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1Introduction

Effectiveresultsinthediophantineapproximationofalgebraicnumbersare
difficulttoobtain,andforalongtimetheonlygeneralmethodavailablewas
Baker’stheoryoflinearformsinlogarithms.Analternative,morealgebraic,
methodwaslaterproposedinBombieri[2]andBombieriandCohen[3].This
newmethodisquitedifferentfromtheclassicalapproachthroughthetheory
oflinearformsinlogarithms.

Inthispaper,weimproveonresultsderivedin[3].Theseresultscon-
cerneffectiveapproximationstorootsofhighorderofalgebraicnumbersand
theirapplicationtodiophantineapproximationinanumberfieldbyafinitely
generatedmultiplicativesubgroup.Werestrictourattentiontothenon-
archimedeancase,althoughourresultsandmethodsshouldgoovermutatis
mutandistothearchimedeansetting.

Wedonotclaimthatourtheoremsarethebestthatareknowninthis
direction.Linearformsintwologarithms(whichareeasiertotreatthanthe
generalcase)sufficetoprovesomewhatbetterresultsthanourTheorem5.1,
seeBugeaud[6]andBugeaudandLaurent[7];wegiveanexplicitcomparison
in§5,Remark5.1.

Theorem5.2,whichisusefulforgeneralapplications,followsfromTheo-
rem5.1bymeansofatrickintroducedforthefirsttimein[2]andimproved
in[3].ThusanyimprovedformofTheorem5.1carriesautomaticallyan
improvementofTheorem5.2.NotehoweverthatTheorem5.2,intheform
givenhere,isstillfarfromwhatonecanobtaindirectlyfromBaker’stheory
oflogarithmicformsinmanyvariables,asinBakerandWüstholz[1]inthe
archimedeancaseandKunruiYu[10,11]inthep-adiccase.

NotwithstandingthecomparisonwithBaker’stheory,wefeelthatthere
issomeuntappedpotentialhere.Forexample,onetreatswithequalease
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thearchimedeanandthep-adiccase,whilethisisnotsoinBaker’stheory
becauseofthebadanalyticbehaviourofthep-adicexponential.

Theauxiliaryconstructioninvolvesauniversalfamilyoftwo-variablepoly-
nomialsinvariantunderanactionofrootsofunityofacertainorder.The
mainnewfeatureinthecurrentpaperistheuseofanelementaryWronskian
argument,involvingdifferentiationonlyinasinglevariable,toderiveazero
estimatewhichbypassesformerappealstoamoresophisticatedtwo-variable
Dyson’sLemma.Thiswasinitiallyinspiredbyprivatecommunicationbe-
tweenthefirstauthorandDavidMasserin1984.Wereproducepartofthat
communicationin§6.

Althoughthemethodofthecurrentpaperismoreelementary,theresults
obtainedaresharperthanthoseof[3].Themainresultsarestatedin§5,
Theorem5.1andTheorem5.2.Theorem5.1representsanimprovementover
thecorrespondingresultof[3]bothintheabsoluteconstantsandinthelower
boundforrin(H1),where(log

1
κ)

7
isreplacedby(log

1
κ)

5
,aswellasinthe

lowerboundforh(α′)in(H2)of[3],whichisnolongerrequired.These
improvementsautomaticallycarryovertoTheorem5.2,whichwerestatefor
conveniencehereintheMainTheorem.Wefollowthenotationsof[3],§2.In
particularH()denotestheabsoluteWeilheight,h()=logH()theabsolute
logarithmicWeilheightand||vistheabsolutevalueassociatedtoaplace
v∈MK,normalizedsothath(x)=∑

v∈MKmax(0,log|x|v).
Wedefineρ(x)tobethesolutionρ(x)>e

5
ofρ/(logρ)

5
=xifx>e

5
5−5

,
andρ(x)=e

5
otherwise;forlargexwehaveρ(x)∼x(logx)

5
.

MainTheoremLetKbeanumberfieldofdegreedandvaplaceofK
dividingarationalprimep.Wedenotebyfvtheresidueclassdegreeofthe
extensionKv/QpandsetD∗

v=max(1,
d

fvlogp).Defineamodifiedlogarithmic

heightofx∈Kbyh′(x)=max
(
h(x),

1
D∗v

)
,andletH′(x)=exph′(x).

LetΓbeafinitelygeneratedsubgroupofthemultiplicativegroupK∗,and
writeξ1,...,ξtforgeneratorsofΓ/tors.Letξ∈Γ,A∈K∗andκ>0be
suchthat

0<|1−Aξ|v<H′(Aξ)−κ.

Define

C=66p
fv

(D∗
v)

6
andQ=

(
2tρ(C/κ)

)t
t∏

i=1

h′(ξ
i).

Thenwehave

h′(Aξ)≤16p
fv

ρ(C/κ)Qmax
(
h′(A),4p

fv
Q
)
.
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Itisaninterestingproblemtotrytorefinetheauxiliaryconstruction
of§2tothepointwherethenonvanishingofP(x,y)atthepoint(α,α′)is
immediate,thatisP(α,α′)6=0.InCohenandvanderPoorten[8]itisshown
thatthiswouldleadtoaresultcomparablewiththebestknownconsequences
ofBaker’smethod.

