
              

Abeliansurfaceswithoddbilevelstructure

G.K.Sankaran

AbeliansurfaceswithweakbilevelstructurewereintroducedbyS.Mukai
in[14].Thereisacoarsemodulispace,denotedA

bil
t,forabeliansurfacesof

type(1,t)withweakbilevelstructure.A
bil
tisaSiegelmodularthreefold,and

canbecompactifiedinastandardwaybyMumford’storoidalmethod[1].
Wedenotethetoroidalcompactification(inthissituationalsoknownasthe
Igusacompactification)byA

bil∗
t.ItisaprojectivevarietyoverC,andit

isshownin[14]thatA
bil∗
tisrationalfort≤5.Inthispaperweexamine

theKodairadimensionκ(A
bil∗
t)forlargert.Ourmainresultisthefollowing

(TheoremVIII.1).

TheoremA
bil∗
tisofgeneraltypefortoddandt≥17.

ItfollowsfromthetheoremofL.Borisov[2]thatA
bil∗
tisofgeneraltype

fortsufficientlylarge.Ift=pisprime,thenitfollowsfrom[7]and[12]that
A

bil∗
pisofgeneraltypeforp≥37.Ourresultprovidesaneffectiveboundin

thegeneralcaseandabetterboundinthecaset=p.Asfarasweknow,
allpreviousexplicitgeneraltyperesults(forinstance[7,12,15,8,16])have
beenforthecasest=port=p

2
only.

Itisforbrevitythatweassumetisodd.Iftiseventhecombinatorial
detailsaremorecomplicated,especiallywhent≡2mod4,butthemethod
isstillapplicable.Infactthemethodisessentiallythatof[12],withsome
modifications.

AcknowledgementPartofthisworkresultedfromconversationswithmy
researchstudentAlfioMarini.

IBackground

IfAisanabeliansurfacewithapolarisationHoftype(1,t),t>1,then
acanonicallevelstructure,orsimplylevelstructure,isasymplecticiso-
morphism

α:Z
2
t
'
−→K(H)=

{
x∈A

∣∣
t∗
xL∼=Lifc1(L)=H

}
.
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280Abeliansurfaceswithoddbilevelstructure

ThemodulispaceA
lev
tofabeliansurfaceswithacanonicallevelstructurehas

beenstudiedindetailin[11],chieflyinthecaset=p.
AcolevelstructureonAisalevelstructureonthedualabeliansurfaceÂ:

notethatHinducesapolarisationĤonÂ,alsooftype(1,t).Alternatively,
acolevelstructuremaybethoughtofasasymplecticisomorphism

β:Z
2
t→A[t]/K(H)

whereA[t]isthegroupofallt-torsionpointsofA.Obviouslythemodulispace
A

col
tofabeliansurfacesoftype(1,t)withacolevelstructureisisomorphic

toA
lev
t,andeachofthemhasaforgetfulmorphismψ

lev
,ψ

col
tothemoduli

spaceAtofabeliansurfacesoftype(1,t).Wedefine

A
bil
t=A

lev
t×AtA

col
t.

Theforgetfulmapψ
lev

:A
lev
t→Atisthequotientmapundertheactionof

SL(2,Zt)givenby

γ:[(A,H,α)]7→[(A,H,αγ)]

whereγ∈SL(2,Zt)isviewedasasymplecticautomorphismofZ
2
t.The

actionisnoteffective,because(A,H,α)isisomorphicto(A,H,−α)viathe
isomorphismx7→−x;so−12∈SL(2,Zt)actstrivially.Thusψ

lev
isaGalois

morphismwithGaloisgroupPSL(2,Zt)=SL(2,Zt)/±12.
ApointofA

bil
tthuscorrespondstoanequivalenceclass[(A,H,α,β)],

where(A,H)isapolarisedabeliansurfaceoftype(1,t),αandβarelevel
andcolevelstructures,and(A,H,α,β)isequivalentto(A′,H′,α′,β′)ifthere
isanisomorphismρ:A→A′suchthatρ∗H′=H,ρα=α′andρ̂−1

β=
β′.Inparticular,forgeneralA,wehave(A,H,α,β)∼=(A,H,−α,−β)but
(A,H,α,β)6∼=(A,H,−α,β).Anotherwaytoexpressthisistosaythatthe
wreathproductZ2oPSL(2,Zt),actsonA

bil
twithquotientAt.

TheoremI.1(Mukai[14])A
bil
tisthequotientoftheSiegelupperhalf-plane

H2bythegroup

Γ
bil
t=Γ

\
t∪ζΓ

\
t

where

Γ
\
t=





γ∈Sp(4,Z)

∣∣
∣∣
∣∣
∣∣
γ−14∈





tZ∗tZtZ
tZtZtZt

2
Z

tZ∗tZtZ
∗∗∗tZ









andζ=diag(1,−1,1,−1),actingbyfractionallineartransformations.
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ThusΓ
bil
tshouldbethoughtofasasubgroupoftheparamodulargroup

Γt=





γ∈Sp(4,Q)

∣∣
∣∣
∣∣
∣∣
γ−14∈





∗∗∗tZ
tZ∗tZtZ
∗∗∗tZ
∗

1
tZ∗∗









.

(TheparamodulargroupisthegroupdenotedΓ◦
1,tin[11]and[5].)

Forsomepurposesitismoreconvenienttoworkwiththeconjugate
Γ̃

bil
t=RtΓ

bil
tRt−1ofΓ

bil
tbyRt=diag(1,1,1,t),andwiththecorrespond-

ingconjugatesΓ̃
\
t,Γ̃

lev
tetcetera.Thesegroupshavetheadvantagethatthey

aresubgroupsofSp(4,Z)ratherthanSp(4,Q),anddefinedbycongruences
modt,notmodt

2
,buttheiractiononH2isnottheusualonebyfractional

lineartransformations.

