
           

AcounterexampletoaconjectureofSelmer

TomFisher

Abstract

WepresentacounterexampletoaconjecturecitedbyCassels[CaI]
andattributedtoSelmer.Theissuesraisedhavebeengivennewsig-
nificancebytherecentworkofHeath-Brown[HB]andSwinnerton-
Dyer[SwD]onthearithmeticofdiagonalcubicsurfaces.

1Introduction

LetEbeanellipticcurveoveranumberfieldk,withcomplexmultiplication
byZ[ω]whereωisaprimitivecuberootofunity.LetK=k(ω),sothat
[K:k]=1or2accordingasω∈korω6∈k.Inhisworkoncubicsurfaces,
Heath-Brown[HB]makesimplicituseofthefollowingstatement.

Theorem1.1If[K:k]=2andtheTate–ShafarevichgroupX(E/k)is
finite,thentheorderofX(E/K)[

√
−3]isaperfectsquare.

WeexplainhowthisresultfollowsfromtheworkofCassels[CaIV],and
giveanexampletoshowthatthecondition[K:k]=2isnecessary.

Fortheapplicationtocubicsurfaces,weonlyneedaspecialcaseofthe
theorem,namelythatX(E/K)[

√
−3]cannothaveorder3.Thisresult,still

conditionalonthefinitenessoftheTate–Shafarevichgroup,hasalreadyap-
pearedin[BF]and[SwD].InfactSwinnerton-Dyer[SwD]vastlygeneralises
Heath-Brown’sresults.Inthecase[K:k]=2heprovestheHasseprinciple
fordiagonalcubic3-foldsoverk,conditionalonlyonthefinitenessofthe
Tate–Shafarevichgroupforellipticcurvesoverk.Thecondition[K:k]=2
isunnatural,andconjecturallyshouldnotappear.However,thecounter-
examplepresentedinthisarticlesuggeststhat,ifwearetofollowthemethods
ofHeath-BrownandSwinnerton-Dyer,thenthisconditiononkisunavoid-
able.

In§2werecallhowitispossibletopassbetweenthefieldskandK.
Thenin§3wegiveamoderntreatmentofthedescentby3-isogenystudied
bySelmer[S1]andCassels[CaI].In§§4–5werecallhowtheconjecturesof

119



              

120AcounterexampletoaconjectureofSelmer

SelmermaybededucedfrompropertiesoftheCassels–Tatepairing.This
culminatesinaproofofTheorem1.1.Finallyin§6wepresentournew
example.

2DecompositionintoGaloiseigenspaces

LetEbeanellipticcurveoverkwithcomplexmultiplicationbyZ[ω].The
isogeny[

√
−3]:E→EisdefinedoverK=k(ω).ButthekernelE[

√
−3]is

definedoverk.Itfollowsthatthereisa3-isogenyφ:E→Ẽdefinedoverk
withE[

√
−3]=E[φ].HereẼisasecondellipticcurvedefinedoverk,which

weimmediatelyrecogniseasthe−3-twistofE.Thedualisogenyφ̂:Ẽ→E
satisfiesφ◦φ̂=[3]andφ̂◦φ=[3].OurnotationfortheSelmergroupsand
Tate–ShafarevichgroupsfollowsSilverman[Sil,ChapterX].

Lemma2.1If[K:k]=2thentheexactsequence

0−→E(K)/
√
−3E(K)−→S

(√−3)
(E/K)−→X(E/K)[

√
−3]−→0(1)

isthedirectsumoftheexactsequences

0−→Ẽ(k)/φE(k)−→S
(φ)

(E/k)−→X(E/k)[φ]−→0(2)

and

0−→E(k)/φ̂Ẽ(k)−→S
(φ̂)

(Ẽ/k)−→X(Ẽ/k)[φ̂]−→0.(3)

ProofSinceargumentsofthistypehavealreadyappearedin[BF],[N],
[SwD]andpresumablycountlessotherplacesintheliterature,wewillnot
dwellontheproof.Sufficeittosaythatwedecompose(1)intoeigenspacesfor
theactionofGal(K/k),andthenusetheinflation-restrictionexactsequence
toidentifytheseeigenspacesas(2)and(3).Theobservationthat[K:k]=2
isprimetodegφ=3iscrucialthroughouttheproof.¤