AcknowledgementsThesecondauthorthankstheInstituteforAdvanced
Study,Princeton,wheremuchofthisresearchwascarriedoutwiththesup-
portofTheEllentuckFund.WealsothankDavidMasserforpermissionto
includeintheAppendixthetextofhislettertothefirstauthor.

2Equivariantpolynomials

Letr≥2beapositiveintegerandlanintegerwith(l,r)=1.For0≤j<r
wedefineejtobetheintegerwith0≤ej<rsuchthat

lej≡−j(modr).

Let0≤s<randconsiderthepolynomial

P(x,y)=
s∑

j=0

Aj(x
r
)x

ej
y
j
,

wheretheAj(x)∈Q[x]arepolynomialsinxofdegreeatmostn,notall
identically0.Thispolynomialisinvariantundertheaction(x,y)7→(ε

l
x,εy)

ofrthrootsofunity,inthesensethat

P(ε
l
x,εy)=P(x,y)wheneverε

r
=1.

Wedefinetheindexi(P;ξ,η)ofP(x,y)atapoint(ξ,η)tobetheorder
ofzeroofP(x,η)atx=ξ,namely

i(P;ξ,η)=ordξP(x,η).

Inwhatfollows,forarealnumbertweabbreviatet
+

=max(t,0).

Lemma2.1Wehave

∑

ξ∈C∗/{εr=1}
max
η

(
i(P;ξ,η)−s

)+
≤(s+1)n.
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ProofWeusetheclassicalWronskianargument.LetI⊂{0,1,...,s}be
thesetofindicesjsuchthatAj(x)isnotidentically0andt+1itscardinality.
Clearlyt≤s.Wecalculatethe(t+1)×(t+1)Wronskiandeterminant

det

[∂
h+k

∂xh∂ykP(x,y)

]

0≤h,k≤t
=det

[∑

j∈I

∂
h

∂xh

(
Aj(x

r
)x

ej)
·

∂
k

∂yk
(
y
j)]

0≤h,k≤t

=det

[∂
h

∂xh

(
Aj(x

r
)x

ej)]

0≤h≤t,j∈I
·det

[∂
k

∂yk
(
y
j)]

j∈I,0≤k≤t
.

ThusthisWronskianisapolynomialW(x)y
∆
,with

∆=
∑

j∈I
j−

t(t+1)

2
.

Moreover,W(x)isnotidentically0,becausethepolynomialsAj(x
r
)x

ej
are

linearlyindependentoverQandthemonomialsy
j
,j∈I,arealsolinearly

independentoverQ(theAj(x)forj∈Iarenotidentically0byhypothesis
andtheexponentsinthemonomialsinAj(x

r
)x

ej
belongtodifferentarith-

meticprogressionsasjvaries).Bylookingatthedeterminantofthematrix [
(d/dx)

h
Aj(x

r
)x

ej]
weverifythat

ord0W(x)≥
∑

j∈I
ej−

t(t+1)

2
and

ord∞W(x)≤r(t+1)n+
∑

j∈I
ej−

t(t+1)

2
.

Now,ifwespecializeytoanyη6=0(whichdoesnotaffectthevanishing
ofW(x))andlookatthefirstcolumnoftheWronskian,weseethat

ordξW(x)≥
(
i(P;ξ,η)−t

)+
;

thereforewehave

ordξW(x)≥max
η6=0

(
i(P;ξ,η)−t

)+

.

SinceP(x,y)isinvariantwehavei(P;ε
l
ξ,εη)=i(P;ξ,η).Hence

r
∑

ξ∈C∗/{εr=1}
max
η

(
i(P;ξ,η)−t

)+

=
∑

ξ∈C∗
max
η

(
i(P;ξ,η)−t

)+

≤
∑

ξ∈C∗
ordξW(x)=ord∞W(x)−ord0W(x)≤r(t+1)n,
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concludingtheproof.¤
ConsidernowtheQ-vectorspacesV0⊇V1⊇···⊇Vk⊇···definedby

V0={P:P=
s∑

j=0

Aj(x
r
)x

ej
y
j
},

Vk={P:P∈V0andi(P;1,1)≥k}.

Lemma2.2ThevectorspaceVkhasdimension

dimVk=(s+1)(n+1)−k.

ProofWeabbreviate∂kfor(∂/∂x)
k
.

ItisclearthatdimV0=(s+1)(n+1).Also,wehavedimVk/Vk+1≤1,
because

Vk+1=
{
P∈Vk:(∂kP)(1,1)=0

}
.

Thusthelemmafollowsfromthestatementthat

dimV(s+1)(n+1)=0.

Supposethisisnotthecase.ThenthereisapolynomialP,notidentically0,
withi(P;1,1)≥(s+1)(n+1).ByLemma2.1weget(s+1)(n+1)−s≤
(s+1)n,acontradiction.Thiscompletestheproof.¤
OurnextresultgivesusasmallbasisofthevectorspaceVk.

Lemma2.3Thereisabasis{Pl}ofVksuchthat

(s+1)(n+1)−k ∑

l=1

h(Pl)≤
1

2
k

2
log

(r(n+1)

4k

)
+

3

4
k

2
.

ProofConsider

P(x,1)=
s∑

j=0

Aj(x
r
)x

ej
=

s∑

j=0

n∑

h=0

ajhx
rh+ej

.