IfEiareellipticcurvesand(A,H)=
(
E1×E2,c1

(
OE1(1)£OE2(t)

))
,we

saythat(A,H)isaproductsurface.InthiscaseK(H)={0E1}×E2[t],so
alevelstructureonAmaybethoughtofasafullleveltstructureonE2.
Theautomorphism(x,y)7→(x,−y)ofA=E1×E2inducesanisomorphism
(A,H,α,β)→(A,H,−α,β)inthiscase,soaproductsurfacewithaweak
bilevelstructurestillhasanextraautomorphism.Thecorrespondinglocus
inthemodulispacearisesfromthefixedlocusofζinH2,andwillbeofgreat
importanceinthispaper.

ThegeometryofA
bil∗
tshowsmanysimilaritieswiththatofA

lev∗
t,which

wasstudied(inthecaseoftanoddprime)inthebook[11].Inmanycases
wheretheproofsofintermediateresultsareverysimilartothoseofcorre-
spondingresultsin[11]weomitthedetailsandsimplyindicatetheappropri-
atereference.

IIModulargroupsandmodularforms

WefirstcollectsomefactsaboutcongruencesubgroupsinSL(2,Z)andsome
relatedcombinatorialinformation.Forr∈NwedenotebyΓ1(r)theprincipal
congruencesubgroupofSL(2,Z).WedenotethemodularcurveΓ1(r)\Hby
X◦(r),andthecompactificationobtainedbyaddingthecuspsbyX(r).

Form,r∈N,define

Φm(r)=
{
a∈Z

m
r

∣∣
aisnotamultipleofazerodivisorinZr

}
,

thatis,a∈Φm(r)ifandonlyifa=za′impliesz∈Z∗r;andputφm(r)=
#Φm(r).WealsoputΦm(r)=Φm(r)/±1.
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LemmaII.1Iftheprimesdividingrarep1<p2<···<pnthen

φm(r)=
n∑

i=0

(−1)
i∑

pj1,...,pji

(
r

i∏

k=1

p−1
jk

)m
=r

m∏

p|r
(1−p−m).

ProofWefirstprovethatφm(r)isamultiplicativefunction.Supposefirst
thatr=pq,withgcd(p,q)=1.Itiseasytoseethata∈Φm(r)ifandonly
ifap∈Φm(p)andaq∈Φm(q),whereapdenotesthereductionofamodp.

WedivideZ
m
rintoresidueclassesmodp:thatis,wewriteZ

m
rasthe

disjointunionofsubsetsScforc∈Z
m
p,whereSc={a

∣∣
ap=c}.Thereare

φm(p)subsetsScsuchthatr∈Φm(p).
ThereductionmodqmapSc→Z

m
qisbijective,sinceitistheinverseof

theinjectivemapb7→c+pb∈Z
m
r.Henceineachoftheφm(p)subsets

Sc,c∈Φm(p)thereareφm(q)elementswhosereductionmodqbelongsto
Φm(q).Itfollowsthatφm(r)=φm(p)φm(q).

Finally,wecheckthatifr=p
k
,pprime,thenφm(r)=r

m
(1−p−m).If

a6∈Φm(r),thena=pa′forauniquea′∈Zmr/p,sothereare(p
k−1

)
m

such
elementsa.¤

Notethatφ1istheEulerφfunction,andΦ1(r)thesetofnon-zerodivisors
ofZr.

CorollaryII.2TheorderofSL(2,Zt)isgivenby

|SL(2,Zt)|=tφ2(t)=t
3∏

p|t
(1−p−2

).

Proof(Seealso[18,§1.6].)IfA∈SL(2,Zt),thenA1=(a11,a12)∈Φ2(t).

SobyEuclid’salgorithmwecanfindA′
2=(a′

21,a′
22)suchthatdet

(A1

A′
2

)
=

gcd(a11,a12)=r.ReplacingA′
2byA2=r−1

A′
2,wegetamatrixAwith

detA=1.Furthermore,ifBj=
(A1
A2+jA1

)
,j=0,...,t−1,thendetBj=

detA=1,andBj6=Bj′ifj6=j′.So|SL(2,Zt)|=tφ2(t).¤
Forr>2,putµ(r)=[PSL(2,Z):Γ1(r)].ByCorollaryII.2wehave

µ(r)=r
3∏

p|r
(1−p−2

).

Weneedthefollowingwell-knownlemma.

LemmaII.3Ifr>2thenX(r)has

ν(r)=µ(r)/r=r
2∏

p|r
(1−p−2

)

cuspsandisasmoothcompletecurveofgenusg=1+
µ(r)
12−

ν(r)
2.
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ProofSee[18,pp.23–24].¤
Wedenoteµ(t)byµandν(t)byν.Notethatφ2(1)=ν(1)=1and

φ2(r)=2ν(r)forr>2.
NowweturntosubgroupsofSp(4,Q)andmodularforms.Denoteby

S∗
n(Γ)thespaceofweightncuspformsforΓ⊆Sp(4,Q).Weneedthe

groupsΓ(1)=PSp(4,Z)and,for`∈N,

Γ(`)=
{
γ∈Sp(4,Z)

∣∣
γ=14∈Sp(4,Z`)

}
.

Ift
2
|`thenΓ(`)CΓ

bil
t,becauseΓ(`)⊆Γ

bil
tandΓ(`)isnormalinΓ(1)=

Sp(4,Z).
Byapreviouscalculation[19]weknowthat

dimS∗
n

(
Γ(`)

)
=

n
3

8640

[
Γ(1):Γ(`)

]
+O(n

2
)

(aslongas`>2wecanconsiderΓ(`)asasubgroupofPSp(4,Z)ratherthan
Sp(4,Z)).AstandardapplicationoftheAtiyah–Bottfixed-pointtheorem
(see[9],orinthiscontext[12])gives

dimS∗
n

(
Γ

bil
t

)
=

a
[
Γ

bil
t:Γ(`)

]dimS∗
n

(
Γ(`)

)
+O(n

2
)

whereaisthenumberofelementsγ∈Γ
bil
twhosefixedlocusinH2has

dimension3.ThusaisthenumberofelementsofΓ
bil
tthatacttriviallyonH2.

InSp(4,Z)therearetwosuchelements,±14,butift>2then−146∈Γ
bil
t.