Remark2.2Eachtermoftheexactsequence(1)isaZ/3Z-vectorspace
withanactionofGal(K/k).ThuseachtermisadirectsumoftheGalois

modulesZ/3Zandµ3.IfwereplaceEbyẼin(1)weobtainthesameexact
sequenceofabeliangroups,butasGaloismodulesthesummandsZ/3Zand
µ3areinterchanged.
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3ComputationofSelmergroups

Letkbeanumberfield.LetT[a0,a1,a2]bethediagonalplanecubic

a0x
3
0+a1x

3
1+a2x

3
2=0(4)

wherea0,a1,a2∈k∗/k∗3.LetEAbetheellipticcurveT[A,1,1]withidentity
element0=(0:1:−1).Itiswellknown[St]thatEAhasWeierstrass
equationy

2
=x

3
−432A

2
.Analternativeproofofthefollowinglemmamay

befoundin[CaL,§18].

Lemma3.1ThediagonalplanecubicT[a0,a1,a2]isasmoothcurveofgenus
1withJacobianEAwhereA=a0a1a2.

ProofThereisanisomorphismT[a0,a1,a2]'EAdefinedoverk(
3√α)where

α=a1a
2
2,givenby

ψ:(x0:x1:x2)7→(a2x0:α
2/3
x1:α

1/3
a2x2).

Thecocycleσ(ψ)ψ−1
takesvaluesinthesubgroupµ3⊂Aut(EA)generated

byxi7→ω
i
xi.Butsinceµ3actsonEAwithoutfixedpoints,thisaction

belongstothetranslationsubgroupofAut(EA).ItfollowsthatT[a0,a1,a2]
isatorsorunderEAandthatEAistheJacobianofT[a0,a1,a2].¤

TemporarilyworkingoverK=k(ω)wenotethatEAhascomplexmul-
tiplicationbyZ[ω]whereω:(x0:x1:x2)7→(ωx0:x1:x2)andthat
EA[1−ω]=EA[

√
−3]isgeneratedby(0:ω:−ω

2
).Soasin§2thereisa

mapφwhichgivesanexactsequenceofGaloismodules

0−→µ3−→EA
φ
−→ẼA−→0

whereẼAisthe−3-twistofEA.TakingGaloiscohomologyweobtainan
exactsequence

0−→ẼA(k)/φEA(k)
δ
−→k∗/k∗3−→H

1
(k,EA)[φ]−→0.(5)

ThegroupH
1
(k,EA)parametrisesthetorsorsunderEA.WewriteCA,αfor

thetorsorunderEAdescribedbyα∈k∗/k∗3.TheproofofLemma3.1shows
that

T[a0,a1,a2]'CA,αforA=∏aνandα=∏a
ν
ν(6)

wheretheproductsareoverν∈Z/3Z.SinceT[a0,a1,a2]'T[a1,a2,a0]it

isclearthatA∈imδ.IfẼAhasWeierstrassequationY
2
Z=−4AX

3
+Z

3

thenthe3-coveringmapT[a0,a1,a2]→ẼAisgivenby

(x0:x1:x2)7→(x0x1x2:a1x
3
1−a2x

3
2:a0x

3
0).
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TheSelmergroupattachedtoφis

S
(φ)

(EA/k)=
{
α∈k∗/k∗3∣∣

CA,α(kp)6=∅forallprimesp
}
.

Sincedegφ=3isoddwehaveignoredtheinfiniteplaces.Wewriteδpfor
thelocalconnectingmapobtainedwhenweapply(5)tothelocalfieldkp.
ThentheconditionCA,α(kp)6=∅mayalsobewrittenα∈imδp.Using(6)to
giveequationsforCA,αitiseasytoprove

Lemma3.2Letkbeanumberfield,andpaprimenotdividing3.Letop

denotetheringofintegersofkp.Then

imδp=

{
o∗

p/o∗3
pifordp(A)≡0(mod3)

〈A〉ifordp(A)6≡0(mod3).

