
             

Linearrelationsamongstsumsoftwosquares

D.R.Heath-Brown

1Introduction

Itiswellknownthatthereareinfinitelymanysetsofthreedistinctprimes
inarithmeticprogression.Thismaybeprovedbyaneasyadaptationof
Vinogradov’streatmentoftheternaryGoldbachproblem.Moregenerally
for,anynonzerointegersA,B,C,notallofthesamesign,onecanshowthe
existenceofinfinitelymanytriplesofprimesp1,p2,p3satisfyingthelinear
relation

Ap1+Bp2+Cp3=0

subjecttothenaturalconditionthatA+B+Cshouldbeeven.Balog[1]has
madeimportantprogressonthequestionoflinearrelationsinvolvingmore
than3primes,butnonethelessitremainsanopenproblemastowhether
thereareinfinitelymanysetsof4distinctprimesinarithmeticprogression.

Manyopenproblemsinvolvingprimeshavepotentiallyeasierrelatives
involvingsumsoftwosquares.Thusonemightaskwhetherornotthereare
infinitelymanyarithmeticprogressionsof4(ormore)distinctintegers,each
ofwhichisasumof2squares.Thisistrivial.Thenumbers
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formanarithmeticprogressionwithcommondifference12n.Inthispaper
weshalladdressthequestionofthefrequencyofsuchprogressions.Weshall
countthesumsoftwosquareswithappropriatemultiplicity,sothatweshall
considerthesum

∑

x∈R
r(L1(x))r(L2(x))r(L3(x))r(L4(x)),(1.1)

whereRisasuitablesubsetofR
2

andthelinearformsLiaregivenby

L1(x)=x1,L2(x)=x1+x2,
L3(x)=x1+2x2,L4(x)=x1+3x2,

(1.2)
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wherexdenotesthevector(x1,x2).Thecorrespondingproblemforarith-
meticprogressionsoflength3isreadilyhandledbythecirclemethod.How-
everforprogressionsoflength4itwouldappearthatonewouldrequirea
versionofthe‘Kloostermanrefinement’foradoubleintegral
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2
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2
dαdβ.

Sinceresearchtodatehasfailedtoprovidesuchatechniqueweshallusea
ratherdifferentapproach.

WeshallconsiderageneralsetoflinearformsL1,...,L4.Howeverwewill
finditconvenienttoworkwithlinearformswhicharesuitablynormalized.
MoreoverweshallrequiretheregionRinwhichweworktosatisfycertain
basicconditions.Wethereforeintroducethefollowinghypothesis.

NormalizationCondition1(NC1)Weassume:

(i)NotwooftheformsL1,...,L4areproportional.

(ii)Wehave

R=XR
(0)

={x∈R
2

:X−1
x∈R

(0)
},

whereR
(0)
⊂R

2
isopen,boundedandconvex,withapiecewisecontinu-

ouslydifferentiableboundary,andwhereXisalargepositiveparameter.

(iii)WehaveLi(x)>0for1≤i≤4andforallx∈R
(0)

.

(iv)Wehave

L1(x1,x2)≡L2(x1,x2)≡L3(x1,x2)≡L4(x1,x2)≡x1(mod4).

Wehaveimposedthefinalconditioninordertosimplifyouranalysis.
Whilethismayseemalittlearbitrary,itcanbeviewedasananalogueof
conditions(ii)and(iii).Onecanthinkof(ii)and(iii)asrequiringxto
lieinanopenneighbourhoodofapointyforwhicheachLi(y)isasum
oftwosquares.The2-adicanalogueofthisrealconditiononthedomain
ofsummationwouldinvolvefixinga2-adicvectorysuchthateachvalue
Li(y)isasumoftwo2-adicsquares.Wewouldthenrequirextolieinan
appropriate2-adicneighbourhoodofy.Ifoneimposessuchaconditionthen
itcanbeshownthatthereisasuitablechangeofvariableswhichproduces
formssatisfying(iv).Howeverweshallnotpursuethishere.

Inviewofcondition(iv)weshallfinditconvenienttowrite

R4={x∈R:x1≡1(mod4)},
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sothatourproblemistoestimate

∑

x∈R4

r(L1(x))r(L2(x))r(L3(x))r(L4(x))=S,(1.3)

say.
Fromnowon,allorderconstantswillbeallowedtodependontheset

offormsL1,...,L4,andontheregionR
(0)

.Ourfirstresultisthenthe
following.

Theorem1ForasetofformssatisfyingNC1,wehave

S=4π
4
measR

∏

p≥3

σp+O(X
2
(logX)−η/2

(loglogX)
15/4

)(1.4)

wheremeasdenotesLebesguemeasure,and

η=1−
1+loglog2

log2
=0.08607....(1.5)

Heretheproduct∏σpisabsolutelyconvergentand

σp=Ep{1−χ(p)p−1
}

4
,

whereχisthenonprincipalcharactermodulo4.ThefactorEpisgivenby

Ep=
∞∑

a,b,c,d=0

χ(p)
a+b+c+d

ρ(p
a
,p

b
,p

c
,p

d
)−1

,

whereρ(d1,d2,d3,d4)isthedeterminantofthelattice

{
x∈Z

2
:di|Li(x),1≤i≤4

}
.