Soa=1,andhence

dimS∗
n

(
Γ

bil
t

)
=

1
[
Γ

bil
t:Γ(`)

]dimS∗
n

(
Γ(`)

)
+O(n

2
)

=
n

3

8640

[
Γ(1):Γ(`)

]
[
Γ

bil
t:Γ(`)

]+O(n
2
)

=
n

3

8640

[
Γ(1):Γ

bil
t

]
+O(n

2
).(1)

Thenumber
[
Γ(1):Γ

bil
t

]
isequaltothedegreeofthemapA

bil
t→A1(actually

therearetwosuchmapsofthesamedegree),whereA1isthemodulispace
ofprincipallypolarizedabeliansurfaces.Now

[
Γ(1):Γ

bil
t

]
=

1

2

[
Γ(1):Γ

\
t

]

=
1

2

[
Γ(1):Γ

lev
t

][
Γ

lev
t:Γ

\
t

]
.
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WecanseedirectlythatΓ
lev
t⊃Γ

\
tsince

Γ
lev
t=





γ∈Sp(4,Z)

∣∣
∣∣
∣∣
∣∣
γ−14∈





∗∗∗tZ
tZtZtZt

2
Z

∗∗∗tZ
∗∗∗tZ









.

LemmaII.4Themap

ϕ:Γ
lev
t→SL(2,Zt)givenbyA7→

(
a11a13

a31a33

)

isasurjectivegrouphomomorphism,andthekernelisΓ
\
t.

ProofThesurjectivityfollowsfromthewell-knownfactthatthereduction
modtmapredt:SL(2,Z)→SL(2,Zt)issurjective;therestisobvious.¤

LemmaII.5Fort>2,theindex[Γ(1):Γ
lev
t]isequaltotφ4(t)/2.

ProofTheproofisalmostthesameasthatof[13,Lemma0.5].Inplace
ofthechainofgroupsΓ1,p<0Γ1,p<Γ′=Γ(1),weusethechainΓ

lev
t<

0Γ1,t<Γ(1).Furthermore,weusethesetΦ4(t)whereSL(4,Zt)acts.Note
thatSL(4,Z)stillactstransitivelyonΦ4(t),via





b110b120
0100

b210b220
0001



and

(
B0
0

t
B−1

)
,

forB∈SL(2,Z).
Followingthesamestepsasin[13],andsubstitutingφm(t)forp

m
−1=

φm(p),wethenfindthat[0Γ1,t:Γ
lev
t]=tφ1(t)and[0Γ1,t:Γ(1)|=φ4(t)/φ1(t),

so[Γ(1):Γ
lev
t]=tφ4(t)/2.¤

TheoremII.6ThenumberofcuspformsofweightnforΓ
bil
t(fort>2)is

givenby

dimS∗
n(Γ

bil
t)=

n
3

34560
t
2
φ2(t)φ4(t)

=
n

3

34560
t
8∏

p|t
(1−p−2

)(1−p−4
).
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ProofImmediatefromequation(1),CorollaryII.2andLemmaII.5.¤

IIITorsioninthemodulargroup

WeknowthatΓ
bil
t⊂Sp(4,Z),andtheconjugacyclassesoftorsionelements

inSp(4,Z)areknown([6,20]).See[10]forasummaryoftherelevantinfor-
mation.

Ifγ∈Γ
\
tthenthereductionmodtofγis

γ=





1∗00
0100
0∗10
∗∗∗1



∈Sp(4,Zt),

sothecharacteristicpolynomialχ(γ)is(1−x)
4
∈Zt[x].Ontheotherhand,

ifγ∈ζΓ
\
tthen

γ=ζ





1∗00
0100
0∗10
∗∗∗1



=





1∗00
0−100
0∗10
∗∗∗−1



∈Sp(4,Zt),

soχ(γ)=(1−x)
2
(1+x)

2
∈Zt[x].

Theonlyclassesinthelistin[20],uptoconjugacy,wherethecharacteristic
polynomialshavethisreductionmodt(t>2)areI(1),whereχ(γ)=(1−x)

4
,

II(1)aandII(1)b.ClassI(1)consistsoftheidentity;classII(1)aincludesζ
sothisjustgivesustheconjugacyclassofζ.ClassII(2)bistheSp(4,Z)-
conjugacyclassofξ,where

ξ=





1100
0−100
0010
001−1



∈Γ

bil
t.

PropositionIII.1EverynontrivialelementoffiniteorderinΓ
bil
t(fort>2)

hasorder2,andisconjugatetoζortoξinΓ
bil
tiftisodd.

ProofItfollowsfromthelistin[20]thattheonlytorsionfort>2is2-
torsion(thisisstilltrueiftiseven).The2-torsionofthegroupΓ

lev
twas

studiedbyBrasch[3].Therearefivetypesbutonlytwoofthemoccurfor
oddt.Therepresentativesfortheseconjugacyclassesgivenin[3]are(up
tosign)ζandξ;sotheassertionofthetheoremisthattheΓ

bil
t-conjugacy
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classesofζandξcoincidewiththeintersectionsoftheirΓ
lev
t-conjugacyclasses

withΓ
bil
t.Thisischeckedin[17,Proposition3.2]forthecaset=6(the

relevantcasesarecalledζ0andζ3there),buttheproofworksforallt>2.¤
Weput

H1=

{(
τ10
0τ3

)∣∣
∣∣Imτ1>0,Imτ3>0

}
⊂H2(2)

and

H2=

{(
τ1τ2

τ2τ3

)∣∣
∣∣2τ2+τ3=0

}
⊂H2.(3)

Thesearethefixedlociofζandξrespectively.WedenotebyH◦
1andH◦

2

theimagesofH1andH2inA
bil
t,andbyH1andH2theirrespectiveclosures

inA
bil∗
t.

LemmaIII.2H◦
iisirreduciblefori=1,2.

ProofThisfollowsatoncefromPropositionIII.1togetherwithequations
(2)and(3).¤

TheabeliansurfacescorrespondingtopointsinH◦
1andH◦

2are,respec-
tively,productsurfacesandbiellipticabeliansurfaces,asdescribedin[13]for
thecasetprime.