ThenVkcanbeidentifiedwiththesubspaceof{ajh}∈Q
(s+1)(n+1)

definedby
thelinearequations

s∑

j=0

n∑

h=0

ajh

(rh+ej
i

)
=0,fori=0,1,...,k−1,
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whichhascodimensionkbyLemma2.2.LetAbetheassociatedmatrix

A=

[(rh+ej
i

)]

i=0,1,...,k−1
(j,h)∈{0,...,s}×{0,...,n}

.

ByLemma2.2,Ahasmaximalrankk,thereforeitisasubmatrixofmaximal
rankofthematrix

B=

[(l

i

)]

i=0,1,...,k−1
l=0,...,rn+r−1

.

ItfollowsthatH(A)≤H(B)whereH()istheheight.Inourcase,where
everythingisoverZ,theheightofBisgivenby

H(B)=

√√
√√∑

det

[(nj
i

)]2

i=0,...,k−1
j=1,...,k

wherethesumrangesoverallk-tuples0≤n1<n2<···<nk<r(n+1)
(notethatthegreatestcommondivisorofthedeterminantsofallmaximal
minorsofBis1).

Wehave

det

[(nj
i

)]

i=0,...,k−1
j=1,...,k

=

∏
h<j(nj−nh)

1!2!···(k−1)!
,

asoneseesbytransformingthedeterminantintodet(n
i
j/i!)andcomputing

theVandermondedeterminantdet(n
i
j).Forthelogarithmicheight,thisgives

h(B)=
1

2
log
(1

1!2!···(k−1)!

∑

0≤n1<···<nk<r(n+1)

∏

h<j

(nj−nh)
2)

.

Anexactcalculationbasedonthetheoryoforthogonalpolynomialscan
befoundinBombieriandVaaler[5].WritingforsimplicityN=r(n+1),we
have

h(B)=
1

2

k−1 ∑

m=−k+1

(k−|m|)log

(N+m

k+m

)
≤N

2
u

(k

N

)
,

where
1

u(θ)=
1

4
θ

2
log

1−θ
2

16θ2+
1

2
θlog

1+θ

1−θ
+

1

4
log(1−θ

2
)

=
1

2
θ

2
log

1

4θ
+

3

4
θ

2
−
∞∑

h=2

θ
2h

4(h−1)h(2h−1)

≤
1

2
θ

2
log

1

4θ
+

3

4
θ

2
.

1
Theseriesexpansionisgivenincorrectlyin[5],p.57withh

2
−2h+2inplaceof(h−1)h.
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ToconcludetheproofofLemma2.3wesimplyapplythemaintheoremin
BombieriandVaaler[4]which,inourcaseovertherationalfieldQ,givesthe
existenceofabasis{Pl}forVksuchthat

(s+1)(n+1)−k ∑

l=0

h(Pl)≤h(A)≤h(B).¤

Leta∈Kandsupposethataisneither0norarootofunity.Wefixan
rthrootα=a

1/r
andsetα′=γ−1

αwithγ∈Kandγ6=0.

Lemma2.4LetM≥1.ThereisaninvariantpolynomialP∈Vkwith
rationalintegralcoefficientssuchthat

M∑

m=−M
m6=0

(
i(P;α

lm
,(α′)m)−s

)+
≤(s+1)(n+1)−k−1

and

h(P)≤
1

2

k
2

(s+1)(n+1)−k

[
log

(r(n+1)

4k

)
+

3

2

]
.

ProofByLemma2.3,thereisaninvariantpolynomialP(x,y)∈Vkwith
rationalintegralcoefficientssuchthat

h(P)≤
1

2

k
2

(s+1)(n+1)−k

[
log

(r(n+1)

4k

)
+

3

2

]
.

Lemma2.1gives

M∑

m=−M

(
i(P;α

lm
,(α′)m)−s

)+
≤(s+1)n,

whileontheotherhandi(P;1,1)≥kbecauseP∈Vk.Itfollowsthat

M∑

m=−M
m6=0

(
i(P;α

lm
,(α′)m)−s

)+
≤(s+1)n−k+s,

completingtheproof.¤
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3TheThue–Siegelmethod

Inthissectionweprove

Lemma3.1Letv∈MKbeafiniteplaceforwhich

α∈Kv,|α
l
−1|v<1and|α′−1|v<1.

Letalsok,s,nbepositiveintegerssuchthats<k<(s+1)(n+1),s<r,
andΛapositiverealnumbersuchthat

log
1

|1−αl|v≥Λandlog
1

|1−α′|v≥(k−s)Λ.(A1)

DefineD=
1

2M

(
(s+1)(n+1)−k−1

)
+s+1.Thenwehave

(k−D+1)Λ≤M+
1

2

[
(n+1)|l|h(a)+sh(γ)

]

+
1

2

k
2

(s+1)(n+1)−k

[
log

(r(n+1)

4k

)
+

3

2

]

+D

[
log

(r(n+1)

D

)
+1

]
.

ProofFixmwith−M≤m≤M,m6=0.Wewriteforsimplicity(ξ,η)=
(α

lm
,(α′)m),im=i(P;ξ,η).