Theimpliedconstantin(1.4)maydependonthesetofformsL1,...,L4,and
ontheregionR

(0)
.

ItmaybeofinteresttonotethatwecanevaluateEpexplicitlyinmany
cases.For1≤i<j≤4,let∆ijbethedeterminantofthepairofforms
Li,Lj,andlet∆betheproductofthevarious∆ij.Thenifp-∆,wecan
findEpbyaroutine,iflengthy,calculation.Theresultisthat

Ep=

{
(1−

1
p)−2

(1−
1
p2)−2

(1+
2
p+

6
p2+

2
p3+

1
p4)ifχ(p)=1,

(1−
1
p2)−1

(1−
1
p4)−1

(1−
1
p)

4
ifχ(p)=−1.

(1.6)

Itfollowsinparticularthat∏σp=0ifandonlyifthereissomeprimep|∆
withχ(p)=−1forwhichEp=0.
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ItisperhapsworthobservingthatanotionalapplicationoftheHardy–
Littlewoodcirclemethodtothesystem

Li(x1,x2)=u
2
i+v

2
i,(1≤i≤4),

consistingof4equationsin10variablespredictsexactlythemaintermgiven
in(1.4).Inparticular,thesingularintegral(thedensityfortherealvaluation)
isπ

4
measR,andthe2-adicdensity

lim
n→∞

#
{
x,u,v(mod2

n
):x1≡1(mod4),Li(x)≡u

2
i+v

2
i(mod2

n
)
}

is4.
ToapplyTheorem1toarithmeticprogressionsoflength4wenotethatif

4integersinarithmeticprogressionareeachasumoftwosquares,thenthe
commondifferencemustbeamultipleof4.Take

R=
{
(x1,x2)∈R

2
:x1,x2>0,x1+12x2<X

}

and

L1(x)=x1,L2(x)=x1+4x2,L3(x)=x1+8x2,L4(x)=x1+12x2.

Sincer(2n)=r(n)weseethat

∑

a<b<c<d<X

r(a)r(b)r(c)r(d)

=
∑

k

∑

2k(x1,x2)∈R
2-x1

r(L1(x))r(L2(x))r(L3(x))r(L4(x)),

wherethesumovera,b,c,disrestrictedtoarithmeticprogressionsoflength
4.Nowifweset

R4(k)=
{
(x1,x2)∈Z

2
:2

k
(x1,x2)∈R,x1≡1(mod4)

}
,

weseethat

∑

a<b<c<d<X

r(a)r(b)r(c)r(d)

=
∑

k

∑

(x1,x2)∈R4(k)

r(L1(x))r(L2(x))r(L3(x))r(L4(x)).

WehavesufficientuniformityinTheorem1tosumoverk.SincemeasR=
X

2
/24and∑∞

04−k
=4/3,thisthereforeyieldstheasymptoticformula

∑

a<b<c<d<X

r(a)r(b)r(c)r(d)=CX
2
+O(X

2
(logX)−η/2

(loglogX)
15/4

),



          

D.R.Heath-Brown137

Table1

XS(X)S(X)/CX
2

10002183321621.833...

20009131520022.828...

400038160896023.850...

8000155414425624.283...

16000630819430424.641...

320002542898227224.832...

6400010249541273625.023...

12800041181662566425.135...

wherethesumovera,b,c,disrestrictedtoarithmeticprogressionsoflength
4.SincemeasR=X

2
/24,theconstantCtakestheform

C=4π
41

24

4

3

∏

p≥3

Ep{1−χ(p)p−1
}

4
,

withEpgivenby(1.6)forp≥5.Moreoveronemaycomputethat

E3=
27

80
.

Sinceprogressionswithd=XclearlycontributeO(X
1+ε

)foranyε>0
wemaysummarizeourconclusionasfollows.

Corollary1ThereisapositiveconstantCsuchthat
∑

a<b<c<d≤X

r(a)r(b)r(c)r(d)=CX
2
+O(X

2
(logX)−η/2

(loglogX)
15/4

),

wherethesumovera,b,c,disrestrictedtoarithmeticprogressionsoflength
4.TheconstantChastheapproximatevalue25.3039....

ThecorollaryisillustratedbyTable1,inwhich

S(X)=
∑

a<b<c<d<X

r(a)r(b)r(c)r(d).

Thegeneralproblemasformulatedaboveisrelevanttoaverydifferent
question.Thesimultaneousequations

V:

{
L1(x1,x2)L2(x1,x2)=x

2
3+x

2
4

L3(x1,x2)L4(x1,x2)=x
2
5+x

2
6

(1.7)
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will,ingeneral,definea3-foldinP
5
.Wecanestimatethenumberofrational

pointsonthisvarietyasxrunsoveraregionRbyexaminingthesum

∑

x∈R
r(L1(x)L2(x))r(L3(x)L4(x)).