WedefinethesubgroupΓ(2t,2t)ofΓ(t)×Γ(t)by

Γ(2t,2t)=
{
(M,N)∈Γ(t)×Γ(t)

∣∣
M≡>N−1

mod2
}

LemmaIII.3H◦
1isisomorphictoX◦(t)×X◦(t),andH◦

2isisomorphicto
Γ(2t,2t)\H×H.

ProofIdenticaltotheproofsofthecorrespondingresults[11,LemmaI.5.43]
and[11,LemmaI.5.45].Theleveltstructurenowoccursinbothfactors,
whereasin[11]thereislevel1structureinthefirstfactorandlevelpstructure
inthesecond.In[11]thelevelpisassumedtobeanoddprimebutthisfact
isnotusedatthatstage:poddsuffices,sowemayreplacepbyt.Thereafter
onesimplyreplacesallthegroupswiththeirintersectionwithΓ

bil
t,which

imposesaleveltstructureinthefirstfactorandcausesittobehaveexactly
likethesecondfactor.¤

LemmaIII.4H◦
1andH◦

2aredisjoint.
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ProofThestabiliserofanypointofH2inΓ
bil
tiscyclic(oforder2),since

Γ
\
tistorsion-freeandthereforehasnofixedpoints.ApointofH1∩H2would

betheimageofapointofH2stabilisedbythesubgroupgeneratedbyζand
ξ,whichisnotcyclic.¤

IVBoundarydivisors

Webeginbycountingtheboundarydivisors.ThesecorrespondtoΓ̃
bil
t-orbits

oflinesinQ
4
:weidentifyalinebyitsprimitivegeneratorv=(v1,v2,v3,v4)∈

Z
4

withhcf(v1,v2,v3,v4)=1,whichisuniqueuptosign.Wedenotethe
reductionofvmodtbyv=(v1,v2,v3,v4)∈Z

4
t.Tofixthingsweshall

say,arbitrarily,thatvispositiveifthefirstnonzeroentryviofvsatisfies
vi∈{1,...,(t−1)/2}(rememberthatwehaveassumedthattisodd).Then
eachlinehasauniquepositiveprimitivegenerator.

Ifv=(v1,v2,v3,v4)∈Z
4
,wedefinethet-divisortober=hcf(t,v1,v3).

PropositionIV.1Positiveprimitivevectorsv,w∈Z
4

spanlinesQvand
QwinthesameΓ̃

bil
t-orbitifandonlyif(v1,v3)=(w1,w3)(inparticularv

andwhavethesamet-divisor,r),and(v2,v4)≡±(w2,w4)modr.

ProofNotethatifΓ(t)istheprincipalcongruencesubgroupofleveltin

Sp(4,Z)thenΓ(t)CΓ̃
\
tandthequotientis

Γ̃
\
t(t)=









1k0k′

0100
0l1l′

0001



∈Sp(4,Zt)




∼=Z4

t.

WeclaimthattwoprimitivevectorsvandwareequivalentmoduloΓ(t)if
andonlyifv=w.ItisobviousthatΓ(t)preservestheresidueclassesmodt.
Conversely,supposethatv=w.Thenwecanfindγ∈Sp(4,Z)suchthat
γv=(1,0,0,0)(thecorrespondinggeometricfactisthatthemodulispace
A2ofprincipallypolarisedabeliansurfaceshasonlyonerank1cusp).Since
Γ(t)CSp(4,Z)thismeansthatinordertoprovetheclaimwemayassume
v=(1,0,0,0).Thenweproceedexactlyasintheproofof[5,Lemma3.3],
takingp=1andq=t(theassumptionsthatpandqareprimearenotused
atthatpoint).

ThegroupΓ̃
\
t(t)actsontheset(Z

4
t)×ofnonzeroelementsofZ

4
tbyv27→

v2+kv1+lv3andv47→v4+k′v1+l′v3:sovisequivalenttowifandonly
if(v1,v3)=(w1,w3),sotheyhavethesamet-divisor,andv2∈w2+Ztrand
v4∈w4+Ztr.Thesearethereforetheconditionsforprimitivevectorsvand
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wtobeequivalentunderΓ̃
\
t.ForequivalenceunderΓ̃

bil
t,wegettheextra

elementζwhichmakes(v1,v2,v3,v4)equivalentto(v1,−v2,v3,−v4).Since
weareinterestedinorbitsoflines,notprimitivegenerators,wemayrestrict
ourselvestopositivegeneratorsv.¤

TheirreduciblecomponentsoftheboundarydivisorofA
bil∗
tcorrespond

totheΓ
bil
t-orbits(orequivalentlytoΓ̃

bil
t-orbits)oflinesinQ

4
.Wedenote

theboundarycomponentcorrespondingtoQvbyDv.Weshallbechiefly
interestedinthecasesr=tandr=1.Werefertotheseasthestandard
components.Theyarerepresentedbyvectors(0,a,0,b)and(a,0,b,0)respec-
tively,ineithercasewithhcf(a,b)=1,0≤a≤(t−1)/2and0≤b<t.
Notethatthereareνofeachofthese.

CorollaryIV.2Iftisoddthenthenumberofirreducibleboundarydivisors
ofA

bil∗
twitht-divisorris#Φ2(h)#Φ2(r),whereh=t/r.Forr6=1,t,this

isequalto
1
4φ2(h)φ2(r).

ProofSeeaboveforthestandardcases.Ingeneral,theΓ
\
t-orbitofaprim-

itivevectorvisdeterminedbytheclassesof(v1/r,v3/r)inΦ2(h)andof
(v2,v4)∈Φ2(r).Theextraelementζandthefreedomtomultiplyvby
−1∈Qallowustomultiplyeitheroftheseclassesby−1andthechoices
thereforelieinΦ2(h)andΦ2(r).¤

VJacobiforms

ThissectiondescribesthebehaviourofamodularformF∈S∗
3n(Γ

bil
t)near

aboundarydivisorDv.Thestandardboundarydivisorsarebesttreated
separately,sinceitisinthosecasesonlythatthetorsionplaysarole:onthe
otherhand,thestandardboundarydivisorsoccurforalltandtheirbehaviour
doesnotdependverymuchonthefactorisationoft.