LetP(x,y)=∑ahjx
rh+ej

y
j

andQ(x,y)=x
im

(∂imP)(x,y).Wehave

Q(x,y)=
∑

hj

ahj

(rh+ej
im

)
x
rh+ej

y
j

whence,settingβ=Q(ξ,η),wehave

β=
∑

hj

ahj

(rh+ej
im

)
a
lhm+[(lej+j)/r]m

γ−mj∈K.

Thefactthatβ∈KratherthananextensionofKisessentialforournext
argument.

Bydefinitionofimwehave

(∂imP)(ξ,η)6=0,

thereforeβ6=0andtheproductformulainKyields

∑

w∈MK

log|β|w=0.
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Nowweestimateeachtermlog|β|wasfollows.
Wehave

|lej+j|≤|l|(r−1)+(r−1)=(|l|+1)(r−1)<(|l|+1)r,

andsincetheleft-handsideofthisinequalityisdivisiblebyrwefind|lej+j|≤
|l|r.Thisgives|lm|h+[(lej+j)/r]|m|≤|lm|(n+1).Henceforeveryw6=v
wehave

log|β|w≤|lm|(n+1)log
+
|a|w+|m|slog

+
|1/γ|w

+εwmax
hj

log|ahj|w+εwlog

∣∣
∣∣
(r(n+1)

im+1

)∣∣
∣∣
w

whereasusualεw=[Kw:Qw]/[K:Q]ifw|∞andεw=0otherwise.In
theproofoftheaboveestimate,wehaveusedtheobviousmajorization

∑

hj

(rh+ej
im

)
≤

rn+r−1 ∑

k=0

(k

im

)
=

(r(n+1)

im+1

)
.

Ifinsteadw=v,wenotethatsince

α∈Kv,|α
l
−1|v<1and|α′−1|v<1,

wealsohave|ξ|v=1,|η|v=1and

|ξ−1|v≤|α
l
−1|v<1,|η−1|v≤|α′−1|v<1.

TheTaylorseriesofQ(x,y)withcenterat(1,1)hasrationalintegralcoeffi-
cientsbecauseQ(x,y)∈Z[x,y].Moreover,byconstruction,thepolynomial
Q(x,1)=x

im
(∂imP)(x,1)hasazerooforder≥(k−im)

+
atx=1,therefore

|β|v=|ξ
im

(∂imP)(ξ,η)|v
≤max

(
|ξ−1|

(k−im)+

v,|η−1|v
)

≤max
(
|α
l
−1|

(k−im)+

v,|α′−1|v
)

.

Ifwecombinetheseestimateswiththeproductformulawefind

min
(
(k−im)

+
log

1

|αl−1|v
,log

1

|α′−1|v

)

≤|lm|(n+1)h(a)+|m|sh(γ)+h(P)+log

(r(n+1)

im+1

)
.
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Using(x−y)
+
≥(x−z)

+
−(y−z)

+
and(A1),thisimpliesthenewinequality

(k−s)
+
Λ≤|lm|(n+1)h(a)+|m|sh(γ)

+h(P)+log

(r(n+1)

(im−s)++s+1

)
+(im−s)

+
Λ.

Wetaketheaverageofthisinequalityfor−M≤m≤M,m6=0.Inview
oftheeasyestimate

log

(p

q

)
≤qlog

p

q
+q

weobtain

(k−s)
+
Λ≤

M+1

2
[(n+1)|l|h(a)+sh(γ)]+h(P)

+
1

2M

M∑

m=−M
m6=0

(
(im−s)

+
+s+1

)[
log

(r(n+1)

(im−s)++s+1

)
+1

]

+
1

2M

M∑

m=−M
m6=0

(im−s)
+
Λ.

Inordertoboundtheright-handsideofthisinequalitywereplace(im−s)
+

byapositivecontinuousvariablezmsubjectto∑zm≤(s+1)(n+1)−k−1
andestimatethemaximumusingLagrangemultipliers.Themaximumis
achievedifzmisconstant,hencezm+s+1=DwithDasinthestatement
ofthelemma.Since(k−s)

+
−(D−s−1)≥k−D+1,thiscompletesthe

proofofLemma3.1.¤

4Simplificationofthemaininequality

InordertoapplyLemma3.1wemakesomefurtherassumptionsandintro-
ducenewvariables,withtheaimoftidyinguptheinequalitystatedinthe
conclusionofthelemma.

First,weremovetheconditionthatkbeapositiveinteger.Tothisend,it
sufficestonotethattheright-handsideofourinequalityincreasesinkandD
for4k≤r(n+1);thuswemaydroptheintegralityconditiononk,replacing
DbyD′=(

(s+1)(n+1)−k
)
/(2M)+s+1throughoutandk+1bykin

theleft-handsideoftheinequality.Notealsothatdroppingtheintegrality
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conditiononkmakescondition(A1)evenmorestringent.Thisgives

(k−D′)Λ≤M+
1

2

[
|l|(n+1)h(a)+sh(γ)

]

+
1

2

k
2

(s+1)(n+1)−k

[
log

(r(n+1)

4k

)
+

3

2

]

+D′
[
log

(r(n+1)

D′

)
+1

]
.

(4.1)

Next,wechoosek=λ(s+1)(n+1).Then

D′=(1−λ)(s+1)(n+1)/(2M)+s+1.

