverXisanX-torsorundertheNéron–Severitorus

Twhosetypeisid:T̂→PicX.

Byconsideringthespectralsequence

Ext
p
két(Ŝ,R

q
p∗Gm,X)⇒Ext

p+q
Xét(p∗Ŝ,Gm,X)(1.3)

forak-torusSandthestructuremorphismp:X→Speck(see[CT/S2,
1.5.1]),Colliot-ThélèneandSansucobtainedtheexactsequence:

0→H
1
ét(k,S)→H

1
ét(X,S)

χ
−→HomG(Ŝ,PicX)

δ
−→H

2
ét(k,S)→H

2
ét(X,S).(1.4)

ThehomomorphismsH
i
ét(k,S)→H

i
ét(X,S)arethefunctorialcontravari-

antmapsinétalecohomology.Weshallnotgiveanyexplicitdescriptionofδ.
Allweneedintheproofsisthatthesequence(1.4)isfunctorialunderfield
extensionsofkandhomomorphismsofk-tori.

LetH̃
2
ét(X,S):=Ker

(
H

2
ét(X,S)→H

2
ét(X,S)

)
.Byanalysing(1.3)fur-

ther,oneextendstheendof(1.4)toanexactsequence:

HomG(Ŝ,PicX)

δ
−→H

2
ét(k,S)→H̃

2
ét(X,S)→ExtG(Ŝ,PicX)→H

3
ét(k,S).(1.5)

InparticularforS=Gm,k,oneobtainsthewell-knownsequence:

H
2
ét(k,Gm,k)→H̃

2
ét(X,Gm,k)→ExtG(Z,PicX)→H

3
ét(k,Gm,k).(1.6)

Thenextresultisalsoin[CT/S2].Weincludeaproof,sinceop.cit.does
notprovetheimplication(iii)⇒(ii)directly.

1.7PropositionLetk,Xbeasin(1.1)andletTbetheNéron–Severi
torusofX.Thenthefollowingconditionsareequivalent.

(i)H
2
ét(k,T)→H

2
ét(X,T)isinjectivefortheNéron–SeveritorusT.

(ii)H
2
ét(k,S)→H

2
ét(X,S)isinjectiveforanyk-torusS.

(iii)ThereexistsauniversaltorsoroverX.
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Proof(ii)⇒(i)istrivialand(i)⇒(iii)isimmediatefrom(1.4).Toprove

(iii)⇒(ii),letSbeak-torusandχ∈HomG(Ŝ,PicX).Thenthereisadual
homomorphismD(χ)ofk-toriT→Sinducingacommutativediagram

H
1
ét(X,T)→HomG(T̂,PicX)→H

2
ét(k,T)→H

2
ét(X,T)

yyyy
H

1
ét(X,S)→HomG(Ŝ,PicX)→H

2
ét(k,S)→H

2
ét(X,S)

suchthatid∈HomG(T̂,PicX)goestoχinHomG(Ŝ,PicX).Henceδ(χ)=0,
therebyproving(iii)⇒(ii).¤

Recallthata0-cycleonXisafiniteformalsumz=∑niPiwherethePi
areclosedpointsonXandtheniintegers.Theintegern:=∑ni[k(Pi):k]is
calledthedegreeofz.DenotebyZ0(X)thefreeabeliangroupof0-cycleson
X.Foreachk-torusSandeachpositiveintegeri,thereisanaturaladditive
pairing

ρ:Z0(X)×H
i
ét(X,S)→H

i
ét(k,S)(1.8)

sendingapairconsistingofaclosedpointP∈Z0(X)andanelement
ε∈H

i
ét(X,S)tothecorestrictioninH

i
ét(k,S)ofthepullbackε(P)ofεin

H
i
ét(k(P),S).Itcanbeprovedthatthispairingfactorizesthroughrational

equivalence,butwedonotneedthis.
Ifz=∑niPiisa0-cycle,writeρ(z):H

i
ét(X,T)→H

i
ét(k,T)forthe

homomorphismsendingε∈H
i
ét(X,T)toρ(z,ε)∈H

i
ét(k,T).Thisgivesa

retractionofthefunctorialmapfromH
i
ét(k,T)toH

i
ét(X,T)whenzisof

degreeone.ThenbyProposition1.7,thereexistsauniversaltorsoroverX.
LetTbetheNéron–SeveritorusofXandTauniversalX-torsor.Let

φT:Z0(X)→H
1
ét(k,T)bethehomomorphismwhichsendsz∈Z0(X)to

ρ(z,[T])(see(1.8)),andZ0(X)
0

thesubgroupofZ0(X)consistingof0-cycles
ofdegreezero.

1.9PropositionTherestrictionofφTtoZ0(X)
0

isindependentofthe
choiceofuniversaltorsorT.

ProofUse(1.4)andthefactthat

Z0(X)
0
×Im(H

1
ét(k,T)→H

1
ét(X,T))⊆Ker(ρ).¤

WethereforedroptheindexandwriteφforthismapZ0(X)
0
→H

1
ét(k,T).

Forotherconstructionsofφthatdonotdependontheassumptionthata
universaltorsorexists,see[CT/S1,Section1]andthenextsection.

Thefollowingalmosttriviallemmafromhomologicalalgebrawillbeuse-
ful.
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1.10LemmaLetLbeafinitelygeneratedtorsion-freediscreteG-module.
Then

(a)H
1
(G,Z)=0.

(b)H
1
(G,L)=ExtG(Z,L)isfinite.

(c)Letε1,ε2,...,εr∈ExtG(Z
(r)

,L)andε∈ExtG(Z
(r)

,L)correspondto
{εj}

r
j=1∈⊕ExtG(Z,L).

ThenthereisanextensionofdiscreteG-modules

0→L→M→Z
(r)
→0(∗)

suchthat

(i)Ker(ExtG(Z,L)→ExtG(Z,M))isthesubgroupgeneratedbyε1,ε2,...,
εr,

(ii)theconnectinghomomorphismHomG(L,L)→ExtG(Z
(r)

,L)inducedby
(∗)sendsid∈HomG(L,L)toε.

Nowletkbeanumberfield.DenotebyΩkthesetofplacesofk,andby
kvthev-adiccompletionofkforaplacev.Chooseanalgebraicclosurekvof
kvandanembeddingk⊂kvforeachv∈Ωk.WemaythenregardtheGalois
groupGv:=Gal(kv/kv)asasubgroupofG=Gal(k/k)foreachv∈Ωk.

IfMisadiscreteG-moduleandiapositiveinteger,write

X
i
(k,M):=Ker

(
H
i
(G,M)→

∏

allv

H
i
(Gv,M)

)
.

Inparticular,ifMisthegroupS(k)ofk-pointsonak-torusS,wewrite
X

i
(k,S):=X

i
(k,S(k)).Finally,set

Q
1
(k,S):=Coker

(
H

1
(G,S(k))→

⊕

allv

H
1
(Gv,S(kv))

)
.

ThefollowingresultfromclassfieldtheoryisduetoNakayamaandTate
[Ta1].Itplaysanimportantrôlein[CT/S2].

1.11TheoremLetkbeanumberfieldandSak-torus.Thenthereisa
perfectpairing

X
2
(k,S)×X

1
(k,Ŝ)−→Q/Z



             

PerSalberger259

whichisfunctorialunderhomomorphismsofk-tori.Thekernelofthein-
ducedepimorphismfromHom(H

1
(G,Ŝ),Q/Z)toX

2
(k,S)isisomorphicto

Q
1
(k,S).Moreover,H

3
ét(k,S)=0foranysplitk-torusS.