Ifpdivides3thesituationismorecomplicated,althoughwestillhave

imδp⊂o∗
p/o∗3

pifordp(A)≡0(mod3).(7)

Ifω∈kpTatelocaldualitytellsusthatimδpisamaximalisotropic
subspacewithrespecttotheHilbertnormresiduesymbol

k∗
p/k∗3

p×k∗p/k∗3p→µ3.(8)

Thenextlemmatreatsthecasek=Q(ω).Thisfieldhasringofintegers
Z[ω]andclassnumber1.Theuniqueprimeabove3isπ=ω−ω

2
.

Lemma3.3LetA∈Z[ω]benonzeroandcube-free.Then

imδπ=





〈A,(1+A)/(1−A)〉ifordπ(A)6=0

〈A,1−π
3
〉ifordπ(A)=0andA6≡±1(π

3
)

〈ω(1+3a),1−π
3
〉ifA=±(1+aπ

3
)forsomea∈Z[ω].

ProofWerecall[CF,Exercise2.13]thatk∗
π/k∗3

πhasbasisπ,ω,1−π
2
,1−π

3

andthattheseelementsdefineafiltrationcompatiblewiththepairing(8).
ByTatelocaldualityitfollowsthatimδπhasorder9.Sotoprovethelemma
itsufficestoprovetheinclusions⊃.AsalwaysA∈imδπ,whereas(7)and
Tatelocaldualitytellusthat1−π

3
∈imδπ.Thereisatmostonemore

elementtofind.

(i)Supposeordπ(A)6=0.Ifαsatisfiesα−α−1
=AthenT[A,α,α−1

]is
soluble.Splittingintothecasesordπ(A)=1or2wefind

4A/(1−A
2
)≡A(modπ

4
).

Thusα=(1+A)/(1−A)providesasolutionmodπ
4
.
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(ii)SupposeA=1+aπ
3

forsomea∈Z[ω].IfαsatisfiesA+α+α−1
=0

thenT[A,α,α−1
]issoluble.Inviewoftheidentity

(1+π
3
a)+ω(1+3a)+ω

2
(1−3a)=0

weseethatα=ω(1+3a)providesasolutionmodπ
4
.¤

4Selmer’sconjectures

Inthissectionwetakek=Q,sothatK=Q(ω).Weconsidertheelliptic

curvesEAandẼAoverQwhereA≥2isacube-freeinteger.

Lemma4.1IfA≥3thenthetorsionsubgroupsare

EA(Q)tors=0andẼA(Q)tors'Z/3Z.

ProofSee[St,§6]or[K,Chapter1,Problem7].¤
Lemma2.1givesadecompositionintoGal(K/Q)-eigenspaces

S
(√−3)

(EA/K)'S
(φ)

(EA/Q)⊕S
(φ̂)

(ẼA/Q).(9)

ThefollowingexampleswerefoundbySelmer[S1],[S2].

Example4.2LetA=60.Lemmas3.2and3.3tellusthat

S
(√−3)

(E60/K)'〈2,3,5〉⊂K∗/K∗3.

Then(9)givesS
(φ)

(E60/Q)'(Z/3Z)
3
andS

(φ̂)
(Ẽ60/Q)=0.Buta2-descent

[CaL,§15],[Cr]showsthatE60(Q)hasrank0.Wededuce

X(E60/Q)[3]'(Z/3Z)
2
.

Example4.3LetA=473.Lemmas3.2and3.3tellusthat

S
(√−3)

(E473/K)'〈11,1−6ω,1−6ω
2
〉⊂K∗/K∗3.

Then(9)givesS
(φ)

(E473/Q)'(Z/3Z)
2

andS
(φ̂)

(Ẽ473/Q)'Z/3Z.Buta
2-descent[S2],[Cr]showsthatE473(Q)hasrank0.Wededuce

X(E473/Q)[φ]'Z/3ZandX(Ẽ473/Q)[φ̂]'Z/3Z.