Varietiesofthetype(1.7)areofconsiderableinterest,sincetheymayfail
tosatisfytheHassePrinciple.Thustheymayhavenonontrivialrational
pointseventhoughtheyhavenonsingularpointsoverRandeachofthe
p-adicfieldsQp.Forgeneralpairsofquadraticformsthisobservationisdue
toIskovskih[6].Forvarietiesoftheparticularshape(1.7)thephenomenon
isillustratedbytheexample

x1x2=x
2
3+x

2
4,(3x1+4x2)(8x1+11x2)=x

2
5+x

2
6,(1.8)

asweproceedtoshow.Therearenonsingularpointswithx1=x2=1in
RandinQpforeveryprimepotherthanp=7andp=19.Similarly
forthesetwoexceptionalfieldstherearenonsingularpointswithx1=2
andx2=1.Weproceedtoassumethattheequations(1.7)haveanonzero
integralsolutionx1,...,x6.Inparticularitfollowsthatx1andx2cannot
bothbezero.Foranyd∈N,ifnd

2
isasumoftwosquares,thennisalsoa

sumoftwosquares.Thuswemayassume,withoutlossofgenerality,thatx1

andx2arecoprime.Moreover,wemaychangethesignsifnecessary,soasto
supposethatatleastoneofx1andx2ispositive.Then,sincetheirproduct
isasumoftwosquares,weseethattheothermustbenonnegative.Itfollows
firstlythateachofx1andx2isasumoftwosquares,andsecondlythateach
of3x1+4x2and8x1+11x2isstrictlypositive.Now

∣∣
∣∣34

811

∣∣
∣∣=1,

sothat3x1+4x2and8x1+11x2mustbecoprime.Thusboth3x1+4x2and
8x1+11x2willbesumsoftwosquares.

Nowifx1isodd,thenx1=a
2
+b

2
≡1(mod4),sothatwemusthave

3x1+4x2≡3(mod4).Thus3x1+4x2cannotbeasumoftwosquares.
Similarlyifx1iseven,thenx2mustbeodd,andhencex2≡1(mod4),since
x2isasumoftwosquares.Howeverthismeansthat8x1+11x2≡3(mod4)
sothat8x1+11x2cannotbeasumoftwosquares.Thiscompletestheproof.

Evenwhenthevarietydoespossessrationalpoints,itmayfailtosatisfy
theweakapproximationprinciple.Ingeneral,avarietyVissaidtosatisfy
theweakapproximationprincipleifitsrationalpointsaredenseintheadélic
points.Toputthisinconcreteterms,forourvariety(1.7),supposewe

aregivenarealpoint(x
(R)
1,...,x

(R)
6)andp-adicpoints(x

(p)
1,...,x

(p)
6)for

afinitenumberofdistinctprimesp,alllyingonthevariety(1.7).Theweak
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approximationprinciplethenassertsthat,foranyε>0,wecanfindarational
point(x1,...,x6)on(1.7)satisfyingthesimultaneousconditions

|xi−x
(R)
i|<εand|xi−x

(p)
i|p<ε,(1≤i≤6)

foreachoftheprimesp.
HoweveritcanhappenthatVfailstosatisfyeventherealcondition.In

particularthevarietymayhavetworealcomponents,ononeofwhichthe
rationalpointsaredense,andontheotherofwhichtherearenorational
points.Thisisdemonstratedbytheexample

x1x2=x
2
3+x

2
4,(x1−x2)(3x1−8x2)=x

2
5+x

2
6,(1.9)

duetoColliot-Thélène,CorayandSansuc[2].Thereisclearlyarationalpoint
withx1=1andx2=2.Moreovertherealpointsbelongtotwocomponents,
namelythosewithx2/x1≥1and0≤x2/x1≤3/8.(Weregardpointswith
x1=0asbeingofthefirsttype.)Thespecialfeatureofthisexampleisthat
allrationalpointslieonthefirstofthesecomponents.Toprovethisweshall
supposewehaveanintegerpointforwhich0≤x2/x1≤3/8,andderivea
contradiction.Aswith(1.8)wemayassumethatx1andx2arecoprimeand
nonnegative,sothattheymustbothbesumsoftwosquares.Ourassumption
onthesizeofx2/x1impliesthatx1−x2and3x1−8x2arebothnonnegative.
Since

∣∣
∣∣1−1

3−8

∣∣
∣∣=−5,

thehighestcommonfactorofx1−x2and3x1−8x2mustbeeither1or5.
Thus,sincetheproductofthelinearformsx1−x2and3x1−8x2isasumof
twosquares,theymusteachbeasumoftwosquares.