Weassumeatfirst,then,thatDvisanonstandardboundarydivisor.
Sinceallthedivisorsofgivent-divisorareequivalentundertheactionof
Z2oSL(2,Zt)(becausethet-divisoristheonlyinvariantofaboundarydivisor
ofAt:see[5]),itwillbeenoughtocalculatethenumberofconditionsimposed
byonedivisorofeachtype.Thatistosay,weonlyneedconsiderboundary
componentsinA∗t.

Inviewofthiswemaytakev=(0,0,r,1)forsomer|twith1<r<t.
Wewrite(0,0,0,1)=v(0,1)(forconsistencywith[11])andweputh=t/r.

SincewewanttoworkwithΓ
bil
tratherthanΓ̃

bil
t(soastousefractional

lineartransformations)wemustconsiderthelinesQvRt=Qv′,wherev′=
(0,0,1,h)andQv(0,1)Rt=Qv(0,1).
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Notethatv′Qr=v(0,1),where

Qr=





1100
h−1h00

00h1−h
00−11



∈Sp(4,Z).

PropositionV.1Ifvhast-divisorr6=t,1andF∈S∗
k(Γ

bil
t)isacusp

formofweightk,thentherearecoordinatesτ
v
isuchthatFhasaFourier

expansionnearDvas

F=
∑

w≥0

θ
v
w(τ

v
1,τ

v
2)exp

2πiwτ
v
3

rt
.

ProofAsusual(cf.[11])wewriteP′vforthestabiliserofv′inSp(4,R),
soP′v=Q−1

rPv(0,1)Qr.WetakeP′
v=P′v∩Γ

bil
t:thisgroupdeterminesthe

structureofA
bil∗
tnearDv.Itisshownin[11,PropositionI.3.87]thatPv(0,1)

isgeneratedbyg1(γ)forγ∈SL(2,R),g2=ζ,g3(m,n)andg4(s)form,n,
s∈R,where

g1(γ)=





a0b0
0100
c0d0
0001



forγ=

(
ab
cd

)

andg3andg4aregivenby

g3(m,n)=





100n
m1n0
010−m
0001



,g4(s)=





1000
010s
0010
0001



.

SoP′
vincludesthesubgroupgeneratedbyallelementsoftheformQ−1

rgiQr

witha,b,c,d,m,n,s∈ZwhichlieinΓ
bil
t.Inparticularitincludesthelattice

{Q−1
rg4(rts)Qr|s∈Z}.IfwetakeZ

v
=Q−1

r(Z)forZ=(
τ1τ2
τ2τ3)thenwe

obtain

Z
v

=

(
h

2
τ1−2hτ2+τ3−h(h−1)τ1+(2h−1)τ2−τ3

−h(h−1)τ1+(2h−1)τ2−τ3(h−1)
2
τ1−2(h−1)τ2+τ3

)
.

Oneeasilychecksthat

Q−1
rg4(rt)Qr:Z

v
=

(
τ

v
1τ

v
2

τ
v
2τ

v
3

)
7→
(

τ
v
1τ

v
2

τ
v
2τ

v
3+rt

)
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andthisprovestheresult.¤
WedefineasubgroupΓ(t,r)ofSL(2,Z)by

Γ(t,r)=

{(
ab
cd

)∣∣
∣∣a≡d≡1modt,b≡0modt

2
,c≡0modr

}
.

LemmaV.2IfDvisnonstandardthenP′
vistorsion-free.

ProofTheonlytorsioninΓ
bil
tis2-torsionandasimplecalculationshows

thatif146=g∈Pv(0,1)andg
2

=14,thenQ−1
rgQr6∈Γ

bil
tforr6=1,t.¤

PropositionV.3IfDvisnonstandardandF∈S∗
k(Γ

bil
t)thenθ

v
w(rτ

v
1,tτ

v
2)

isaJacobiformofweightkandindexwforΓ(t,r).

ProofBydirectcalculationwefindthatQ−1
rg1(γ)Qr∈Γ

bil
tifγ∈Γ(t,r)

andQ−1
rg3(rm,tn)Qr∈Γ

bil
tform,n∈Z.Usingthesetwoelements,another

elementarycalculationverifiesthatthetransformationlawsforJacobiforms
givenin[4]aresatisfied,since

Q−1
rg3(rm,tn)Qr:Z

v
7→
(

τ
v
1τ

v
2+rmτ

v
1+tn

τ
v
2+rmτ

v
1+tnτ

v
3+2rmτ

v
2+r

2
m

2
τ

v
1

)

andQ−1
rg1(γ)Qr:Z

v
7→
(

γ(τ
v
1)τ

v
2/(cτ

v
1+d)

τ
v
2/(cτ

v
1+d)τ

v
3−cτ

v
2/(cτ

v
1+d)

)
.¤

LemmaV.4TheindexofΓ(t,r)inΓ(1)isequaltortφ2(t)forr6=1,t.

ProofConsiderthechainofgroups

Γ(1)=SL(2,Z)>Γ0(t)>Γ0(t)(r)>Γ(t,r)

andthenormalsubgroupΓ1(t)CΓ0(t),where

Γ0(t)=

{
γ=

(
ab
cd

)
∈SL(2,Z)

∣∣
∣∣a≡d≡1modt,

b≡0modt

}
,

Γ1(t)=

{
γ=

(
ab
cd

)
∈SL(2,Z)

∣∣
∣∣a≡d≡1modt,

b≡c≡0modt

}
,

Γ0(t)(h)=

{
γ=

(
ab
cd

)
∈SL(2,Z)

∣∣
∣∣a≡d≡1modt,

b≡0modt,c≡0modh

}
.
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ThusΓ0(t)(r)isthekernelofreductionmodrinΓ0(t).ByCorollaryII.2,
[Γ(1):Γ1(t)]=tφ2(t).Bytheexactsequence

0−→Γ1(t)−→Γ0(t)−→
{(

10
c̄1

)∣∣
∣∣c̄∈Zt

}
∼=Zt−→0

wehave[Γ0(t):Γ1(t)]=t,andsimilarly

0−→Γ0(t)(r)−→Γ0(t)−→
{(

10
c̄1

)∣∣
∣∣c̄∈Zr

}
∼=Zr−→0

gives[Γ0(t):Γ0(t)(r)]=r.