ThenextpropositiongeneralizesaresultinSection3.3in[CT/S2].If
weusetheword“locally”forapropertywhichholdsforXv:=kv×Xfor
eachplacev∈Ωk,thenwecanexpressProposition1.12inthefollowing
way.ThereexistsauniversaltorsoroverXifandonlyifthereexistsonelo-
cally,andmoreovereverylocallyconstantAzumayaalgebraoverXisBrauer
equivalenttoaproductofalocallytrivialAzumayaalgebraandaconstant
Azumayaalgebra.WecanreplaceH̃

2
étbyH

2
étin(i),sinceany“locally”con-

stantBrauerclassbelongstoH̃
2
ét(X,Gm).Weprefertheformulationhere

sincetheuniversaltorsorsarerelatedtoH̃
2
ét(X,Gm)ratherthanH

2
ét(X,Gm).

1.12PropositionLetkbeanumberfieldandXasmoothpropergeo-
metricallyconnectedvarietyoverkforwhichPicXisfinitelygeneratedand
torsion-free.Thenthefollowingstatementsareequivalent.

(i)ThemapfromKer(H̃
2
ét(X,Gm)→∏

allvH̃
2
ét(Xv,Gm))to

Ker
(
H̃

2
ét(X,Gm)/ImH

2
ét(k,Gm)→

∏

allv

H̃
2
ét(Xv,Gm)/ImH

2
ét(kv,Gm)

)

issurjective,andforeachplacev∈Ωkthereexistsauniversaltorsor
overXv.

(ii)ThereexistsauniversaltorsoroverX.

ProofWeapplyLemma1.10fortheG-moduleL=PicXandchooseaset
ofgeneratorsε1,ε2,...,εrofKer(ExtG(Z,PicX)→∏

allvExtGv(Z,PicX)).
Letε∈ExtG(Z

(r)
,L)correspondto⊕r

j=1εj∈ExtG(Z,L).Wethenobtain
anexactsequenceofdiscreteG-modules

0→PicX→M→Z
(r)
→0(1.13)

suchthat

X
1
(k,PicX)=Ker(H

1
(G,PicX)→H

1
(G,M));and(1.14)

id∈HomG(PicX,PicX)mapstoεundertheconnecting
homomorphismHomG(PicX,PicX)→ExtG(Z

(r)
,PicX)

inducedby(1.13).
(1.15)

theextension(1.13)issplitasasequenceofGv-modules
foreachv∈Ωk.

(1.16)
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NowapplyD(...)to(1.13)andconsiderthedualsequenceofk-tori:

1→R→S→T→1,(1.17)

whereTistheNéron–SeveritorusofXandR=∏r
j=1Gm,k.From(1.14)

andthearithmeticaldualityresultinTheorem1.11weobtainthat:

X
2
(k,S)⊆Ker(H

2
ét(k,S)→H

2
ét(k,T))(1.18)

andfrom(1.16)thatthesequencesofkv-tori

1→Rv→Sv→Tv→1(1.19)

inducedfrom(1.17)splitforallplacesvofk.

Proofof(i)⇒(ii)Considerthefollowingcommutativediagramwith
exactrowsandcolumns

H
2
ét(k,R)→H̃

2
ét(X,R)→ExtG(R̂,PicX)

yyy
H

2
ét(k,S)→H̃

2
ét(X,S)→ExtG(Ŝ,PicX)

yyy
H

2
ét(k,T)→H̃

2
ét(X,T)→ExtG(T̂,PicX)

y
0

(1.20)

wherethehorizontalsequencesarethosein(1.5)andtheverticalsequences
areinducedby(1.17).Thecomplexinthesecondcolumnisexactsince(1.17)
splitsoverk.ThemapH

2
ét(k,S)→H

2
ét(k,T)issurjectivesinceH

3
ét(k,R)=0

foranumberfieldk(see(1.8)).
Inordertoprovethatthereisauniversaltorsor,itsufficesbyPropo-

sition1.7toshowthatH
2
ét(k,T)→H̃

2
ét(X,T)isinjective.Soletκ∈

Ker(H
2
ét(k,T)→H̃

2
ét(X,T))andliftκtoanelementβ∈H

2
ét(k,S).Then,by

exactnessof(1.20),thereexistsγinKer(H̃
2
ét(X,R)→ExtG(Ŝ,PicX))with

thesameimageasβinH̃
2
ét(X,S).LetγvbetheimageofγinH̃

2
ét(Xv,R)and

considerthefollowingcommutativediagramwithexactrowsandcolumns.

000
yyy

0→H
2
ét(kv,Rv)→H̃

2
ét(Xv,Rv)→ExtGv(R̂v,PicXv)

yyy
0→H

2
ét(kv,Sv)→H̃

2
ét(Xv,Sv)→ExtGv(Ŝv,PicXv)

(1.21)
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Thezerosinthecolumnscomefromthesplittingpropertyin(1.16)and
(1.19),andthezerosintherowsfromtheexistenceofuniversaltorsorsover

Xv(seeProposition1.7).SinceγgoestozeroinExtG(Ŝ,PicX),weconclude

from(1.21)thatγv∈Im(H
2
ét(kv,Rv)→H̃

2
ét(Xv,Rv))foreachv∈Ωk.On

consideringtheimagesofγinH̃
2
ét(X,Gm)underthemapsfromH̃

2
ét(X,R)

inducedbytherprojectionsfromR=∏r
j=1Gm,ktoGm,wededucefrom

thefirstassumptionin(i)thatthereexistsα∈H
2
ét(k,R)thatmapsto

γvinH
2
ét(Xv,Rv)foreachv∈Ωk.Letα̃betheimageofαinH

2
ét(k,S).

Bythechoiceofγ,weconcludethatβ−α̃goesto0in∏
allvH̃

2
ét(Xv,Sv)

andbytheinjectivityofthefunctorialmapsH
2
ét(kv,Sv)→H̃

2
ét(Xv,Sv)that

β−α̃∈X
2
(k,S).Butthentheimageκofβ−α̃inH

2
ét(k,T)isequalto

zero(see(1.18)).Thiscompletestheproofof(i)⇒(ii).

Proofof(ii)⇒(i)LetTbeauniversaltorsoroverX.ThenTv:=kv×T
isauniversaltorsoroverXvforeachv∈Ωk.Toprovethefirstpartof(i),
considerthefollowingcommutativediagramwithexactrows

H
1
ét(k,T)→H

1
ét(X,T)→HomG(T̂,PicX)→0

yyy

H
2
ét(k,R)→H̃

2
ét(X,R)→ExtG(R̂,PicX)→0

(1.22)

Letγ∈H̃
2
ét(X,R)betheimageof[T]∈H

1
ét(X,T)andγ1,γ2,...,γrthe

imagesofγinH̃
2
ét(X,Gm)underthemapsfromH̃

2
ét(X,R)inducedbythe

rprojectionsfromR=∏r
j=1Gm,ktoGm.Thenγ1,γ2,...,γrhaveimages

ε1,ε2,...,εrinExtG(R̂,PicX).Thusbythechoiceofεj(see(1.6))weget
thatthekernelofthemap

H̃
2
ét(X,Gm)/ImH

2
ét(k,Gm)→

∏

allv

H̃
2
ét(Xv,Gm)/ImH

2
ét(kv,Gm)

isgeneratedbytheimagesofγ1,γ2,...,γrinH̃
2
ét(X,Gm)/ImH

2
ét(k,Gm).To

verifythefirstconditionin(i),itthussufficestoshowthattheelements

γ1,γ2,...,γrbelongtoKer(H̃
2
ét(X,Gm)→∏

allvH̃
2
ét(Xv,Gm)).Thatis,we

mustprovethat[T]belongstothekernelofthecompositemap:

H
1
ét(X,T)−→H̃

2
ét(X,R)−→

∏

allv

H̃
2
ét(Xv,Rv).