Nowifx1isodd,thenx1=a
2
+b

2
≡1(mod4),sothatwemusthave

3x1−8x2≡3(mod4).Thus3x1−8x2cannotbeasumoftwosquares.
Similarlyif2‖x1wewillhavex1≡2(mod8)and3x1−8x2≡6(mod8),so
that3x1−8x2isnotasumoftwosquares.Finally,if4|x1,thenx2isodd,
andwewillhavex2=c

2
+d

2
≡1(mod4).Inthiscasex1−x2≡3(mod4)

andx1−x2cannotbeasumoftwosquares.Thisestablishesourclaim.
Ingeneralthereisaheuristicexpectationthatthenumberofrational

pointsonagivenvarietywhichlieinalargeregionshouldbegivenbya
productoflocaldensities.Thisisindeedthetypeofasymptoticformulathat
theHardy–Littlewoodcirclemethodprovides,inthosecasesforwhichthe
errortermscanbesuccessfullyestimated.Howeverwhentherationalpoints
onavarietyarenotevenlydistributedamongsttheadmissibleadélicpoints,
theentirerationaleforthisheuristicexpectationbreaksdown.Itisthusof
considerableinteresttoestimatethenumberofpointsonsuchavariety,and



          

140Linearrelationsamongstsumsoftwosquares

tocomparetheresultwiththatpredictedfromtheproductoflocaldensities.
Thisiswhatweshalldoforthevarieties(1.7).

Weshallintroducethesametypeofnormalizationconditionasbefore.
Specifically,werequirethefollowing:

NormalizationCondition2(NC2)Weassume:

(i)NotwooftheformsL1,...,L4areproportional.

(ii)Wehave

R=XR
(0)

={x∈R
2

:X−1
x∈R

(0)
},

whereR
(0)
⊂R

2
isopen,boundedandconvex,withapiecewisecontinu-

ouslydifferentiableboundary,andwhereXisalargepositiveparameter.

(iii)WehaveLi(x)>0for1≤i≤4andforallx∈R
(0)

.

(iv)Wehave

L1(x1,x2)≡L2(x1,x2)≡νx1(mod4)

and

L3(x1,x2)≡L4(x1,x2)≡ν′x
1(mod4),

forappropriateν,ν′=±1.

Inconnectionwithcondition(iii)wenotethattheequations(1.7)donot
requirethatLi(x)>0.However,apartfromO(X)pointswheresomeLi

vanishes,thesolutionsmaybesubdividedintoregionsinwhicheachLiis
onesigned.OneachsuchregionwecanthenreplaceLiby±Liasnecessary,
soastoensurethatwehavepointswithLi(x)>0.

AswithNC1,condition(iv)isimposedinordertosimplifytheexposition.
Howeveritmaybeviewed,asbefore,asbeingtheresultofrestrictingxtoa
suitable2-adicregion.

Asanexample,wenotethatthevarietydefinedby(1.8)hasa2-adicpoint

x
(0)
1,...,x

(0)
6withx

(0)
1=x

(0)
2=1.Theregiongivenbyx1−x2≡x

(0)
1−x

(0)
2≡0

(mod4)isa2-adicneighbourhoodofthepointx
(0)
1,...,x

(0)
6.Foranypoint

inthisneighbourhoodwemaywritex1=y1andx2=y1+4y2toproduce
theequations

y1(y1+4y2)=x
2
3+x

2
4,(7y1+16y2)(19y1+44y2)=x

2
5+x

2
6.(1.10)

Thelinearformsnowsatisfypart(iv)ofNC2.
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Similarlyfortheexample(1.9)wehavea2-adicpointwithx
(0)
1=1and

x
(0)
2=2,andweusethe2-adicregion

x2−2x1≡x
(0)
2−2x

(0)
1≡0(mod8).

Wethuswritex1=y1andx2=2y1+8y2toproducetheequations

y1(y1+4y2)=y
2
3+y

2
4,(y1+8y2)(13y1+64y2)=x

2
5+x

2
6,(1.11)

allofwhoserationalpointswehaveshowntosatisfyy2/y1≥−1/8.Again
thelinearformssatisfypart(iv)ofNC2.

Inviewofpart(iv)ofNC2itisnaturaltorestrictconsiderationtothe
caseinwhich(x1,x2)liesintheset

R2=
{
x∈R:x1≡1(mod2)

}
.

Ourprincipalresultdescribingthenumberofrationalpointsonthegeneral
variety(1.7)isnowasfollows.

Theorem2SupposeNC2holds.ThelocaldensitiesforthevarietyVwith
equations(1.7),forthesetR2,aregivenby

σ∞=π
2
measR,σ2=2

and

σp=(1−χ(p)/p)
2
Tχ(p),(p≥3),(1.12)

where

Tχ(p)=E
(0,0)
p−χ(p)E

(0,1)
p−χ(p)E

(1,0)
p+E

(1,1)
p(1.13)

and

E
(u,v)
p=

∞∑

α,β,γ,δ=0

χ(p)
α+β+γ+δ

ρ(p
α+u

,p
β+u

,p
γ+v

,p
δ+v

)−1
.(1.14)

Hereρ(d1,d2,d3,d4)isasinTheorem1.Moreover,whenp-∆wehave

σp=(1+χ(p)/p)
2
.(1.15)

Ifσp=0foranyprimepthenVhasnorationalpointwith(x1,x2)∈R2.
Ifσp6=0foreveryprimep,then

∑

x∈R2

r(L1(x)L2(x))r(L3(x)L4(x))={1+ε}σ∞
∏

p

σp+o(X
2
).
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where

ε=χ(νν′)∏

p|∆,χ(p)=−1

T−(p)/T+(p),(1.16)

with

T±(p)=E
(0,0)
p±E

(0,1)
p±E

(1,0)
p+E

(1,1)
p.(1.17)

Moreover,whenp≡−1(mod4)wehaveE
(u,v)
p≥0,sothat

|T−(p)|≤T+(p).