Tocalculate[Γ(t)(r):Γ(t,r)],weletΓ0(t)(r)actonZt×Zt2byrightmulti-
plicationγ:(x,y)7→(ax+cy,bx+dy).Thestabiliserof(1,0)∈Zt×Zt2is
then{γ∈Γ0(t)(r)|a≡1modt,b≡0modt

2
},whichisΓ(t,r).However,

theorbitof(1,0)∈Zt×Zt2is
{
(ā,b̄)∈Zt×Zt2

∣∣
(ab
cd)∈Γ0(t)(r)

}
:thatis,

thesetofpossiblefirstrowsofamatrixinΓ0(t)(r)takenmodtinthefirst
columnandmodt

2
inthesecond.Thisisevidentlyequalto{(1,tb′)|b′∈Zt},

andhenceofsizet.Thus[Γ(t)(r):Γ(t,r)]=t,whichcompletestheproof.¤

Thestandardcaseisonlyslightlydifferent,butnowthereistorsion.

PropositionV.5IfDvisstandardandF∈S∗
k(Γ

bil
t)thenθ

v
w(rτ

v
1,tτ

v
2)is

aJacobiformofweightkandindexwforagroupΓ′(t,r),whichcontains
Γ(t,r)asasubgroupofindex2.

ProofAlthoughthestandardboundarycomponentsaremostobviously
givenby(0,0,0,1)forr=tand(0,0,1,0)forr=1,wechoosetotake
advantageofthecalculationsthatwehavealreadyperformedbyworking
insteadwith(0,0,t,1)and(0,0,1,1).LemmaV.3isstilltrue,butwealso
haveQ−1

tζQt∈Γ
bil
tandQ−1

1(−ζ)Q1∈Γ
bil
t.Thesegiverisetothestated

extrainvariance.¤

LemmaV.6ThedimensionofthespaceJ3k,w

(
Γ′(t,r))

ofJacobiformsof
weight3kandindexwforΓ′(t,r)isgivenasapolynomialinkandwby

dimJ3k,w

(
Γ′(t,r))

=δrtν

(kw

2
+

w
2

6

)
+linearterms

whereδ=
1
2ifr=1orr=tandδ=1otherwise.
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ProofBy[4,Theorem3.4]wehave

dimJ3k,w

(
Γ′(t,r))

≤
2w∑

i=0

dimS3k+i

(
Γ′(t,r))

.(4)

SinceΓ′(t,r)istorsion-free,thecorrespondingmodularcurvehasgenus1+
µ(t,r)

12−
ν(t,r)

2,whereµ(t,r)istheindexofΓ′(t,r)inPSL(2,Z)andν(t,r)is
thenumberofcusps(see[18,Proposition1.40]).Henceby[18,Theorem2.23]
thespaceofmodularformssatisfies

dimSk

(
Γ′(t,r))

=k

(µ(t,r)

12−
ν(t,r)

2

)
+

k

2
ν(t,r)+O(1)

=
kµ(t,r)

12
+O(1)(5)

asapolynomialink.ByLemmaV.4wehaveµ(t,r)=
1
2rtφ2(t)=rtνforthe

nonstandardcases,µ(t,1)=
1
2tνandµ(t,t)=

1
2t

2
ν.Nowtheresultfollows

fromequations(5)and(4).¤
IfF∈S∗

3k(Γ
bil
t)thenF·(dτ1∧dτ2∧dτ3)⊗kextendsoverthecomponent

Dvifandonlyifθ
v
w=0forallw<k:see[1,ChapterIV,Theorem1].Hence

theobstructionΩvcomingfromtheboundarycomponentDvis

Ωv=
k−1 ∑

w=0

dimJ3k,w(Γ′(t,r))(6)

whereΓ′(t,r)=Γ(t,r)ifDvisnonstandard.
ByCorollaryIV.2thetotalobstructionfromtheboundaryis

Ω∞=
∑

r|t
#Φ(h)#Φ(r)

k−1 ∑

w=0

dimJ3k,w

(
Γ′(t,r))

,

andwemayassumethatkiseven.

CorollaryV.7Theobstructioncomingfromtheboundaryis

Ω∞≤
(∑

r|t
δrtν#Φ(h)#Φ(r)

)11

36
k

3
+O(k

2
).

ProofSummingtheexpressioninLemmaV.6for0≤w<k,asrequired
byequation(6)givesthecoefficientof

11
36andtherestcomesdirectlyfrom

LemmaV.6andCorollaryIV.2.¤
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VIIntersectionnumbers

Weneedtoknowthedegreesofthenormalbundlesofthecurvesthatgenerate
PicH1andPicH2.ForthiswefirstneedtodescribethesurfacesH1andH2.
Thestatementsandtheproofsareverysimilartothecorrespondingresults
forthecaseofA

lev
p,givenin[11]and[12].Thereforewesimplyrefertothose

sourcesforproofs,pointingoutsuchdifferencesasthereare.

PropositionVI.1H1isisomorphictoX(t)×X(t).

ProofIdenticalto[11,I.5.53].¤

PropositionVI.2H2istheminimalresolutionofasurfaceH2whichis
givenbytwoSL(2,Z2)-coveringmaps

X(2t)×X(2t)−→H2−→X(t)×X(t).

Thesingularitiesthatareresolvedareν
2

ordinarydoublepoints,oneover
eachpoint(α,β)∈X(t)×X(t)forwhichαandβarecusps.

ProofSimilarto[11,PropositionI.5.55]andthediscussionbefore[12,
Proposition4.21].X(2)andX(2p)arebothreplacedbyX(2t)andX(1)
andX(p)byX(t).Sincet>3therearenoellipticfixedpointsandhenceno
othersingularitiesinthiscase.¤

PropositionVI.3H◦
1andH◦

2meetthestandardboundarycomponentsDv

transversallyinirreduciblecurvesCv∼=X◦(t)andC′
v∼=X◦(2t)respectively.