Remark4.4AccordingtotheformulaeandtablesofStephens[St],the
aboveexampleshaveL(EA,1)6=0.SotheclaimsrankEA(Q)=0could
equallybededucedfromtheworkofCoatesandWiles[CW].
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Example4.2tellsusthateachofthecurves

T[3,4,5]:3x
3
0+4x

3
1+5x

3
2=0

T[1,3,20]:x
3
0+3x

3
1+20x

3
2=0

T[1,4,15]:x
3
0+4x

3
1+15x

3
2=0

T[1,5,12]:x
3
0+5x

3
1+12x

3
2=0

(10)

isacounterexampletotheHassePrincipleforsmoothcurvesofgenus1
definedoverQ.Selmerprovesthiswithouttheneedfora2-descent.Instead
heshowsthattheequations(10)areinsolubleoverQbywritingthemasnorm
equations.AsCasselsexplains[CaI,§11]thisisequivalenttoperforminga
seconddescent,i.e.computingthemiddlegroupin

ẼA(Q)/φEA(Q)⊂φ̂S
(3)

(ẼA/Q)⊂S
(φ)

(EA/Q).(11)

InfactSelmer’scalculationssufficetoshowthatX(E60/Q)(3)'(Z/3Z)
2
.

InotherwordsX(E60/Q)doesnotcontainanelementoforder9.More
recentworkofRubin[M]improvesthistoX(E60/Q)'(Z/3Z)

2
.

Selmeralsogavepracticalmethodsforcomputingthetworighthand
groupsin

EA(Q)/φ̂ẼA(Q)⊂φS
(3)

(EA/Q)⊂S
(φ̂)

(ẼA/Q).(12)

FollowingStephens[St]wewriteg1+1,λ′
1+1,λ1+1forthedimensionsof

theZ/3Z-vectorspaces(11)andg2,λ′
2,λ2forthedimensionsoftheZ/3Z-

vectorspaces(12).Triviallywehave0≤g1≤λ′
1≤λ1,0≤g2≤λ′

2≤λ2

andrankEA(Q)=g1+g2.Basedonalargeamountofnumericalevidence,
Selmer[S3]madethefollowing

Conjecture4.5LetA≥2beacube-freeinteger.LetEAbetheelliptic
curvex

3
+y

3
=Az

3
definedoverQ.Then

WeakformTheseconddescentexcludesanevennumberofgenerators,i.e.
λ1≡λ′

1(mod2)andλ2≡λ′
2(mod2).

StrongformThenumberofgeneratorsofinfiniteorderforEA(Q)isan
evennumberlessthanwhatisindicatedbythefirstdescent,i.e.

λ1+λ2≡g1+g2(mod2).

ForA=473,Selmerfoundλ1=λ′
1=λ2=λ′

2=1yetg1=g2=0.He

wasthusawareoftheneedtocombinethecontributionsfromφandφ̂inthe
strongformofhisconjecture.
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Remark4.6InHeath-Brown’snotation[HB]wehave

r(A)=rankEA(Q)=g1+g2ands(A)=λ1+λ2.

By(9)theorderofS
(√−3)

(EA/K)is3
s(A)+1

andinfactitisthisrelation
thatHeath-Brownusestodefines(A).Naturallyhewritesthestrongform
ofSelmer’sconjectureasr(A)≡s(A)(mod2).

Nowletkbeanynumberfield.Conjecture4.5isequivalenttothecase
k=Qofthefollowing

Conjecture4.7SupposethatA∈k∗isnotaperfectcubeandletEAbethe
ellipticcurvex

3
+y

3
=Az

3
definedoverk.Then

WeakformTheindexofthesubgroupφ̂(X(ẼA/k)[3])⊂X(EA/k)[φ]isa

perfectsquare.Thesameistrueforφ(X(EA/k)[3])⊂X(ẼA/k)[φ̂].

StrongformTheorderofX(EA/k)[φ]timesthatofX(ẼA/k)[φ̂]isaper-
fectsquare.

InthenextsectionwerecallhowConjecture4.7followsfromtheworkof
Cassels,thestrongformbeingconditionalonthefinitenessofX(EA/k).

5TheCassels–Tatepairing

LetEbeanellipticcurveoveranumberfieldk.Forφ:E→E′anisogenyof
ellipticcurvesoverkweshallwriteφ̂:E′→Eforthedualisogeny.Cassels
[CaIV]definesanalternatingbilinearpairing

〈,〉:X(E/k)×X(E/k)→Q/Z(13)

withthefollowingnondegeneracyproperty.