But[Tv]∈H
1
ét(Xv,Tv)mapstozeroinH̃

2
ét(Xv,Rv)sincethesequence1→

Rv→Sv→Tv→1splits.ThiscompletestheproofofProposition1.12.¤
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Nowsupposethatwearegivena0-cyclezvonXvforeachplacev∈Ωk.
IfSisak-torus,letSvbethekv-torusobtainedbybaseextensionandlet

ρv:Z0(Xv)×H
i
ét(Xv,Sv)−→H

i
ét(kv,Sv)(1.23)

bethepairingdescribedin(1.8).Wedenotethismapbyρvforallk-tori
Sandallpositiveintegersi.Letρv(zv):H

i
ét(Xv,Sv)→H

i
ét(kv,Sv)bethe

homomorphismsendingεv∈H
i
ét(Xv,Sv)toρv(zv,εv)∈H

i
ét(kv,Sv).

NowrecallthefundamentalexactsequenceofHasse(see,forexample,
Tate[Ta2])

0→H
2
ét(k,Gm)→

⊕

allv

H
2
ét(kv,Gm)→Q/Z→0.(1.24)

ThemapfromH
2
ét(k,Gm)isthedirectsumoverv∈Ωkofthefunctorialmaps

H
2
ét(k,Gm)→H

2
ét(kv,Gm).ThemaptoQ/Zisthedirectsumofthelocal

mapsinvv:H
2
ét(kv,Gm)→Q/Zwhichareisomorphismsfornon-archimedean

places.Thefactthatthesumofalllocalinvariantsis0foranelementofthe
BrauergroupH

2
ét(k,Gm)ofkiscalledthereciprocitylaw.

Manin[Ma]noticedthatthereciprocitylawgivesrisetothefollowing
necessaryconditionfortheexistenceofa0-cycleofdegreeronX.

Thereexistsasetof0-cycleszvofdegreeronXvindexedby
v∈Ωks.t.∑

allvinvv(ρv(zv))(Av)=0forallA∈H
2
ét(X,Gm).

(1.25)

WenowrelatetheBrauergroupobstructiontotheHasseprinciplefor
0-cyclesofdegreeonetoanotherobstructionbasedonuniversaltorsors.The
followingresultisanimmediatecorollaryofProposition1.12.

1.26PropositionLetkbeanumberfieldandXasmoothpropergeometri-
callyconnectedk-varietyforwhichPicXisfinitelygeneratedandtorsion-free.
Supposegivena0-cycleofdegreeonezvonXvforeachplacev∈Ωk.Then
thefollowingstatementsareequivalent.

(i)Manin’sreciprocitycondition∑
allvinvv(ρv(zv))(Av)=0holdsforall

A∈Ker
(
H̃

2
ét(X,Gm)→∏

allvH̃
2
ét(Xv,Gm)/ImH

2
ét(kv,Gm)

)
.

(ii)ThereexistsauniversaltorsoroverX.

ProofGiven0-cycleszvofdegreeoneonXvforeachplacev∈Ωk,wehave
toprovethattheconditions(1.12i)and(1.26i)areequivalent.Itwasalready
noticedafter(1.8)thattheexistenceofa0-cycleofdegreeoneonXvimplies
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theexistenceofauniversaltorsoroverXv.Itthussufficestoshowthatthe
subgroupof

Ker
(
H̃

2
ét(X,Gm)→

∏

allv

H̃
2
ét(Xv,Gm)/ImH

2
ét(kv,Gm)

)

generatedbyKer
(
H̃

2
ét(X,Gm)→∏

allvH̃
2
ét(Xv,Gm)

)
andIm(H

2
ét(k,Gm))

equalsthesubgroupofelementsAsatisfying∑
allvinvv(ρv(zv))(Av)=0.

ThisisaformalconsequenceoftheHasseexactsequenceofBrauergroups
(1.24)andthefactthatforallplacesvofk,themapρv(zv)definesaretraction

ofH
2
ét(kv,Gm)→H̃

2
ét(Xv,Gm).¤

WenowconsiderManin’sobstructiontotheHasseprinciplefor0-cycles
ofdegreeonegivenbyarbitraryelementsinH̃

2
ét(X,Gm)andrelateittothe

existenceofuniversaltorsorswithcertainproperties.Thefollowingresult
wasprovedin[CT/S2,3.5.1]inthecaseofrationalpoints.

1.27TheoremLetkbeanumberfieldandXasmoothpropergeometri-
callyconnectedk-varietyforwhichPicXisfinitelygeneratedandtorsion-free.
Supposegivena0-cyclezvofdegreeoneonXvforeachplacev∈Ωk.Then
thefollowingstatementsareequivalent.

(i)Manin’sreciprocitycondition∑
allvinvv(ρv(zv))(Av)=0holdsforall

A∈H̃
2
ét(X,Gm).

(ii)ThereexistsauniversaltorsorToverXsuchthatρv(zv)([Tv])=0in
H

1
ét(kv,T)foreachv∈Ωk.

ProofWeagainapplyLemma1.10fortheG-moduleL=PicX.Let
ε1,ε2,...,εrbegeneratorsofExtG(Z,PicX),andletε∈ExtG(Z

(r)
,L)cor-

respondto{εj}
r
j=1∈ExtG(Z,PicX).Wethenobtainanexactsequenceof

discreteG-modules:

0→PicX→M→Z
(r)
→0(1.28)

suchthat

H
1
(G,M)=0;and(1.29)

id∈HomG(PicX,PicX)mapstoε∈ExtG(Z
(r)

,PicX)
undertheconnectinghomomorphisminducedby(1.28).

(1.30)

NowapplyD(...)to(1.28)andconsiderthedualsequenceofk-tori.