Dvisisomorphictothe(open)KummermodularsurfaceK◦(t),Cvisthezero
sectionandC′

visthe3-sectiongivenbythe2-torsionpointsoftheuniversal
ellipticcurveoverX(t).

ProofThisisessentiallythesameas[11,PropositionI.5.49],slightlysim-
plerinfact.Wemayworkwithv=(0,0,1,0)andcopytheproofforthe
centralboundarycomponentinA

lev
p,replacingpbyt(againthefactthatp

isprimeisnotused).¤
WedonotclaimthattheclosureofDvistheKummermodularsurface

K(t).Theyare,however,isomorphicnearH1andH2.WeremarkthatH1and
H2donotmeetthenonstandardboundarydivisors,becauseofLemmaV.2.

PropositionVI.4A
bil∗
tissmoothnearH1andH2.
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ProofCertainlyA
bil
tissmoothsincetheonlytorsioninΓ

bil
tis2-torsion

fixingadivisorinH2.Therecaninprinciplebesingularitiesatinfinity,but
suchsingularitiesmustlieoncorank2boundarycomponentsnotmeetingH1

norH2(thisfollowsagainfromLemmaV.2).¤

CorollaryVI.5H1doesnotmeetH2.

ProofSinceA
bil∗
tandthedivisorsH1andH2aresmoothattherelevant

points,theintersectionmusteitherbeemptyorcontainacurve.However,
theintersectionalsoliesinthecorank2boundarycomponents.Thesecom-
ponentsconsistentirelyofrationalcurves,andift>5thenH1∼=X(t)×X(t)
containsnorationalcurves.HenceH1∩H2=∅.

Withalittlemoreworkonecancheckthatthisisstilltruefort≤5,but
weareinanycasenotconcernedwiththat.¤

PropositionVI.6ThePicardgroupPicH1isgeneratedbytheclassesof
Σ1=C0010andΨ1=C0001.TheintersectionnumbersareΣ

2
1=Ψ

2
1=0,

Σ1·Ψ1=1andΣ1·H1=Ψ1·H1=−µ/6.

ProofAsin[12,Proposition4.18](butonehastousethealternativeindi-
catedintheremarkthatfollows).¤

PropositionVI.7ThePicardgroupPicH2isgeneratedbytheclassesofΣ2

andΨ2,whicharetheinverseimagesofgeneralfibresofthetwoprojections
inX(t)×X(t),andoftheexceptionalcurvesRαβoftheresolutionH2→H2.
TheintersectionnumbersinH2areΣ

2
2=Ψ

2
2=Σ2·Rαβ=Ψ2·Rαβ=0,

Rαβ·Rα′β′=−2δαα′δββ′andΣ2·Ψ2=6.InA
bil∗
twehaveΣ2·H2=Ψ2·H2=

−µandRαβ·H2=−4.

ProofThesameastheproofsof[12,Proposition4.21]and[12,Lemma
4.24].ThecurvesR′

(a,b)from[12]arisefromellipticfixedpointssotheyare
absenthere.¤

NoticethatΣ2andΨ2arealsoimagesofthegeneralfibresinX(2t)×X(2t)
andarethemselvesisomorphictoX(2t).

VIIBranchlocus

TheclosureofthebranchlocusofthemapH2→A
bil
tisH1∪H2andmodular

formsofweight3k(forkeven)giverisetok-folddifferentialformswithpoles
oforderk/2alongH1andH2.Wehavetocalculatethenumberofconditions
imposedbythesepoles.
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PropositionVII.1TheobstructionfromH1toextendingmodularformsof
weight3ktok-foldholomorphicdifferentialformsis

Ω1≤ν
2(1

2−
7t

24
+t

2(1

24
+

1

864

))
k

3
+O(k

2
).

ProofIfFisamodularformofweight3kforkeven,vanishingtosuffi-
cientlyhighorderatinfinity,andω=dτ1∧dτ2∧dτ3,thenFω⊗kdetermines
asectionofkK+

k
2H1+

k
2H2,whereKdenotesthecanonicalsheafofA

bil∗
t.

From

0−→O(−H1)−→O−→OH1−→0

weget,for0≤j<k/2

0−→H
0(

kK+(
k

2−j−1)H1+
k

2
H2

)
−→H

0(
kK+(

k

2−j)H1+
k

2
H2

)

−→H
0((

kK+(
k

2−j)H1+
k

2
H2

)
|H1

)
.

Thus

h
0(

kK+(
k

2−j)H1+
k

2
H2

)
≤h

0(
kK+(

k

2−j−1)H1+
k

2
H2

)

+h
0((

kK+(
k

2−j)H1+
k

2
H2

)
|H1

)
.

Notethat,byLemmaVI.5,H2|H1=0.Therefore

h
0(

kK+
k

2
H2

)
≥h

0(
kK+

k

2
H1+

k

2
H2

)
+

k/2−1
∑

j=0

h
0((

kK+(
k

2−j)H1

)
|H1

)
,

so

Ω1≤
k/2−1
∑

j=0

h
0((

kK+(
k

2−j)H1

)
|H1

)
=

k/2−1
∑

j=0

h
0(

kKH1−(
k

2
+j)H1|H1

)
.

(7)

ByLemmaVI.6,KH1andH1|H1arebothmultiplesofΣ1+Φ1,andany
positivemultipleofΣ1+Ψ1isample.SupposeH1|H1=a1(Σ1+Ψ1)and
KH1=b1(Σ1+Ψ1).Then

−
µ

6
=Σ1·H1=aΣ1·(Σ1+Ψ1)=a1

and

µ

6−ν=2g(Σ1)−2=(KH1+Σ1)·Σ1=KH1·Σ1=b1



            

296Abeliansurfaceswithoddbilevelstructure

Hence,usingequation(7)

Ω1≤
k/2−1
∑

j=0

h
0(

(
kµ

6−kν+
kµ

12
+

jµ

6
)(Σ1+Ψ1)

)

=

k/2−1
∑

j=0

h
0(

(
ktν

4−kν+
jtν

6
)(Σ1+Ψ1)

)
.