Theorem5.1Letφ:E→E′beanisogenyofellipticcurvesoverk.Then
x∈X(E/k)belongstotheimageofφ̂:X(E′/k)→X(E/k)ifandonlyif
〈x,y〉=0forally∈X(E/k)[φ].

ProofThiswasprovedbyCassels[CaIV]inthecaseφ=[m]forma
rationalinteger.Thegeneralcasefollowsbyhismethodsandisexplainedin
[F].¤

ThepairingwaslatergeneralisedtoabelianvarietiesbyTate,andsois
knownastheCassels–Tatepairing.Themoststrikingapplicationsinthe
caseofellipticcurvescomefromthefollowingeasylemma.
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Lemma5.2Ifafiniteabeliangroupadmitsanondegeneratealternatingbi-
linearpairing,thenitsordermustbeaperfectsquare.

TheweakformofConjecture4.7isaspecialcaseof

Corollary5.3Letφ:E→E′beanm-isogenyofellipticcurvesoverk.
Thenthesubgroupφ̂(X(E′/k)[m])⊂X(E/k)[φ]hasindexaperfectsquare.

ProofAccordingtoTheorem5.1thepairing(13)restrictedtoX(E/k)[φ]

haskernelφ̂(X(E′/k)[m]).WearedonebyLemma5.2.¤
LetusassumethatX(E/k)isfinite.SobyTheorem5.1andLemma5.2

theorderofX(E/k)isaperfectsquare.Ifφ:E→E′isanisogenyofelliptic
curvesoverkthenthesameconclusionswillholdforE′.Wedefine

〈,〉φ:X(E/k)×X(E′/k)→Q/Z;(x,y)7→〈φx,y〉=〈x,φ̂y〉(14)

wheretheequalityontherightis[CaVIII,Theorem1.2].Thestrongformof
Conjecture4.7isaspecialcaseof

Corollary5.4Letφ:E→E′beanisogenyofellipticcurvesoverk.If
X(E/k)isfinitethentheorderofX(E/k)[φ]timesthatofX(E′/k)[φ̂]is
aperfectsquare.

ProofAccordingtoTheorem5.1theleftandrightkernelsof〈,〉φare

X(E/k)[φ]andX(E′/k)[φ̂].Weobtainanondegeneratepairing

X(E/k)/X(E/k)[φ]×X(E′/k)/X(E′/k)[φ̂]→Q/Z.

Wededucethatthesequotientshavethesameorderandaredonesince
X(E/k)andX(E′/k)eachhaveorderaperfectsquare.¤

Anotherwellknownconsequenceis

Corollary5.5LetEbeanellipticcurveoverkwhoseTate–Shafarevich
groupisfinite,andletmbearationalinteger.ThentheorderofX(E/k)[m]
isaperfectsquare.

ProofAccordingtoTheorem5.1thekernelof〈,〉misX(E/k)[m].We
obtainanondegeneratealternatingpairing

X(E/k)/X(E/k)[m]×X(E/k)/X(E/k)[m]→Q/Z.

WeapplyLemma5.2tothispairingandaredonesinceX(E/k)hasordera
perfectsquare.¤

Remark5.6WecouldequallydeduceCorollary5.4fromCorollaries5.3
and5.5.
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ProofofTheorem1.1LetEbeanellipticcurveoverkwithcomplex
multiplicationbyZ[ω]andsupposethat[K:k]=2.Lemma2.1tellsusthat

X(E/K)[
√
−3]'X(E/k)[φ]⊕X(Ẽ/k)[φ̂].

AssumingX(E/k)isfinite,Corollary5.4showsthatthegroupontheright
hasorderaperfectsquare.Sothegrouponthelefthasorderaperfectsquare,
andthisispreciselythestatementofTheorem1.1.¤

Inthefirstofhiscelebratedseriesofpapers,Cassels[CaI]definesapairing
S

(√−3)
(EA/K)×S

(√−3)
(EA/K)→µ3.Itisofcourseaspecialcaseofthe

pairing(13).HeusesittoprovetheweakformofConjecture4.7inthecase
[K:k]=1.Howeverintheintroductiontothesamepaperhemisquotesthe
strongformofSelmer’sconjecture.Thestatementhegivesisequivalentto

•If[K:k]=1thentheorderofX(EA/K)[
√
−3]isaperfectsquare.