WealsohaveE
(1,0)
p=E

(0,1)
p=0foranyprimep≡−1(mod4)notdividing

∆12∆34.
Ifε=−1thenVhasnorationalpointwith(x1,x2)∈R2.

Thusthefactor1+εmeasuresthediscrepancybetweenthetrueasymp-
toticformulaandtheHardy–Littlewoodprediction.Althoughweshallnot
proveithere,wemayremarkthatthesumsT±(p)arealwaysrationalnum-
bers,sothatthefactor1+εisarationalnumberintherange[0,2].

WeseethatTheorem2establishesalocaltoglobalprincipleintheshape
oftheassertionthatifσp>0foreveryp,thenthereexistrationalpointson
V,providingthat1+ε6=0.Moreoveritisastandardfactthatwewillhave
σp>0foranyprimeforwhichVhasanonsingularp-adicpoint.Incontrast,
ourresultdoesnotgiveafullsolutiontotheweakapproximationproblem,
sinceweareunabletorestrictthevariablesx3,x4,x5,x6in(1.7).However,
weareabletocontrolthevariablesx1,x2byourmethod.

InfactitisknownthattheBrauer–Maninobstructionistheonlyobstruc-
tiontoboththeHassePrincipleandWeakApproximation,forvarietiesof
theform(1.7).Althoughthisisnotformallystatedintheliterature,itis
possibletouseadescentargumenttoreducetheproblemtooneinvolvinga
certainintersectionoftwoquadricsinP

6
,towhichTheorem6.7ofColliot-

Thélène,SansucandSwinnerton-Dyer[3]maybeapplied.Inparticularit
followsthatourcondition1+ε>0mustbeequivalenttotheemptinessof
theBrauer–ManinobstructionfortheHassePrinciple.

Inthefinalsectionofthepaperweshallinvestigatetheexamples(1.8)
and(1.9)morefully,aswellasthevariety

x1(x1+12x2)=x
2
3+x

2
4,(x1+4x2)(x1+16x2)=x

2
5+x

2
6,(1.18)

forwhichweshallshowthat0<1+ε<2.
Weconcludethisintroductionbyremarkingthatitshouldbepossible

toreplacethecharacterχbyanyothernonprincipalrealcharacter.In-
deedoneshouldbeabletousedifferentcharactersforeachofthefour
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linearformsinTheorem1.Inthesameway,inTheorem2onewould
takeanytwononprincipalrealcharactersχ1,χ2.Onewouldthenhopeto
beabletoreplacetheoriginalexpressionr(L1(x)L2(x))r(L3(x)L4(x))by
r1(L1(x)L2(x))r2(L3(x)L4(x)),where

ri(m)=4
∑

d|m
χi(m)(i=1,2).

IfonealsoimposedcongruencerestrictionsonthevaluesoftheformsLj(x),
onewouldthenbeabletocounttherepresentationsofL1(x)L2(x)and
L3(x)L4(x)byindividualgeneraofquadraticforms.However,whilethese
generalizationslookplausible,wehavecheckednoneofthedetails,andmake
noclaimastotheresultsonemightobtain.

2Thelevelofdistribution

Inthissectionweshallinvestigatethedistributionofpointsxinsubsets
ofR4,subjecttoasetofsimultaneousdivisibilityconditionsdi|Li(x)for
1≤i≤4.Naturally,weshallonlybeinterestedinoddvaluesofdi.Ifwe
writed=(d1,d2,d3,d4),itisclearthat

{
x∈Z

2
:di|Li(x),1≤i≤4

}
=Λd,

say,isalatticeinZ
2
.Weset

ρ(d)=det(Λd)

asinthestatementofTheorem1.Wenotethat

ρ(d)=[Z
2

:Λd]|d1d2d3d4.(2.1)

WeshallconsiderconvexregionsR(d)⊆RforwhichR(d)isalsotheinterior
ofasimple,piecewisecontinuouslydifferentiableclosedcurve.Wewillwrite
∂R(d)forthelengthoftheboundarycurvedefiningR(d)andweset

R4(d)=
{
x∈R(d):x1≡1(mod4)

}
.

SinceR(d)⊆R⊆[−cX,cX]
2

forsomeconstantc,bypart(ii)ofNC1,we
deducethat

∂R(d)≤8cX,

sinceR(d)isconvex.Wemaynowstateourbasicresultonthelevelof
distributionofasetoflinearformsLi.
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Lemma2.1LetQ1,Q2,Q3,Q4≥2,andwrite

Q=maxQiandV=Q1Q2Q3Q4.

ThenthereisanabsoluteconstantAsuchthat

∑

di≤Qi

∣∣
∣∣#(

Λd∩R4(d)
)
−

meas(R(d))

4ρ(d)

∣∣
∣∣¿(XV

1/2
+XQ+V)(logQ)

A
,

wherethedirunoveroddintegers.