1→R→S→T→1,(1.31)
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whereTistheNéron–SeveritorusofXandR=∏r
j=1Gm,k.From(1.29)

andthearithmeticaldualityresultinTheorem1.11weobtain

Q
1
(k,S)=0andX

2
(k,S)=0.(1.32)

Proofof(i)⇒(ii)Considerthefollowingcommutativediagramwith
exactrowsandcolumns:

H
1
ét(k,S)→H

1
ét(X,S)→HomG(Ŝ,PicX)

yyy
H

1
ét(k,T)→H

1
ét(X,T)→HomG(T̂,PicX)

yyy
H

2
ét(k,R)→H̃

2
ét(X,R)→ExtG(R̂,PicX)

yyy
H

2
ét(k,S)→H̃

2
ét(X,S)→ExtG(Ŝ,PicX)

(1.33)

deducedfrom(1.31)andthespectralsequencein(1.3).WeknowfromPropo-
sition1.26thatthereexistsauniversaltorsoroverX.Let[T]∈H

1
ét(X,T)

betheclassofonesuchtorsorTandconsidertheimagesγinH̃
2
ét(X,R)and

γv∈H̃
2
ét(Xv,Rv),v∈Ωk,of[T].Then,sinceR=∏r

j=1Gm,k,wededuce
fromManin’sreciprocitycondition(i)andtheHasseexactsequence(1.24)
thatthereexistsβ∈H

2
ét(k,R)thatmapstoρv(zv)(γv)inH

2
ét(kv,Rv)foreach

v∈Ωk.Butρv(zv)(γv)∈Ker(H
2
ét(kv,Rv)→H

2
ét(kv,Sv))sinceitistheimage

ofρv(zv)([Tv])∈H
1
ét(kv,Tv)inH

2
ét(kv,Rv).Therefore,β∈Ker(H

2
ét(k,R)→

H
2
ét(k,S))sinceX

2
(k,S)=0(cf.(1.32)).Letα∈H

1
ét(k,T)bealiftingofβ

andαvtheimageofαinH
1
ét(kv,Tv).Thenρv(zv)([Tv])−αvvanishesforallbut

finitelymanyv∈Ωkandmapsto0inH
2
ét(kv,Rv)forallv∈Ωk.Thiscom-

binedwiththefactthatQ
1
(k,S)=0impliesthatthereexistsσ∈H

1
ét(k,S)

whoseimageσinH
1
ét(kv,Tv)isρv(zv)([Tv])−αvforeachv∈Ωk.Letσ̃

betheimageofσinH
1
ét(X,T)andα̃theimageofαinH

1
ét(X,T).Then,

sinceα̃+σ̃belongstotheimageofH
1
ét(k,T)→H

1
ét(X,T)itfollowsthat

[T̃]:=[T]+α̃+σ̃istheclassofatorsorT̃ofthesametypeasT.Further,
ρv(zv)([T̃v])=0forallv∈Ωk.Thiscompletestheproofof(i)⇒(ii).

Proofof(ii)⇒(i)LetTbeauniversaltorsoroverXwiththeproperty
thatρv(zv)([Tv])=0inH

1
ét(kv,T)forallv∈Ωk.Wenowproceedasin

theproofofProposition1.12,(ii)⇒(i)andconsidertheimageγof[T]∈
H

1
ét(X,T)inH̃

2
ét(X,R)undertheverticalmapin(1.33),andtheimages

γ1,γ2,...,γrofγinH̃
2
ét(X,Gm)underthemapsfromH̃

2
ét(X,R)inducedby

therprojectionsfromR=∏r
j=1Gm,ktoGm.Thenρv(zv)(γj)=0forall
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j=1,...,randallplacesvofk.Thistogetherwiththereciprocitylaw(1.24)

impliesthat(zv)v∈ΩksatisfiesManin’sconditionforanyA∈H̃
2
ét(X,Gm)in

thesubgroupΓgeneratedbyγ1,γ2,...,γrandtheimageofH
2
ét(k,Gm).But

theimagesε1,ε2,...,εrinExtG(Z,PicX)ofγ1,γ2,...,γrwerechosento

generateExtG(Z,PicX).Thus,Γ=H̃
2
ét(X,Gm),aswastobeproved.

1.34CorollaryLetkbeanumberfieldandXasmoothpropergeomet-
ricallyconnectedk-varietyforwhichPicXisfinitelygeneratedandtorsion-
free.Supposegivena0-cyclezvofdegreeoneonXvforeachplacevsuchthat
Manin’sreciprocitycondition∑

allvinvv(ρv(zv))(Av)=0holdsforallA∈
H̃

2
ét(X,Gm).Thenforeachk-torusSandeachelementτinHomG(Ŝ,PicX)

thereexistsanX-torsorSunderSoftypeτsuchthatρv(zv)([Sv])=0in
H

1
ét(kv,S)forallv∈Ωk.

ProofWeknowfrom(1.24)thatthereexistsauniversaltorsorToverX
suchthatρv(zv)([Tv])=0inH

1
ét(kv,Tv)foreachv∈Ωk.LetS:=T×

T
S

bethetorsorunderSinducedfromTbythek-homomorpismD(τ):T→S
dualtoτ.ThenSsatisfiestheaboveconditions.

1.35TheoremLetkbeanumberfieldandXasmoothpropergeometrically
connectedk-varietyforwhichPicXisfinitelygeneratedandtorsion-free.Let
TbetheNéron–SeveritorusofXandraninteger.Letzvbea0-cycleof
degreeronXvforeachplacev∈ΩksuchthatManin’sreciprocitycondition ∑

allvinvv(ρv(zv))(Av)=0holdsforallA∈H̃
2
ét(X,Gm).Thenforeach

X-torsorunderTthereexistsanotherX-torsorTofthesametypesuchthat
ρv(zv)([Tv])=0forallv∈Ωk.

ProofAnexaminationoftheproofof(i)⇒(ii)in(1.24)revealsthatwe
onlyusedthehypothesisthatr=1toprovethatthereexistsauniversal
torsorT.TherestoftheargumentsisvalidforanyrandanyT-torsor
T.¤

Wenowmakeuseoftheideasof[CT/S2,2.3].Letkbeaperfectfield
andletXbeasin(1.1).LetUbeanopenk-subvarietyofXwithPicU=0.
IfSisanX-torsor,letSUbetheU-torsorobtainedbyrestriction.

ConsidertheexactsequenceofG-modulesfortheabsoluteGaloisgroup
G:=Gal(k/k).

0→k[U]∗/k∗
→DivZX→PicX→0,(1.36)

whereZisthecomplementofUinX,andDivZXthegroupofWeildivisors
onXwithsupportinZ.OnapplyingD(...)weobtainadualexactsequence
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ofk-tori

1→T→N→V→1.(1.37)

Thespectralsequence(1.3)andtheexactsequence(1.37)giverisetothe
commutativediagram

HomG(V̂,k[U]∗)δ
−→ExtG(T̂,k[U]∗)

y
'

y
'

H
0
ét(U,V)

δ
−→H

1
ét(U,T)

(1.38)

ThesecondverticalmapisontosincePicU=0(see[CT/S2,1.5.1]).

1.39PropositionLetε∈H
1
ét(U,T).Thenthefollowingtwoconditions

areequivalent.

(i)ThereexistsauniversalX-torsorTsuchthat[TU]=ε.

(ii)Thereisasectionσ∈HomG(V̂,k[U]∗)oftheobviousmapψ:k[U]∗→
k[U]∗/k∗

thatmapstoεinH
1
ét(U,T).

ProofSeethe“descriptionlocaledestorseurs”inSection2.3of[CT/S2].
Nowassumethat(1.39ii)holds.Thenforanyk-torusSthereisacom-

mutativediagram

ExtG(Ŝ,k
∗
)→ExtG(Ŝ,k[U]∗)→ExtG(Ŝ,k

∗
)

y
'

y
'

y
'

H
1
ét(k,S)→H

1
ét(U,S)→H

1
ét(k,S)

(1.40)

definedinthefollowingway.Theverticalisomorphismscomefromthespec-
tralsequence(1.3)(see[CT/S2,1.5.1]).Thehorizontalmapsinthefirst
squarearethefunctorialmapsandthehorizontalmapinthesecondsquare
isinducedbytheG-retractionσψ/id:k[U]∗→k

∗
oftheinclusionk

∗
⊂k[U]∗.