Itisthisstatementtowhichwehavefoundacounterexample.Itispossible
thatCasselswasmisledbyearlierworkofSelmeratatimewhenhedidnot
appreciatetheneedtocombinethecontributionsfromφandφ̂inthestrong
formofhisconjecture.

Remark5.7ItistemptingtotryandproveTheorem1.1alsointhecase
[K:k]=1byimitatingtheproofofCorollary5.5.Howevertheisogeny
[
√
−3]hasdual[−

√
−3]andthisextrasignmeansthatthepairing〈,〉√−3

issymmetricratherthanalternating.Lemma5.2doesnotapply.

6Anewexample

InthissectionwetakeK=Q(ω).LetEAbetheellipticcurvex
3
+y

3
=Az

3
.

WeaimtofindA∈KsuchthattheorderofX(EA/K)[
√
−3]isnotaperfect

square.AsinExample4.3ourmethodistocomparea3-descentwitha2-
descent.TheformofthecurvesEAmakesthe3-descenteasy.Weusethe
resultsof§3tocomputetheSelmergroupS

(√−3)
(EA/K).Forthe2-descent

wewouldliketouseJohnCremona’sprogrammwrank[Cr].Butmwrankis
writtenspecificallyforellipticcurvesoverQ,whereasTheorem1.1tellsus
thattherearenoexamplesoftherequiredformwithA

2
∈Q.Fortunately

wewereabletouseaprogramofDenisSimon[Si1],[Si2],writtenusingthe
computeralgebrapackagepari[BBBCO],thatextendsCremona’sworkon
2-descentstogeneralnumberfields(inpracticeofdegrees1upto5).

Weconsiderallcube-freeA∈Z[ω]withA
2
6∈QandNorm(A)≤150.We

ignorerepeatsoftheform±σ(A)forσ∈Gal(K/Q).Inall123casesacalcu-
lationbasedonLemmas3.2and3.3showsthatS

(√−3)
(EA/K)isisomorphic
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toeitherZ/3Zor(Z/3Z)
2
.Inthe98caseswhereS

(√−3)
(EA/K)'Z/3Z

itfollowsimmediatelythatrankEA(K)=0.Intheremaining25caseswe
runSimon’sprogram.For20ofthesecurvestheprogramexhibitsapointof
infiniteorder.SinceEA(K)hasthestructureofZ[ω]-module,weareableto
deducethatrankEA(K)=2.Theremaining5casesare

A=±(3+7ω),±(9+ω),±(12+5ω),±(6+13ω),±(13+7ω)

andtheirGaloisconjugates.IneachofthesecasesSimon’sprogramreports
thatrankEA(K)=0.ReducingmodulosomesmallprimeswefindEA(K)'
Z/3Z.Thus

X(EA/K)[
√
−3]'Z/3Z.

Fortheremainderofthisarticlewerestrictattentiontothefirstofthese
examples,namelyA=3+7ω,andgivefurtherdetailsofthedescentcalcu-
lationsinvolved.Inparticularweestablishthecounterexampleofthetitlein
awaythatisindependentofSimon’sprogram.

WebeginbycheckingtheabovecomputationofS
(√−3)

(EA/K)forA=
3+7ω.Since(A)isprime,Lemma3.2tellsusthat

S
(√−3)

(EA/K)⊂〈ω,3+7ω〉.(15)

Wecheckthelocalconditionsattheprimes(π)and(A)above3and37
respectively.

•Since37≡1(mod9)weknowthatωisacubelocallyat(A).

•Lemma3.3givesimδπ=〈A,1−π
3
〉⊂K∗

π/K∗3
π.SinceA=ω−π

3
itis

clearthatωbelongstothissubgroup.