AverysimilarresultisprovedbyDaniel[4,Lemma3.2],towhichwerefer
thereaderfordetails.Asin[4,(3.11)]wefindthat

∣∣
∣∣#(Λd∩R(d))−

meas(R(d))

ρ(d)

∣∣
∣∣¿∂R(d)

|v|
+1¿

X

|v|
+1,

forsomenonzerovectorv∈Λdwithcoprimecoordinates,satisfying

|v|¿det(Λd)
1/2

.

By(2.1)wethendeducethat|v|¿V
1/2

.AtrivialmodificationofDaniel’s
argumentyields

∣∣
∣∣#(Λd∩R4(d))−

meas(R(d))

4ρ(d)

∣∣
∣∣¿X

|v|
+1.

WhennoneoftheformsLi(v)vanish,wemayestimate

∑

d1,d2,d3,d4≤Q

|v|−1
(2.2)

exactlyasin[4,§3],givingaboundO(V
1/2

(logQ)
A
).HoweverifLi(v)=0

forsomeiwemustarguedifferently.(ThissituationdoesnotariseinDaniel’s
worksincehehasanirreducibleformfofdegreek>1,sothatf(v)cannot
vanish.)Sincevhascoprimecoordinates,therecanbeonlytwopossibilities
forvforeachvalueofi.Thuswewillhave|v|¿1,withaconstantdepending
onlyontheformsLi.Moreover,ifLi(v)=0wethenhave06=Lj(v)¿1
forj6=i.ThusdimaytakeanyvalueuptoQ,whileforj6=ithereareonly
O(1)availablevaluesfordj.ItfollowsthatvectorsvforwhichsomeLi(v)
vanisheswillcontributeO(Qi)to(2.2).ThisissufficientforLemma2.1.
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3Theleadingterm

InthissectionweshallexaminethedominantcontributiontothesumSgiven
by(1.3).Weshallusethefactthat

r(n)=4
∑

d|n
χ(d)

foranypositiveintegern,where

χ(d)=





+1ifd≡1(mod4),

−1ifd≡3(mod4),

0ifd≡0(mod2).

SinceLi(x)>0andLi(x)≡1(mod4)inoursituation,wehave

r(Li(x))=4
∑

d|Li(x)

χ(d)=4
∑

d|Li(x)

d≤X1/2

χ(d)+4
∑

d|Li(x)

d>X1/2

χ(d)

=4
∑

d|Li(x)

d≤X1/2

χ(d)+4
∑

Li(x)=ed

d>X1/2

χ(d)

=4
∑

d|Li(x)

d≤X1/2

χ(d)+4
∑

Li(x)=ed

d>X1/2

χ(e)

=4
∑

d|Li(x)

d≤X1/2

χ(d)+4
∑

e|Li(x)

Li(x)>eX1/2

χ(e)

=4A+(Li(x))+4A−(Li(x)),(3.1)

say.WeshallusethisdecompositionforthetermscorrespondingtoL1,L2,L3,
andforL4weshallwritesimilarly

r(L4(x))=4B+(L4(x))+4C(L4(x))+4B−(L4(x)),

where

B+(m)=
∑

d|m
d≤Y

χ(d),C(m)=
∑

d|m
Y<d≤X/Y

χ(d),

andB−(m)=
∑

e|m
m>eX/Y

χ(e).
(3.2)
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HereY≤X
1/2

isaparametertobespecifiedinduecourse.Forthesums
A−andB−wenotethatifxisconfinedtoaregionRsatisfyingpart(iii)
ofNC1,thenthevariablesewhichoccurinthedefiningsumswillsatisfy
e¿X

1/2
ande¿Yinthetwocasesrespectively.

Wenowwrite

S=
∑

x∈R4

r(L1(x))r(L2(x))r(L3(x))r(L4(x))

intheform

4S++4S−+4S0,

where

S±=
∑

x∈R4

r(L1(x))r(L2(x))r(L3(x))B±(L4(x))

andS0=
∑

x∈R4

r(L1(x))r(L2(x))r(L3(x))C(L4(x)).(3.3)

ForthesumsS±weshallusethedecomposition(3.1)toproduceatotalof8
subsums

S±,±,±,±=
∑

x∈R4

A±(L1(x))A±(L2(x))A±(L3(x))B±(L4(x)),

sothat

S=4S0+4
4∑

S±,±,±,±.(3.4)

WeshallseelaterthatS0isnegligible.Inthissectionweconsidertheremain-
ingterms.EachofthesumsS±,±,±,±istreatedinthesameway,soweshall
considerthecaseofS+,+,−,−,whichistypical.WeshallwriteQ1=Q2=X

1/2
,

andtake

Q3=c3X
1/2

andQ4=c4Y,

withsuitableconstantsc3andc4,sothatthevariableseinthesumsfor
A−(L3(x))andB−(L4(x))willsatisfye≤Q3ande≤Q4respectively.With
thisconvention,thedefinitionsofA±andB±showthat

S+,+,−,−=
∑

di≤Qi

χ(d1d2d3d4)#
(
Λd∩R4(d)

)
,

where

R(d)={x∈R:L3(x)>d3X
1/2

,L4(x)>d4X/Y}.(3.5)
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Sincethesesetsareconvex,weconcludefromLemma2.1that

S+,+,−,−=
1

4

∑

di≤Qi

χ(d1d2d3d4)ρ−1
(d)meas(R(d))

+O({X
7/4

Y
1/2

+X
3/2

+X
3/2

Y}(logX)
A
).