Bycompletingthesecondsquareweobtainahomomorphism:

rU:H
1
ét(U,S)→H

1
ét(k,S)(1.41)

whichisaretractionofthefunctorialmapfromH
1
ét(k,S)toH

1
ét(U,S).

Letr:H
1
ét(X,S)→H

1
ét(k,S)bethecompositeoftherestrictionmap

fromH
1
ét(X,S)toH

1
ét(U,S)andrU.
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1.42PropositionLetTbeauniversalX-torsorandσ∈HomG(V̂,k[U]∗)a

sectionofψ:k[U]∗→V̂suchthatσmapstotheclass[TU]ofTUinH
1
ét(U,T)

underthemapin(1.38).Thenthefollowinghold:

(a)risaretractionofthefunctorialmapfromH
1
ét(k,S)toH

1
ét(X,S);

(b)risfunctorialunderhomomorphismsofk-tori;

(c)r([T])=0;

(d)rdependsonlyon[T]andnotonthechoiceofσ.

Proof(c)Todothis,weusethefollowingcommutativediagram:

HomG(V̂,k[U]∗)δ
−→ExtG(T̂,k[U]∗)

yy
HomG(V̂,k[U]∗/k∗

)
δ
−→ExtG(T̂,k[U]∗/k∗

)
yy

HomG(V̂,k[U]∗)δ
−→ExtG(T̂,k[U]∗)

(1.43)

wherethehorizontalmapsareinducedby(1.37)andtheverticalmapsby
ψandσ.Thenδ(σ)correspondsto[TU]undertheisomorphismbetween

ExtG(T̂,k[U]∗)andH
1
ét(U,T).Therefore,rU([TU])=0ifandonlyifδ(σ)

mapstoitselfundertheendomorphismofExtG(T̂,k[U]∗)inducedbyσψ.
Butthisisclearfromthecommutativediagram(1.43).

(d)LetSbeanX-torsorunderSoftypeχ([S])∈HomG(Ŝ,PicX).
ThenSisofthesametypeastheX-torsorT×

T
Sobtainedfromthek-

homomorpismD(τ):T→Sdualtoτ=χ([S]).Therefore,[S]−[T×
T

S]∈
H

1
ét(X,S))istheimageofauniqueelementαinH

1
ét(k,S)by(1.4).Also,

r([T×
T

S])=0by(b)and(c).Hence,r([S])=αby(a),therebycompleting
theproof.¤

Nowsupposethereisa0-cyclezofdegreeoneonX.Then(cf.(1.8))
thereisanaturalretractionρ(z):H

1
ét(X,S)→H

1
ét(k,S)associatedtozfor

eachk-torusSwhichisfunctorialunderhomomorphismsofk-tori.

1.44PropositionLetk,Xbeasaboveandsupposethatthereexistsa
universalX-torsorTsuchthatρ(z)([T])=0.LetSbeak-torusandrthe
retractionfromH

1
ét(X,S)toH

1
ét(k,S)definedby[T](see(1.42d)).Thenthe

twomapsρ(z)andrcoincide.
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ProofThemapρ(z)satisfiesthesameaxioms(1.42a–c)asr.Ittherefore
followsfromtheproofof(1.42d)thatthetwomapscoincide.¤

OnecangiveanotherproofofProposition1.44basedontheG-retraction
fromk[U]∗tok

∗
associatedtoz.

ThefollowingresultwillbeusedinthenextsectioninthecaseS=T.

1.45CorollaryLetkbeanumberfieldandXasmoothpropergeometri-
callyconnectedk-varietyforwhichPicXisfinitelygeneratedandtorsion-free.
LetSbeak-torus.Supposethatforeachvwearegivena0-cyclezvofdegree
oneonXv:=X×kkvandanXv-torsorSvunderSvsuchthatthefollowing
hold.

(i)Manin’sreciprocitycondition∑
allvinvv(ρv(zv))(Av)=0holdsforall

A∈H̃
2
ét(X,Gm).

(ii)ThereexistsanelementηofH
1
ét(k(X),S×kk(X))havingthesame

imageas[Sv]inH
1
ét(kv(X),Sv×kvkv(X))foreachv∈Ωk.

Thenthereexistsanelementα∈H
1
ét(k,S)withimageequaltoρv(zv)([Sv])

inH
1
ét(kv,Sv)foreveryv∈Ωk.

ProofLetUbeanopennonemptysubsetofXandv∈Ωkanyplace
ofk.Wefirstshowthatthereexistsa0-cycleuvofdegreeoneonUv:=
U×kkvwithρv(uv)(Av)=ρv(zv)(Av)forallAv∈H

2
ét(Xv,Gm)andsuch

thatρv(uv)([Sv])=ρv(zv)([Sv]).Bytheadditivityandfunctorialityofρv
undercorestrictionsitsufficestodothisinthecasewherezvisakv-pointPv.

LetOvbeanaffineopenneighbourhoodofPv.Wemaythenrepresent
eachelementinH

2
ét(Xv,Gm)byanAzumayaalgebraoverOv(see[Mi,p.149])

andconsiderthecorrespondingSeveri–BrauerschemeoverOv(cf.op.cit.).
Weshallonlyconsiderelementsinthefinitekernelofthespecializationmap
fromH̃

2
ét(Xv,Gm)toH

2
ét(kv(Pv),Gm).LetΠvbethefibreproductoverOv

oftheSeveri–Brauerschemescorrespondingtorestrictionsoftheseelements
inH̃

2
ét(Xv,Gm).ThenΠvisasmoothproperOv-schemeanditsfibreoverPv

isamultiprojectivespaceoverkv.
LetWvbetherestrictionoverOvofanXv-torsorofthesametypeas

SvwhichistrivialoverPv.Itthenfollowsfromthev-adicimplicitfunction
theoremappliedtothefibreproductofΠvandWvoverOvthatthereexists
akv-pointonUv∩Ovthatcanbeliftedtokv-pointsonΠvandWv.This
kv-pointhasallthedesiredproperties.Wemaythereforereplacezvbya
0-cycleonUvforeachvwithoutchangingthehypothesisinCorollary1.45.

NowchooseanopensubsetUofXsuchthatPicU=0andsuchthatη
istherestrictionofanelementε∈H

1
ét(U,S).Assume,aswemay,thatzvis

a0-cycleonUvforeachv∈Ωk.
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NowapplyTheorem1.27.ThenthereexistsauniversaltorsorTover
Xsuchthatρv(zv)([Tv])=0inH

1
ét(kv,T)forallv∈Ωk.Also,letσbe

aG-modulehomomorphismfromk[U]∗/k∗
tok[U]∗asinProposition1.39.

Finally,letrUbetheretractionfromH
1
ét(U,S)toH

1
ét(k,S)in(1.41)defined

bymeansofσ.
Thenα=rU(ε)∈H

1
ét(k,S)isthedesiredelementwithimageρv(zv)([Sv])

inH
1
ét(kv,Sv)forallv∈Ωk.Toshowthis,wefixoneplacevandchange

thenotationsothatk=kv.Wealsoomittheindexvforallvarieties,
morphisms,cohomologygroupsdefinedoverk=kv.ThusU,resp.ρ(z)([S]),
willmeanUv,resp.ρv(zv)([Sv]),andε,Twillnowmeantheimagesafter
baseextensiontokv.Weshallalsomakeuseofthefunctorialityofrandρ(z)
underextensionsofthebasefieldwithoutfurthercomments.