Itfollowsthatequalityholdsin(15)asrequired.
GiventheprovisionalnatureofSimon’sprogramwehavetakentheliberty

ofwritingoutthe2-descentforA=3+7ωinthestyleofCassels[CaL,p.72–
73].ThecurveEAhasWeierstrassform

Y
2

=X
3
−2

4
3

3
(3+7ω)

2
.(16)

The2-descenttakesplaceoverthefieldL=K(δ)whereδ
3

=4(3+7ω).
Accordingtopari[BBBCO]

1
,Lhasclassnumberh=3,andfundamental

units
η1=(−7−3ω)+(−3−2ω)δ+(−2+ω)δ

2
/2

η2=(−7−3ω)+(2−ω)δ+(3+2ω)δ
2
/2.

1
ThesecalculationswereperformedusingVersion2.0.20(beta)
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Furthermorepariisabletocertifytheseresults,independentofanyconjec-
ture.Wehavechosenη1andη2tobeK-conjugates.Theyhaveminimal
polynomial

x
3
+(21+9ω)x

2
+(102−165ω)x−1.

If(X,Y)=(r/t
2
,s/t

3
)isasolutionof(16),withfractionsinlowestterms,

thenacommonprimedivisorofanytwoof

r−3δ
2
t
2
,r−3ωδ

2
t
2
,r−3ω

2
δ

2
t
2

mustdivide2(1−ω)(3+7ω).Since2,(1−ω),(3+7ω)ramifycompletely,
r−3δ

2
t
2

mustbeaperfectidealsquare.Sincehisodditfollowsthat
S

(2)
(E/K)isasubgroupof〈−1,η1,η2〉⊂L∗/L∗2.WeclaimthatS

(2)
(E/K)

istrivial.ByconsideringnormsfromLtoK,itsufficestoshowthatthe
equation

r−3δ
2
t
2

=ηα
2

withη=η1,η2or1/(η1η2)

isinsolubleforr,t∈Kandα∈L.TheactionofGal(L/K)showsthat
weneedonlyconsiderthecaseη=η1.Putα=u+vδ+wδ

2
.Equating

coefficientsofpowersofδweobtain

0=(−3−2ω)u
2
+(−14−6ω)uv+(−26−36ω)v

2

+(−52−72ω)uw+(40−104ω)vw+(−148ω)w
2

−3t
2

=((−2+ω)/2)u
2
+(−6−4ω)uv+(−7−3ω)v

2

+(−14−6ω)uw+(−52−72ω)vw+(20−52ω)w
2
.

Onputting

u=(−8+6ω)e+(−6−34ω)f+(−20+15ω)g
v=(−4−4ω)e+(12+4ω)f+(−10−11ω)g
w=(1−ω)e+(1+4ω)f+(2−2ω)g

inthefirstequation,itbecomes

0=(3+7ω)g
2
−16ef.

Hencetherearem,nsuchthat

e:f:g=m
2

:(3+7ω)n
2

:4mn.

Onsubstitutingintothesecondequation,weget

−3t
2

=2(−1−4ω)m
4
+8(−4+3ω)m

3
n+4(21+12ω)m

2
n

2

+8(4−3ω)mn
3
+2(−33−40ω)n

4
.

Butthisisimpossibleoverthe2-adiccompletionofK.HenceS
(2)

(EA/K)is
trivialandrankEA(K)=0asclaimed.
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[BBBCO]C.Batut,K.Belabas,D.Bernardi,H.CohenandM.Olivier,
pari/gp,acomputeralgebrapackage,http://www.parigp-home.de

[CaI]J.W.S.Cassels,Arithmeticoncurvesofgenus1.I,Onaconjectureof
Selmer,J.ReineAngew.Math.202(1959)52–99

[CaIV]J.W.S.Cassels,Arithmeticoncurvesofgenus1.IV,Proofofthe
Hauptvermutung,J.reineangew.Math.211(1962)95–112

[CaVIII]J.WS.Cassels,Arithmeticoncurvesofgenus1.VIII,Oncon-
jecturesofBirchandSwinnerton-Dyer,J.ReineAngew.Math.217
(1965)180–199

[CaL]J.W.S.Cassels,Lecturesonellipticcurves,LMSST24,Cambridge
UniversityPress,Cambridge,1991
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