Afterdividingby(s+1)(n+1)theresultinginequalitybecomes

(
λ−

1−λ

2M−
1

n+1

)
Λ≤

M+1

2

[
|l|

h(a)

s+1
+

s

s+1

h(γ)

n+1

]

+
1

2

λ
2

1−λ

[
log

(r

4λ(s+1)

)
+

3

2

]

+
1

2M

[
log

(2Mr

s+1

)
+1

]
.

(4.2)

Nowlet

r>A≥h(a),G≥h(γ),r=ρA,s+1=σA≤r,n+1=νG,(A2)

andset

λlogρ=Λ;

decreasingλifneeded,wealsoassumethat

λ<1,0<Λ≤1.(A3)

Ifwesuppose

G>
2M

νλ
,(A4)

whichimpliesλ/(2M)≥1/(n+1),theaboveinequalitysimplifiesto

(
λ−

1

2M

)
λlogρ≤

M+1

2

(|l|
σ

+
1

ν

)

+
1

2

λ
2

1−λ

[
log
(ρ

4σλ

)
+

3

2

]
+

1

2M

[
log

(2Mρ

σ

)
+1

]
.(4.3)



                

52EffectivediophantineapproximationonGm

Thisinequalityisobtainedunderassumptions(A1),(A2),(A3),(A4)and
thefurtherassumption,implicitlymadealongtheway,thatM,σAandνG
areintegers.Wechoose

2

M=d2λ−2
e.(4.4)

Withthischoice,(4.3)canbereplacedby

(
λ−

1

4
λ

2

)
λlogρ≤

(1

λ2+1

)(|l|
σ

+
1

ν

)

+
1

2

λ
2

1−λ

[
log
(ρ

4σλ

)
+

3

2

]
+

λ
2

4

[
log

(ρ

σ

2+2λ
2

λ2

)
+1

]
.(4.5)

Wenowchoose

ν=
1

G

⌈Gσ

|l|

⌉
,σ=A−1

⌈8|l|A
λ4logρ

⌉
;(4.6)

notethatM,σAandνGareintegers,henceourimplicitassumptionisveri-
fied.Aneasymajorizationoftheright-handsideof(4.5)showsthat

(
λ−

1

4
λ

2

)
λlogρ≤

(1

λ2+1

)1

4
λ

4
logρ+

λ
2
(3−λ)

4(1−λ)
logρ

+
λ

2

4(1−λ)

[
log

(1+λ
2

8σ3λ4

)
+4

]
.(4.7)

Sinceσ≥8λ−4
(logρ)−1

,weseethat(4.7)implies

(
λ−

1

4
λ

2

)
λlogρ≤

(1

λ2+1

)1

4
λ

4
logρ+

λ
2
(3−λ)

4(1−λ)
logρ

+
λ

2

4(1−λ)

[
log
(
8−4

(1+λ
2
)λ

8
(logρ)

3)
+4
]
.(4.8)

Sinceλlogρ≤1,inequality(4.8)yields

(
λ−

1

4
λ

2

)
λlogρ≤

(1

λ2+1

)1

4
λ

4
logρ+

λ
2
(3−λ)

4(1−λ)
logρ

+
λ

2

4(1−λ)

[
log(λ

5
+λ

7
)−4.317

]
.(4.9)

Notethatlog(λ
5
+λ

7
)−4.317<log2−4.317<−3.623<0.Dividingboth

sidesof(4.9)byλ
2
logρandusingthelowerbound1/logρ≥λgives

1−
1

4
λ≤(1+λ

2
)
1

4
+

3−λ

4(1−λ)−3.623
λ

4(1−λ)

2
Weuseheretheceilingfunctiondxe=minn∈Z{n:n≥x}.
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andaftermultiplicationby4(1−λ)andaneasysimplificationwefind

0≤−0.623λ−λ
3

<0.

Thisisacontradiction,andshowsthatoneofthehypotheses(A1)to
(A4),togetherwiththechoices(4.4)and(4.6),isuntenable.Therefore,(A1)
doesnotholdifweassume(A2),(A3),(A4)and(4.4)and(4.6).Ourchoice
ofparametersin(4.4)and(4.6)guaranteesthat(A2),(A3),(A4)areverified,
exceptpossiblyfortheconditions+1≤rin(A2)thatmustbecompatible
withourchoiceofσin(4.6).Letusassumeforthetimebeingthatthisis
thecase.Thenifweassumethefirsthalfof(A1),namelylog|1−α

l
|v≤−Λ,

weconcludethatthesecondhalfof(A1)doesnothold.Notealsothatby
(4.6)wehave

σ≥8|l|λ−4
(logρ)−1

andν≥σ/|l|≥8λ−4
(logρ)−1

;(4.10)

therefore,2d2λ−2
e/(νλ)≥

1
2λlogρandafortiori(A4)canbereplacedby

G≥λlogρ.
Ifwerecallthatwehadchosenk=λ(s+1)(n+1),weconcludethat

Proposition4.1LetK,v,r,a,α=a
1/r

,γbeasbefore.Assumethat
A,ρ,G,λsatisfyr>A≥h(a),ρ=r/A,G≥max(h(γ),λlogρ)and
0<λ<min(1,1/logρ).Supposefurtherthat

log
∣∣
1−α

l∣∣
v≤−λlogρ.

Let

σ=A−1

⌈8|l|A
λ4logρ

⌉
.