Thenwegetanelementε∈H
1
ét(U,S),a0-cyclezofdegreeoneonU,a

universalX-torsorTwithρ(z)([T])=0andanX-torsorSunderSsatisfying
thefollowingcondition:

Theimageofε∈H
1
ét(U,S)inH

1
ét(k(X),S)equalsthatofthe

class[S]∈H
1
ét(X,S)inH

1
ét(k(X),S).

(∗)

Butitfollowsfromthecommutativediagram(cf.(1.40))

ExtG(Ŝ,k[U]∗)→ExtG(Ŝ,k(X)∗)
y
'

y
'

H
1
ét(U,S)→H

1
ét(k(X),S)

thattherestrictionmapfromH
1
ét(U,S)toH

1
ét(k(U),S)isinjective.There-

fore,ε=[SU],andhencerU(ε)=r([S]).Moreover,r([S])=ρ(z)([S])by
Proposition1.44.HencerU(ε)=ρ(z)([S]),aswastobeproved.

InCorollary1.45andsomeotherresultsinthissectionwehaveassumed
thatthefunctorialmapsfromPicXtoPic(kv×X)areisomorphismsforall
v∈Ωk.ThiswasusedtoguaranteethatthebaseextensionsofuniversalX-
torsorstotorsorsoverXvremainuniversal.Wethereforeincludethefollowing
resultforwhichwecouldfindnoreference.

1.46PropositionLetkbeanalgebraicallyclosedfield,andletXbea
smoothandproperk-varietyforwhichPicXisfinitelygenerated.Thenthe
functorialmapfromPicXtoPic(X×E)isanisomorphismforanyextension
fieldEofk.

ProofTheassumptionimpliesthatH
1
(X,OX)=0.ThusPic(X×V)=

PicX×PicVforany(integral)k-varietyVbytheexerciseonp.292in[Ha].
(TheassumptionthatXisprojectiveisnotnecessarysinceGrothendieck’s
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theoremonpp.290–291inop.cit.alsoholdsforpropermorphisms.)Now
makeuseofthefactthatEistheunionofitsfinitelygeneratedk-subalgebras
A.Therefore,therearecanonicalisomorphisms

lim−→Pic(SpecA)=Pic(E)=0and

Pic(X×E)=lim−→Pic(X×SpecA)=PicX⊕lim−→Pic(SpecA)=PicX,

aswastobeproved.

2KtheoryandobstructionstotheHasse

principle

Letkbeaperfectfield,kanalgebraicclosureofkandG:=Gal(k/k)the
absoluteGaloisgroupofk.LetXbeasmoothproperk-varietysuchthat
X:=k×Xisconnected.

ThenthereisacomplexofdiscreteG-modules(cf.[Bl])

⊕

σ∈X2

K2(k(σ))
tame
−−−→

⊕

γ∈X1

k(γ)∗div
−−→

⊕

X0

Z,(2.1)

whereXidenotesthesetofpointsofdimensioni.Thefirstmapisgivenby
tamesymbolsandthesecondistheusualdivisormap.LetMbethecokernel
ofthefirstmapand⊕0

X0Ztheimageofthesecond.(Thisnotationwill
becomenaturallaterafter(2.4).)Then(2.1)inducesashortexactsequence
ofdiscreteG-modules

0→Ker(div)/Im(tame)→M→⊕0
X0Z→0.(2.2)

LetZi(X)bethefreeabeliangroupofcyclesofdimensionionX;write
Ri(X)forthesubgroupofi-cyclesrationallyequivalenttozeroandChi(X):=
Zi(X)/Ri(X)fortheChowgroupofcyclesofdimensionionX.Thedegree
ofa0-cycleonXdependsonlyonitsrationalequivalenceclasssinceXis
proper.LetA0(X)bethesubgroupofCh0(X)of0-cyclesofdegree0.Finally,
definethemap

π:Ch1(X)⊗Zk
∗
−→Ker(div)/Im(tame)

bytheinclusions:

Z1(X)⊗Zk
∗

=
⊕

X1

k
∗
⊂Ker(div)andR1(X)⊗Zk

∗
⊂Im(tame).

Nowletk,k,G,X,Xbeasaboveandassumeinadditionthatthe
followingholds.
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2.3Assumptions

(i)Ch1(X)andPic(X)=Chn−1(X)arefinitelygeneratedandtorsion-free.

(ii)Theintersectionpairing∪:Ch1(X)×Chn−1(X)→Zisperfect.

(iii)π:Ch1(X)⊗Zk
∗
→Ker(div)/gIm(tame)isanisomorphism.

Then∪andπdefineanisomorphismbetweentheNéron–Severitorus
T=D(PicX)andKer(div)/Im(tame).Supposefurtherthat

A0(X)=0.(2.4)

ThentheGaloiscohomologyof(2.2)givesrisetoanexactsequence

Z0(X)
0
→H

1
(G,T(k))→H

1
(G,M)

→Z/deg(Z0(X))→H
2
(G,T(k)),(2.5)

whereZ0(X)isthegroupof0-cyclesofdegree0.Denotebyφ′themap
fromZ0(X)

0
toH

1
ét(k,T)obtainedfrom(2.5)byidentifyingH

1
(G,T(k))with

H
1
ét(k,T).

2.6ExampleLetkbeaperfectfieldandXasmoothproperrational
geometricallyconnectedk-surface.ThenBloch[Bl]showedthat(2.3)and
(2.4)holdandfromthatdeducedthemapφ′describedabove.Healsonoticed
thatthevaluesofφ′onlydependontherationalequivalenceclassinZ0(X).

2.7PropositionLetk,k,G,X,Xbeasaboveandassumeinaddition
that(2.3)and(2.4)hold.SupposethatthereexistsauniversaltorsoroverX.
Thenthemapsφ(seeProposition1.9)andφ′coincide.

ProofThisisstatedandprovedin[CT/S1,Section1]forrationalsurfaces,
buttheproofusesnootherpropertiesofrationalsurfacesthan(2.3)and
(2.4).

NowconsideradiscretevaluationringAcontainingk;letKbeitsfield
offractionsandFitsresiduefield,andsupposethatthesefieldsareperfect.
ForaclosedpointPonXK,writeA(P)fortheintegralclosureofAinK(P).
ThevaluativecriterionofpropernessforXA→SpecAimpliesthatthereis
auniqueA-morphismg:SpecA(P)→XAextendingP→XK.Let

sp:Z0(XK)→Z0(XF)
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bethespecializationhomomorphismthatsendsaclosedpointPtothecycle
associatedtothe0-dimensionalclosedsubschemeSpecA(P)×SpecAFofXF.
Thenextendsptoarbitrary0-cyclesbyadditivity.

Itiseasytoseethatspsends0-cyclesofdegreezeroto0-cyclesofdegree
zero.Denotebysp

0
theassociatedmapfromZ0(XK)

0
toZ0(XF)

0
.Thenthe

obviousdiagram

Z0(X)
0id
−→Z0(X)

0

yy

Z0(XK)
0sp0

−→Z0(XF)
0

(2.8)

commutesandspandsp
0

havetheexpectedfunctorialitypropertiesunder
fieldextensionsofk.Itcanbeshownthatspinducesaspecializationmapof
Chowgroupsof0-cycles,butweshallnotneedthis.