SinceY≤X
1/2

,theerrortermisO(X
7/4

Y
1/2

(logX)
A
),whichwillbeac-

ceptableifwetake

Y=X
1/2

(logX)−2A−2
,(3.6)

aswenowdo.Thusforthegeneralsumwehave

S±,±,±,±=
1

4

∑

di≤Qi

χ(d1d2d3d4)ρ−1
(d)meas(R(d))+O(X

2
(logX)−1

).(3.7)

Wenowconsiderthesum
∑

Ai<di≤Bi

χ(d1d2d3d4)ρ−1
(d),(3.8)

whereBi≤2Aifor1≤i≤4.Wemaysupposewithoutlossofgenerality
that

A4≥A1,A2,A3.(3.9)

Weshallrequiresomeinformationonthefunctionρ(d).BytheChinese
RemainderTheoremthereisamultiplicativeproperty

ρ(d1e1,...,d4e4)=ρ(d1,...,d4)ρ(e1,...,e4),(3.10)

whenever

hcf(d1d2d3d4,e1e2e3e4)=1.

Formostprimesitiseasytohandlethefunctionρexplicitly.Asinthe
introduction,wewrite∆fortheproductofthe6possible2×2determinants
∆ijformedfromthevariouspairsLi,Ljofforms.Thusifpisaprimewhich
doesnotdivide∆,thenforanypairi6=j,weseethatp|Li(x),Lj(x)implies
p|x.Henceif

p
ei
|Li(x)(1≤i≤4)(3.11)

foraprimep-∆,andeσ(1)≥eσ(2)≥eσ(3)≥eσ(4)forsomepermutationσ,
then(3.11)isequivalentto

p
eσ(2)
|xandp

eσ(1)−eσ(2)
|Lσ(1)(p−eσ(2)

x).
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Thus

ρ(p
e1

,...,p
e4

)=p
eσ(1)+eσ(2)

,p-∆.(3.12)

Forprimesp|∆weconcludesimilarlythat

ρ(p
e1

,...,p
e4

)À∆p
eσ(1)+eσ(2)

.(3.13)

Turningto(3.8)wesetf=d1d2d3∆,andwewrited4=gh,where

g=
∏

pe‖d4,p|f
p

e
,and(h,f)=1.

Then

∑

A4<d4≤B4

χ(d4)ρ−1
(d)=

∑

g≤B4

χ(g)ρ−1
(d1,d2,d3,g)

∑

A4/g<h≤B4/g
(h,f)=1

χ(h)ρ−1
(1,1,1,h).

Inviewof(3.12)weseethattheinnersumis

∑

A4/g<h≤B4/g
(h,f)=1

χ(h)/h=
∑

d|f
µ(d)

∑

A4/g<h≤B4/g
d|h

χ(h)/h

=
∑

d|f
µ(d)χ(d)/d

∑

A4/gd<j≤B4/gd

χ(j)/j.

However

∑

J<j≤K

χ(j)/j¿J−1
,

sothesumaboveisO(gf
ε
A−1

4),foranyε>0.

Itfollowsthat(3.8)is

¿A−1
4

∑

d1,d2,d3

∑

g≤B4

(d1d2d3)
ε
gρ−1

(d1,d2,d3,g).(3.14)

WeshallestimatethissumbyRankin’smethod.Foranyfixedδ>0wehave
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d
ε
i¿d

δ
i¿A

2δ
id−δ

i

providingthatεissmallenough.Similarlywehave

1¿A
δ
4g−δ

.

Itfollowsthat
∑

d1,d2,d3

∑

g≤B4

g(d1d2d3)
ε
ρ(d1,d2,d3,g)−1

¿(A1A2A3A4)
2δ∑

d1,d2,d3

∑

g≤B4

g
1−δ

(d1d2d3)−δ
ρ(d1,d2,d3,g)−1

¿(A1A2A3A4)
2δ

∞∑

d1,d2,d3=1

∞∑

g=1

g
1−δ

(d1d2d3)−δ
ρ(d1,d2,d3,g)−1

,(3.15)

wheregisstillrestrictedtointegerscomposedsolelyofprimefactorspdi-
vidingf=∆d1d2d3.Inviewofthemultiplicativeproperty(3.10)wecan
factorizethe4-foldsumontheright.Foreachprimepwewrited1=p

a
,d2=

p
b
,d3=p

c
andg=p

d
,sothatthecorrespondingfactoris

∞∑

a,b,c,d=0

p
d−(a+b+c+d)δ

ρ(p
a
,p

b
,p

c
,p

d
)−1

,(3.16)

subjecttotheconditionthatifp-∆thentherearenotermswitha=b=
c=0andd>0.Forthoseprimespwhichdonotdivide∆theabovesumis
1+O(Σp),whereΣpisasumoftheform