Thenifσ≤ρwehave

log|1−γ−1
α|v>−λ

2

⌈Gσ

|l|

⌉⌈8|l|A
λ4logρ

⌉
logρ.

5Applicationstodiophantineapproximation

inanumberfieldbyafinitelygenerated

multiplicativegroup

AsacorollaryofProposition4.1,wederiveinthissectionimprovementsof
Theorem1andTheorem2of[3].Asinthatpaper,weletK(v)betheresidue
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fieldofKvandfv,evtheresidueclassdegreeandramificationindexofthe
extensionKv/Qv.Weabbreviate

d∗
v=

d

fvlogp
,D∗

v=max(1,d∗
v).

Weassumethat|a|v=1,sothatifwechoosel=p
fv
−1,then|a

l
−1|v<1.

FromLemma1of[3]wemaysupposethat

log
1

|1−αl|v=log
1

|1−al|v≥
fvlogp

d
=

1

d∗
v

≥
1

D∗
v

.(5.1)

Continuingwiththenotationsof§4,wesupposethatr>2Aandchoose

λ=(D∗
vlogρ)−1

.(5.2)

ThenwecanapplyProposition4.1anddeducethat

log|1−γ−1
α|v>−λ

2

⌈Gσ

|l|

⌉⌈8|l|A
λ4logρ

⌉
logρ(5.3)

providedthatG≥max(h(γ),1/D∗
v)andalsoσ≤ρ.

Withthemodifiedheighth′(x)definedinthestatementoftheMainThe-
orem,theconditiononGbecomesG≥h′(γ).OurchoiceforAwillbe
A=h′(a).

Fortheapplicationwehaveinmind,rmustberelativelylargecompared
toh′(a)ifwewantanontrivialconclusionforourfinalresult.Thustobegin
withweassumethat

r>e
4
D∗
vh′(a).(5.4)

Inparticular,logρ≥4.
Thenextstepinsimplifying(5.3)consistsinremovingthebracketsinthe

ceilingfunction.By(4.10),(5.4),A≥1/D∗
vandourchoiceofλwehave

⌈8|l|A
λ4logρ

⌉
=Aσ≥8|l|(D∗v)3

(logρ)
3
≥512,

hencewemayremovethebracketsatthecostofmultiplyingby1+1/512,
atmost.Inasimilarway,wehave

⌈Gσ

|l|

⌉
≥8G(D∗

v)
3
(logρ)

3
≥512,

becauseG≥1/D∗
v.Therefore,thecostofremovingthebracketsisatmost

afactorof1+1/512.Again,removingthebracketsfromσwillnotcostus
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morethanafurtherfactor1+1/512.Thusthetotalcostinthissimplification
isatmostafactor(1+1/512)

3
<1.006.

Wecanreplaceh′(γ)byh′(γ−1
α),atasmallcost.Indeed,h(γ)≤

h(γ−1
α)+h(α),henceusingh′≥1/D∗

vwefind

h′(γ)≤h′(γ−1
α)+

h(a)

r
<h′(γ−1

α)+
1

e4D∗
v

<(1+e−4
)h′(γ−1

α).(5.5)

Thusthetotalcostofthesesimplificationsisafactorofatmost1.006×
(1+e−4

)<1.03.Therefore,afterremovingthebrackets,takingintoaccount
thissmallcorrectionandmakingafurtherroundingoffofconstants,(5.3)
becomesthesimpler

log|1−γ−1
α|v>−66p

fv
(D∗

v)
6
h′(a)

(
log

r

h′(a)

)5

h′(γ−1
α).(5.6)

Thisinequalityhasbeenobtainedundertheassumptionthats+1≤r.If
howevers+1≥r+1,wemusthave

⌈8|l|A
λ4logρ

⌉
=Aσ=s+1≥r+1=ρA+1,

hence8|l|≥λ
4
ρlogρ.Withourchoiceofλandl,thismeansthatif

ρ(logρ)−3
≥8p

fv
(D∗

v)
4

(A5)

thentheconditionσ≤ρinProposition1isverified.
Wenowsummarizeourresultsasfollows.

Theorem5.1LetKbeanumberfieldofdegreedandvanabsolutevalue
ofKdividingarationalprimep.Leta∈Kwithanot0orarootofunity,
andsupposethatasatisfies|a|v=1.

Letrbeapositiveintegercoprimetop.Thenahasanrthrootα∈Kv

satisfying0<|1−α
pfv−1

|v<1.Letα′=αγ−1
withγ∈K,γ6=0.Let

C=66p
fv

(D∗
v)

6
and0<κ,andsupposethat

r≥ρ

(C

κ

)
h′(a).(H1)

Then

|α′−1|v≥H′(α′)−rκ.

Moreover,if|a−1|v<1thenahasanrthrootα∈Kvsatisfying

0<|α−1|v<1,

and(H1)canbefurtherimprovedbyreplacingCwiththesmallerconstant
C′=66(D∗

v)
6
.
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Remark5.1BeforecompletingtheproofofTheorem5.1,acomparisonwith
theexplicitresultin[6]isinorder.Toavoidunduecomplications,weonly
considerasymptoticboundsash(γ)→∞andr/h′(a)→∞.Then,withthe
optimalchoiceofκ,theboundgivenbyourTheorem5.1is

log
1

|α′−1|v≤
(
66+o(1)

)
p
fv

(D∗
v)

6
h′(a)

(
log

r

h′(a)

)5

h(γ).