Sincet≥7(weknowfrom[14]thatA
bil∗
tisrationalfort≤5),wehave

ktν
4−kν+

jtν
6−

tν
6+ν>0foralljandhence(

ktν
4−kν+

jtν
6)(Σ1+Ψ1)−KH1

isample.Sobyvanishingwehave

Ω1≤
k/2−1
∑

j=0

1

2
(
ktν

4−kν+
jtν

6
)
2
(Σ1+Ψ1)

2
+O(k

2
)

=

k/2−1
∑

j=0

(
ktν

4−kν+
jtν

6
)
2
+O(k

2
)

=ν
2(1

2−
7t

24
+t

2(1

24
+

1

864

))
k

3
+O(k

2
).¤

NextwecarryoutthesamecalculationforH2.

PropositionVII.2TheobstructionfromH2is

Ω2≤ν
2((1

2
+

1

72

)
t
2
−
(1

4
+

1

24

)
t−

7

3
+

1

24

)
k

3
+O(k

2
).

ProofBythesameargumentasabove(equation(7))theobstructionis

Ω2≤
k/2−1
∑

j=0

h
0(

kKH2−(
k

2
+j)H2|H2

)
.

InthiscaseH2|H2=a2(Σ2+Ψ2)+c2R,whereR=∑
α,βRαβisthesumof

alltheexceptionalcurvesofH2→H2,andKH2=b2(Σ2+Ψ2)+d2R.Since
Σ2∼=X(2t)wehaveby[18,1.6.4]

2g(Σ2)−2=
1

3
(t−3)ν(2t)=µ−

ν

2
.

Hence

−µ=Σ2·H2=a2Σ
2
2+a2Σ2·Ψ2+c2Σ2·R=6a2;
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soa2=−µ/6,and

−4ν
2

=R·H2=a2Σ2·R+a2Ψ2·R+c2R
2

=−2ν
2
c2;

soc2=2.Therefore

H2|H2=−
µ

6
(Σ2+Ψ2)+2R.

Similarly

µ−
ν

2
=(KH2+Σ2)·Σ2=6b2

sob2=µ/6−ν/12,and0=R.KH2=d2R
2

sod2=0.Hence

KH2=
1

6
(µ−

ν

2
)(Σ2+Ψ2).

MoreoverLj=(k−1)KH2−(
k
2+j)H2|H2isample,asiseasilychecked

usingtheNakaicriterionandthefactthattheconeofeffectivecurveson
H2isspannedbyRαβandbythenonexceptionalcomponentsofthefibresof
thetwomapsH2→X(t).ThesecomponentsareΣα≡Σ2−∑

βRαβand

Ψβ≡Ψ2−∑
αRαβ,anditissimpletocheckthatL

2
j,Lj·Σα=Lj·Ψβand

Lj·Rαβareallpositivefortherelevantvaluesofj,kandt.Therefore

Ω2≤
k/2−1
∑

j=0

1

2

(
kKH2−(

k

2
+j)H2|H2

)2

=

k/2−1
∑

j=0

1

2

(
ν(

kt

4−
k

12
+

jt

6
)(Σ2+Ψ2)+(k+2j)R

)2

=ν
2
k

3(
t
2
(
3

8
+

1

8
+

1

72
)−t(

1

4
+

1

24
)+

1

24−2−
1

3

)
+O(k

2
),

since(Σ2+Ψ2)
2

=12.¤

VIIIFinalcalculation

Inthissectionweassembletheresultsoftheprevioussectionsintoaproofof
themaintheorem.

TheoremVIII.1A
bil∗
tisofgeneraltypefortoddandt≥17.
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ProofWeputn=3kinTheoremII.6,anduseφ2(t)=2νandthefact
that

φ4(t)=t
4∏

p|t
(1−p−4

)=t
2
φ2(t)

∏

p|t
(1+p−2

).

Thisgivestheexpression

dimS∗
n(Γ

bil
t)=

k
3
ν

2

320
t
4∏

p|t
(1+p−2

)+O(k
2
).

FromPropositionVII.1andPropositionVII.2wehave

Ω1=k
3
ν

2(37

864
t
2
−

7

24
t+

1

2

)
+O(k

2
),

Ω2=k
3
ν

2(37

72
t
2
−

7

24
t−

55

24

)
+O(k

2
)

andfromCorollaryV.7andCorollaryIV.2

Ω∞=k
3
ν

2∑

r|t

11

36r
t
2∏

p|(r,h)

(1−p−2
)+O(k

2
).

sinceφ2(r)φ2(h)=t
2∏

p|(r,h)(1−p−2
).

ItfollowsthatA
bil∗
tisofgeneraltype,foroddt,provided

1

320

∏

p|t
(1+p−2

)t
4
−

481

864
t
2
+

7

12
t+

43

24−
∑

r|t

11

36r
t
2∏

p|(r,h)

(1−p−2
)>0.(8)

Thisissimpletocheck:sinceeitherr=1orr≥3,andsincethesumofthe
divisorsoftislessthant/2,thelasttermcanbereplacedby−

11
36t

2
−

11
108t

3

andthetandconstantterms,andthep−2
t
4

term,canbediscardedasthey
arepositive.Theresultingexpressionisaquadraticintwhoselargerroot
islessthan40,soweneedonlyconsideroddt≤39.Wedealwithprimes,
productsoftwoprimesandprimepowersseparately.Inthecaseofprimes,
theexpressionontheleft-handsideoftheinequality(8)becomes

1
320t

4
−

7433
8640t

2
+

5
18t+

43
24,whichispositivefort≥17.Theexpressioninthecaseof

t=pqispositiveift≥21.Fort=p
2

wegetanexpressionwhichisnegative
fort=9butpositivefort=25,andfort=p

3
theexpressionispositive.¤

Onecanalsosaysomethingforteven,thoughnotiftisapowerof2.

CorollaryVIII.2A
bil∗
tisofgeneraltypeunlesst=2

a
bwithboddand

b<17.
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ProofA
bil
ntcoversA

bil
tforanyn,andthereforeA

bil∗
ntisofgeneraltypeif

A
bil∗
tisofgeneraltype.¤
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