2.9PropositionSupposethatthereexistsauniversaltorsorToverX,
andletφTbethemapdescribedinProposition1.9.Thenthefollowingholds.

(a)ThefunctorialmapfromH
1
ét(SpecA,TA)toH

1
ét(K,TK)isinjective.

(b)φT(Z0(XK))⊆Im(H
1
ét(SpecA,TA)→H

1
ét(K,TK)).

(c)Thefollowingdiagramcommutes

Z0(XK)
sp

−−−−→Z0(XF)

yφT


yφT

Im(H
1
ét(SpecA,TA)→H

1
ét(K,TK))

Θ
−→H

1
ét(F,TF)

forthefunctorialmapΘfromH
1
ét(SpecA,TA)(cf.(a)).

Proof(a)See[CT/S3,Section4].
(b)Theargumentiswellknown(see,forexample,[CT/S1,p.428]).The

XK-torsorTKextendstoanXA-torsorTAunderTA,andanyclosedpoint
PonXKcanbeextendedtoamorphismSpecA(P)→XA(seethecon-
structionofsp).Combinedwiththeexistenceofcorestrictionmapsfrom
H

1
ét(SpecA(P),TA(P))toH

1
ét(SpecA,TA),thisimpliesthatφ(Z0(XK))⊆

H
1
ét(SpecA,TA).

(c)ThehorizontalmapsfactorizeoverthecompletionofK.Wemaythus
assumethatAiscompleteandhencethatA(P)isdiscreteforeachclosed
pointP.Byusingobviousfunctorialitypropertiesundercorestrictionofthe
mapsinvolved,onereducestoprovethatΘ(φT(P))=φT(σ(P))forarational
pointP.Toseethis,notethatbothcompositesgivethepullbackofTAat
theclosedpointonXFdeterminedbySpecA(P)→XA.
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2.10LemmaLetkbeafieldofcharacteristic0,andX,Ytwosmooth,
proper,geometricallyconnectedk-varieties.Supposethat(2.3)and(2.4)hold
forX:=X×kkforanyalgebraicallyclosedfieldkcontainingk,andthat
thereexistsauniversaltorsoroverX.Thenforany0-cycleyonY,the
followingholds:

(a)Themapρ(y):H
1
ét(Y,T)→H

1
ét(k,T)factorizesthroughamapρ′(y)

fromIm
(
H

1
ét(Y,T)→H

1
ét(k(Y),T×kk(Y)

)
toH

1
ét(k,T).

(b)φ′(Z0(X×kk(Y))
0
)⊆Im

(
H

1
ét(Y,T)→H

1
ét(k(Y),T×kk(Y))

)

(c)φ′(Z0(X×kk(Y))
0
)mapstoφ′(Z0(X)

0
)underρ′(y).

Proof(a)See[CT/S2,2.7.5].
(b)By[CT/S1,p.428],itisknownthat

Im
(
H

1
ét(Y,T)→H

1
ét(k(Y),T×kk(Y))

)

=
⋂

Q

Im
(
H

1
ét(OY,Q,T×kOY,Q)→H

1
ét(k(Y),T×kk(Y))

)
,

whereQrunsoverallpointsofcodimensiononeonY.Thedesiredinclusion
isthereforeaconsequenceof(2.9b)andthefactthatφ=φ′(seeProposi-
tion2.7).

(c)Lety=∑niyi,wheretheyiareclosedpointsonY.Sinceρisadditive
withrespecttoZ0(Y),itsufficestoprovethestatementforeachρ′(yi).By
factorizingρ(yi)throughH

1
ét(Y×kk(yi),T×kk(yi))andusingthefunctoriality

ofφunderextensionsofthebasefield,wereducefurthertothecasewheny
isarationalpoint.WenowuseinductionondimYandnotethatthecase
dimY=0istrivial.IfdimY≥1,letf:Ỹ→Ybetheblowupatthek-
rationalpointy,Z=f−1

(y)andAthestalkofOỸatthegenericpointofZ.
ThenAisadiscretevaluationringwithfieldoffractionsK:=k(Ỹ)=k(Y)
andresiduefieldF:=k(Z).Thenby(2.9c)andProposition2.7thereisa
commutativediagram

Z0(XK)
0sp

−−−−→Z0(XF)
0


yφ′


yφ′

Im(H
1
ét(SpecA,TA)→H

1
ét(K,TK))

Θ
−→H

1
ét(F,TF)

(2.11)

NowchoosearationalK-pointzontheaboveZ.Then,sincedimZ=
dimY−1,weobtainfromtheinductionassumptionthat(c)holdsifwe
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considerthepair(Z,z)insteadof(Y,y).Further,byusingthecommutativity
of(2.11),wededucefromthisthat(c)alsoholdsforthepair(Ỹ,ỹ),whichin
turnimpliesthat(c)holdsfor(Y,y)sinceK(Y)=K(Ỹ)andf(z)=y.This
finishestheproof.¤

Weshallinthesequelusethefollowingfunctorialitypropertiesof(2.1).
Letk⊂k1beanextensionofperfectfieldswithalgebraicclosuresk⊂k1.Put
G=Gal(k/k),G1=Gal(k1/k1),X1=X×kk1andX1=X×kk1.Wemay
thenconsider(2.1)asasequenceofG1-modulesthroughthehomomorphism
G1→GobtainedbyrestrictingtheG1-actiontok.Thissequenceistheupper
rowinacommutativediagramofdiscreteG1-moduleswherethebottomrow
isgivenby(2.1)appliedtoX1.NowsupposethatXandX1satisfy(2.3)
and(2.4).Thenweobtainthefollowingcommutativediagramwithexact
rowsfromthefunctorialityof(2.5)underextensionofthebasefield:

Z0(X)
0
→H

1
ét(k,T)→H

1
(G,M)→Z/degZ0(X)→H

2
ét(k,T)

yyyyy

Z0(X1)
0
→H

1
ét(k1,T1)→H

1
(G1,M1)→Z/degZ0(X1)→H

2
ét(k1,T1)

(2.12)

whereT1=T×kk1andM1isthecokernelofthetamesymbolmapin(2.1)
forX1.NotethatT1canbeidentifiedwiththeNéron–SeveritorusofX1

sincethefunctorialmapgivesanisomorphismfromPic(X)toPic(X1)by
Proposition1.46.

Fromnowon,letkbeanumberfieldandchoosealgebraicclosureskv
ofkv,andembeddingsk⊂kvforeachplacevofk.LetGv=Gal(kv/kv),
Xv=X×kkv,Xv=X×kkv,andletMvbethecokernelofthetamesymbol
mapin(2.1)forXv.WriteX

1
(k,M)forthekernelofthediagonalmap

fromH
1
(G,M)to∏

allvH
1
(Gv,Mv).

2.13TheoremLetkbeanumberfieldandXasmoothpropergeometrically
connectedk-varietysuchthat(2.3)and(2.4)holdforX:=X×kkforany
algebraicallyclosedfieldkcontainingk.Supposethatforeachv∈Ωkweare
givena0-cyclezvofdegreeoneonXvandthatManin’sreciprocitycondition ∑

allvinvv(ρv(zv))(Av)=0holdsforallA∈H̃
2
ét(X,Gm).