Ontheotherhand,from[6]wemayshowthat

log
1

|α′−1|v≤
(
24+o(1)

)
p
fv

(d∗
v)

4
h′(a)

(
log

r

h′(a)

)2

h(γ),

whichisbetterthanTheorem5.1.ThustheinterestofTheorem5.1ismore
inthemethodofproofthanintheresultitself.

ProofBy(5.6)itsufficesthatrbesobigthat

κr≥Ch′(a)

(
log

r

h′(a)

)5

,

thatisρ(logρ)−5
≥C/κ.Notethat,withourvalueforC,thiscondition

takescareof(A5)assoonasκ≤8(D∗
v)

2
.

Ontheotherhand,wehavetheLiouvillelowerbound

|α′−1|v≥(2H′(α′))−r,

whileH′(α′)D∗v
≥e>2,henceinanycasewehave|α′−1|v≥H′(α′)−2D∗

vr
.

ThisshowsthattheconclusionofTheorem5.1istrivialassoonasκ>2D∗
v.

Thuscondition(A5)isofnoconsequencefortheverificationofTheorem5.1,
completingtheproof.¤

Inapplications,condition(H1)isthemostimportant.Adirectcompari-
sonwithTheorem1of[3]showsabigimprovementintheabsoluteconstant
of(H1)andareductioninthepowerofthelogarithmictermfrom7to5.
Thecondition(H2)of[3]isnoweliminated.

Theorem5.2LetKbeanumberfieldofdegreedandvaplaceofKdividing
arationalprimep.

LetΓbeafinitelygeneratedsubgroupofK∗andletξ1,...,ξtbegenerators
ofΓ/tors.Letξ∈Γ,A∈K∗andκ>0besuchthat

0<|1−Aξ|v<H′(Aξ)−κ.
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Define

C=66p
fv

(D∗
v)

6
andQ=

(
2tρ(C/κ)

)t
t∏

i=1

h′(ξ
i).

Thenwehave

h′(Aξ)≤16p
fv

ρ(C/κ)Qmax
(
h′(A),4p

fv
Q
)
.

ProofThemainideaistofindrcoprimetop,anda∈Knotarootof
unityandγ∈ΓsuchthatAξ=aγ−r=(α′)r,withouth(a)beingtoolarge
andwithsomecontrolontherangeofr.In[3],Lemma6.2usesageometry
ofnumbersargumenttoshowthatif|1−Aξ|v<H(Aξ)−κwecandothis
with

h′(a)≤h′(A)+rt

(
Q−1

t∏

i=1

h′(ξ
i)

)1/t

+
4

r
h(ξ)(5.7)

andrinarange
3

N

2(pfv−1)Q−1≤r≤N+3,(5.8)

foranyQ≥(tD∗
v)
t∏h′(ξi)andN≥8p

fv
D∗
vh′(A)Q.By(5.8),thislower

boundforNimpliesr≥4.
Sincerandparecoprime,wehave|1−Aξ|v=|1−α′|vforsomechoice

oftherthrootα;notealsothatLemma6.2of[3]alsoguaranteesthatαis
notarootofunity.

Inwhatfollows,weabbreviateρforρ(C/κ);notethatwemusthave
κ<2D∗

v(seetheendoftheproofofTheorem5.1),henceρ≥33D∗
v.

Supposenowthat

r≥ρh′(a).(5.9)

ThenTheorem5.1yields

|1−α′|v≥H′(α′)−rκ.

Thiscontradicts

|1−α′|v=|1−Aξ|v<H(Aξ)−κ=H(α′)−rκ

3
Lemma6.2in[3]has2

√
2inplaceof2,butamoreaccurateevaluationofconstants

appearinginLemma6.1of[3]yieldsthecleanerboundstatedhere.
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unlessH(α′)<H′(α′),i.e.h(α′)<1/D∗
vorequivalently

h(Aξ)<r/D∗
v.(5.10)

Wehaveshownthat(5.9)impliesthebound(5.10)forh(Aξ).Itremains
tolocalizerbychoosingQandNappropriatelysoastosatisfythehypothesis
r≥ρh′(a)ofTheorem5.1.

WebeginbychoosingQas

Q=(2ρt)
t

t∏

i=1

h′(ξ
i),(5.11)

whichwemaybecause2ρt>tD∗
v.

Weneedtoboundh′(a)andforthisweuse(5.7).Inviewof(5.11),r≥4
andh(ξ)≤h(Aξ)+h′(A),wehave

h′(a)≤h′(A)+
1

2ρ
r+

4

r
h(ξ)≤2h′(A)+

1

2ρ
r+

4

r
h(Aξ).(5.12)

NowwechooseNtobe

N=
⌈
2(p

fv
−1)Q

(
1+max

(
8ρh′(A),

√
16ρh(Aξ)

))⌉
.

Then(5.8)impliesthat

r≥max
(
8ρh′(A),

√
16ρh(Aξ)

)

hence(5.12)yields

h′(a)≤
1

4ρ
r+

1

2ρ
r+

1

4ρ
r=

1

ρ
r,

hence(5.9),andafortiori(5.10),holdswiththischoiceofN.
Ontheotherhand,r≤N+3andfinallyfrom(5.10)wehave

h(Aξ)≤(D∗
v)−1⌈

2(p
fv
−1)Q

(
1+max

(
8ρh′(A),

√
16ρh(Aξ)

))⌉
+3.