ThenX
1
(k,M)mapsontoZ/deg(Z0(X))underthemapfromH

1
(G,M)

in(2.5).Inparticular,ifX
1
(k,M)=0,thenthereisa0-cycleofdegreeone

onX.

ProofLetkbeanalgebraicclosureofk,andKanalgebraicclosureofthe
functionfieldk(X)ofX:=X×kk.ThenKisalsoanalgebraicclosureof
K:=k(X)andwehaveanaturalhomomorphismfromH:=Gal(K/K)to



          

PerSalberger275

G:=Gal(k/k).Nowconsider(2.12)fork1=K.ThenZ/deg(Z0(X1))=0
sincethegenericpointofXdefinesaK-rationalpointonX1=XK.

ByProposition1.26,sinceManin’sreciprocityconditionissatisfied,there
existsauniversaltorsoroverX.Inturn,thisimpliesthat(cf.(2.2.5)and
(2.2.8)in[CT/S2])themapfromH

2
ét(k,T)toH

2
ét(k1,T1)isinjective.We

thusobtainthefollowingcommutativediagramwithexactrowsfrom(2.12):

Z0(X)
0
→H

1
ét(k,T)→H

1
(G,M)→Z/degZ0(X)→0

yyyy

Z0(XK)
0
→H

1
ét(K,TK)→H

1
(H,MK)→0

(2.14)

whereMKisthecokernelofthetamesymbolmap(see(2.1))forX×kK.
TheassertionthatX

1
(k,M)mapsontoZ/deg(Z0(X))thereforereducesto

theassertionthatH
1
(G,M)isgeneratedbyX

1
(k,M)andtheimageof

H
1
ét(k,T).

Foreachplacevofkthereisacommutativediagramwithexactrows:

Z0(X)
0
→H

1
ét(k,T)→H

1
(G,M)→Z/degZ0(X)→0

yyyy

Z0(Xv)
0
→H

1
ét(kv,Tv)→H

1
(Gv,Mv)→0

(2.15)

wherethezerointhesecondrowcomesfromtheexistenceofa0-cycleof
degreeoneonXv.LetKv:=kv(Xv)bethefunctionfieldofXv,andKv

analgebraicclosureofthefunctionfieldkv(Xv)ofXvcontainingK.Then
KvisalsoanalgebraicclosureofKv,andtherearenaturalhomomorphisms
fromHv=Gal(Kv/Kv)toGvandH.LetMKvbethecokenelofthetame
symbolmap(see(2.1))forX×kKv.Thentherearecommutativediagrams
withexactrows

Z0(XK)
0
→H

1
ét(K,TK)→H

1
(H,MK)→0

yyy

Z0(XKv)
0
→H

1
ét(Kv,TKv)→H

1
(Hv,MKv)→0

(2.16)

and

Z0(Xv)
0
→H

1
ét(kv,Tv)→H

1
(Gv,Mv)→0

yyy

Z0(XKv)
0
→H

1
ét(Kv,TKv)→H

1
(Hv,MKv)→0

(2.17)

and(2.14–17)arepartsofathree-dimensionalcommutativediagamthatalso
containsthecommutativediagrams

H
1
ét(k,T)→H

1
ét(kv,Tv)

yy
H

1
ét(K,TK)→H

1
ét(Kv,TKv)

and

H
1
(G,M)→H

1
(Gv,Mv)

yy
H

1
(H,MK)→H

1
(Hv,MKv).
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NowletµbeanelementofH
1
(G,M),µKitsimageinH

1
(H,MK),µvits

imageinH
1
(Gv,Mv)andµKvitsimageinH

1
(Hv,MKv).LiftµKtoan

elementηofH
1
ét(K,TK)(cf.(2.14))andµvtoanelementβv∈H

1
ét(kv,Tv)

(cf.(2.15)),andconsidertheimagesηvofηandβKvofβvinH
1
ét(Kv,TKv).

Thenηv−βKv∈Ker
(
H

1
ét(Kv,TKv)→H

1
ét(Hv,MKv)

)
whichbyexactness

ofthesecondrowin(2.17)impliesthatηv−βKv∈φ′(Z0(XKv)
0
).Thusby

(2.10b),ηv−βKv∈Im
(
H

1
ét(Xv,Tv)→H

1
ét(Kv,TKv)

)
,andhencesodoesηv.

ChooseforeachplacevanXv-torsorTvunderTvsuchthat[Tv]∈H
1
ét(Xv,Tv)

mapstoηvinH
1
ét(Kv,TKv).Thensinceηv−βKv∈φ′(Z0(XKv)

0
)weconclude

from(a)and(c)ofLemma2.10thatρv(zv)([Tv]−βKv)∈φ′(Z0(Xv)
0
).This

meansthatρv(zv)([Tv])andρv(zv)(βKv)=βvhavethesameimageµvin
H

1
(Gv,Mv).
Fromtheassumptionthatthe0-cycles(zv)v∈ΩksatisfyManin’sreciprocity

conditionforallA∈H̃
2
ét(X,Gm),wededucefromCorollary1.45thatthere

existsα∈H
1
ét(k,T)withimageρv(zv)([Tv])inH

1
ét(kv,Tv)foreachplace

v∈Ωk.Therefore,α∈H
1
ét(k,T)mapstoanelementinH

1
(G,M)withthe

sameimageasµinH
1
(Gv,Mv)foreachv∈Ωk.Thiscompletestheproof.

2.18TheoremLetkbeanumberfieldandXasmoothpropergeometrically
connectedk-surface.Supposethatthereexistsarationalfunctiont∈k(X)
onXsuchthatk(X)isthefunctionfieldofaSeveri–Brauercurveoverk(t).
Then

(a)X
1
(k,M)=0,

(b)Supposethatforeachv∈Ωkwearegivena0-cyclezvofdegreeoneon
XvsuchthatManin’sreciprocitycondition∑

allvinvv(ρv(zv))(Av)=0
holdsforallA∈H

2
ét(X,Gm).Thenthereexistsa0-cycleofdegreeone

onX.

Proof(a)H
1
(G,M)andX

1
(k,M)arek-birationalinvariants[Sa].The

assumptionsonXimpliesthatitisk-birationaltoarelativelyminimalconic
bundlesurfaceoverP

1
.ItisthereforesufficienttoprovethatX

1
(k,M)=0

forrelativelyminimalconicbundlesurfaceoverP
1
.Butthisisthemain

resultof[Sa].
(b)Thisisaconsequenceof(a)andtheprevioustheorem.
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[Mi]J.S.Milne,Étalecohomology,PrincetonUniversityPress,Princeton
1980

[Sa]P.Salberger,Zero-cyclesonrationalsurfacesovernumberfields,
Invent.Math.91(1988)505–524

[Sk]A.N.Skorobogatov,BeyondtheManinobstruction,Invent.Math.
113(1999)399–424

[Ta1]J.Tate,ThecohomologygroupsoftoriinfiniteGaloisextensions
ofnumberfields,NagoyaMath.J.27(1966)709–719

[Ta2]J.Tate,Globalclassfieldtheory,In:Algebraicnumbertheory,
J.W.S.Cassels,A.Fröhlich,eds.,AcademicPress1967

PerSalberger,
DepartmentofMathematics,
ChalmersUniversityofTechnology,
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