Thefirstalternativeforthemaximumeasilyyields

h(Aξ)≤16p
fv

ρh′(A)Q,

becauseρh′(A)Qisfairlylarge(useρ≥33D∗
vtogetρh′(A)Q≥(66t)

t
),

hencethesmallcorrectionsingoingfrom1+maxtomaxandinremoving
theceilingbracketsandtheconstant3areeasilyabsorbedinreplacingp

fv
−1

byp
fv

.
Thesecondalternativeforthemaximumyields

h(Aξ)≤2p
fv

Q
√

16ρh(Aξ)

andfinally

h(Aξ)≤64p
2fv

ρQ
2
,

completingtheproofofTheorem5.2.¤
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6Appendix:fromaprivatecommunication

byDavidMasser

Inthisappendix,wereproducematerialfromaletterofDavidMassertothe
firstauthordated8thJanuary1984.TheseideasofMasserinspiredour§2
andarereproducedherewithhispermission.

“...Myownmethodwasbasedonzeroestimatesratherthanheights,
usinga‘dividingout’trickfromtranscendence.Itgivesthefollowinggeneral
result.

TheoremSupposeθisalgebraicofdegreed≥2andofabsoluteheight
H≥1.Fixanintegerewith

1≤e<d

andrealεwith

0<ε<
1

e+1
.

Put

δ=
d

e+1
+ε,α=

dδ

(e+1)ε
,

β=dδ+α,γ=1−(e+1)ε.

Supposetheintegersp0,q0≥1satisfy

Λ=(4H)−βq−δ
0

∣∣
∣∣θ−p0

q0

∣∣
∣∣
−γ

>1.

Thentheeffectivestricttypeofθisatmost

−eγlog|θ−
p0

q0|
logΛ

.

Ididn’ttrytoimprovetheconstant4,althoughthiscouldcertainlybe
donebyusingasymptoticsforbinomialcoefficients.

Theproofcanbeexpressedinthreelemmas,wherec1,c2,...denotecon-
stantsdependingonlyond,H,ε.ForP(x,y)inC[x,y]writeasinSiegel’s
set-up

Pl(x,y)=
1

l!

(∂

∂x

)l
P(x,y).
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Lemma1Foreachk≥1thereexistsanonzeropolynomialP(x,y)in
Z[x,y],ofdegreeatmostδkinxandatmosteiny,withcoefficientsof
absolutevalueatmostc1(4H)

αk
,suchthat

Pl(θ,θ)=0,(0≤l<k).

FurthermoreP(x,y)isnotdivisiblebyanynonconstantelementofC[y].

Withoutthelastsentencethisisroutine(Imyselfliketousetheversion
ofSiegel’sLemmaprovedastheProposition(p.32)oftheenclosedoffprint

4
).

ThenonesimplydividesP(x,y)byitsgreatestmonicfactorinC[y].Itis
nothardtoseethattheresultingquotientalsosatisfiestheconditionsofthe
lemma.

Lemma2Supposek≥e,andletξ,ηbearbitrarynumberswithξnota
conjugateofθ.Thenthereexistslwith

0≤l≤(e+1)εk+ed

suchthat

Pl(ξ,η)6=0.

Againtheproofisessentiallyroutine,ontakingaminimalrepresentation

P(x,y)=A0(x)B0(y)+···+Af(x)Bf(y).

Thepointisthat

B0(η)=···=Bf(η)=0

isimpossiblebythelastsentenceofLemma1.Thisisthestepusuallydone
byGauss’sLemma.ItisinterestingthattheDysonLemmaappearstogive
only

√
2eδ−dinplaceof(e+1)εmultiplyingk.

Lemma3Supposek≥ed/γandletp0,q0,p,qbeintegerswithq0≥1,q≥1.
Thenwehave

q−δk
0q−e≤c2(4H)

βk

(∣
∣∣
∣θ−

p0

q0

∣∣
∣∣
γk−ed

+

∣∣
∣∣θ−p

q

∣∣
∣∣

)
.

4
M.Anderson,D.W.Masser,Lowerboundsforheightsonellipticcurves,Math.Z.

174(1980)23–34
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ThisfollowsfromastraightforwardcomparisonofestimatesforPl(
p0

q0,
p
q)

withlchosenasinLemma2.
TheTheoremnowfollowsbytakingkasymptotictoelogq/logΛ.The

usualineffectiveargumentsgiveanyexponent

λ>
d

e+1
+e

asinSiegel.Theoptimalchoicee=10,ε=
√

2−1
11givesanyexponent

λ>
55

14

(
4+
√

2
)

=21.270...

fortherealrootθ(m,d)ofx
d
−mx

d−1
+1=0providedd≥d0(λ)and

m≥m0(d).
IbrieflylookedatasimilarapproachintheGelfond–Dysonset-up,with

afixedintegertandderivatives(∂/∂x)
l
(∂/∂y)

s
P(x,y)for

l

k
+

s

t
<1

Buteveniftheanalogouszeroestimatecouldbemadetowork,itseemsasif
t=1(i.e.Siegel)givesthebestresultsforθ(m,d).SoIdidn’ttrytoohard
withthis.”
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