∞∑

a=1

∑

0≤b,c≤a

∞∑

d=0

p
d−(a+b+c+d)δ

ρ(p
a
,p

b
,p

c
,p

d
)−1

≤
∞∑

a=1

∑

0≤b,c≤a

∞∑

d=0

p
d−(a+b+c+d)δ

p−a−d

≤p−1−δ

{∞∑

e=0

p−eδ

}4

=Oδ(p−1−δ
),

by(3.12).Theproductofallsuchfactors(3.16)isthereforeOδ(1).Forthe
remainingprimesweuse(3.13)toshowsimilarlythat(3.16)isOδ,∆(1).The
4-foldsumin(3.16)isthereforebounded,andonchoosingδ=1/10,say,we

seefrom(3.9)that(3.15)isO(A
4/5
4),andhence,from(3.14)that

∑

Ai<di≤Bi

χ(d1d2d3d4)ρ−1
(d)¿(A1A2A3A4)−1/20

.
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Wemaynowuserepeatedsummationbypartstoshowthat

∑

di≤Ai

χ(d1d2d3d4)ρ−1
(d)(d1d2d3d4)−δ

=S(δ)+O((minAi)−1/20
)(3.17)

uniformlyforδ>0,with

S(δ)=
∞∑

d1,d2,d3,d4=1

χ(d1d2d3d4)ρ−1
(d)(d1d2d3d4)−δ

.

ThesumS(δ)isabsolutelyconvergentforsuchδ.Indeedby(3.10)itsuffices
toconsiderthebehaviourofthevariousEulerfactors.Foreachprimethe
correspondingfactoris

∞∑

a,b,c,d=0

χ(p)
a+b+c+d

p−(a+b+c+d)δ
ρ(p

a
,p

b
,p

c
,p

d
)−1

=Ep(δ),(3.18)

say.Wewritethisintheform1+Σwhere

Σ¿
∞∑

a=1

∞∑

b,c,d=0

p−a−(a+b+c+d)δ
¿p−1−δ

,

by(3.12)and(3.13).Thissufficestoensureabsoluteconvergenceforδ>0.
Similarly,whenp-∆wehaveρ(p,1,1,1)=pby(3.12),whence

Ep(δ)=1+4χ(p)/p−1−δ
+O(p−2

)={1−χ(p)/p
1+δ
}−4
{1+O(p−2

)},

uniformlyforδ>0.ItfollowsthatwecanwriteS(δ)=L(1+δ,χ)
4
F(1+δ)

where

F(s)=
∏

p

Ep(s−1){1−χ(p)p−s
}

4
(3.19)

isabsolutelyanduniformlyconvergentforRe(s)≥1.Thisallowsustotake
thelimitin(3.17)asδtendstozero,sothat

∑

di≤Ai

χ(d1d2d3d4)ρ−1
(d)=

(π

4

)4

F(1)+O((minAi)−1/20
).

Itremainstointroducethefactormeas(R(d))intothissum,whichwe
proceedtodoviapartialsummation.Recallthatweareworkingwiththe
example(3.5).Foreaseofnotationweshallsetd3=x,d4=yandf(x,y)=
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meas(R(d)).Then

∑

di≤Qi

χ(d1d2d3d4)ρ−1
(d)meas(R(d))=

∫Q3

0

∫Q4

0

fxy(x,y)
∑

d1≤Q1,d2≤Q2
d3≤x,d4≤y

χ(d1d2d3d4)ρ−1
(d)dxdy

bypartialsummation,onnotingthatf(Q3,y)=f(x,Q4)=0forallx,y.
Wethereforeobtain

S+,+,−,−=
1

4

(π

4

)4

F(1)measR+O
(∫Q3

0

∫Q4

0

|fxy(x,y)|(min(x,y))−1/20)
.

HoweverFxy(x,y)¿X
2
/Q3Q4,asoneseesfrom(3.15).Hencetheerror

termaboveisO(X
2
(minQi)−1/20

).Wethereforededucethat

S+,+,−,−=
1

4

(π

4

)4

F(1)measR+O(X
79/40

(logX)
A
),

andsimilarlyforeachofthesumsS±,±,±,±.Ifwenowreferto(3.4)and(3.7),
wemayconcludeasfollows.

Lemma3.1Wehave

S=4π
4
F(1)measR+4S0+O(X

2
(logX)−1

),

whereF(1)isgivenby(3.18)and(3.19),andS0isgivenby(3.3).

4ThesumS0—firststeps

Clearlywehave

S0¿
∑

x∈R4

r(L1(x))r(L2(x))r(L3(x))|C(L4(x))|

=
∑

m∈B
S0(m)|C(m)|,(4.1)

where

B=

{
m∈Z:∃d|ms.t.

Y<d≤X/Y

}
∩
{

m∈Z:∃x∈R4s.t.
L4(x)=m

}
(4.2)

and
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S0(m)=
∑

x∈A(m)

r(L1(x))r(L2(x))r(L3(x))

with

A(m)={x∈R4:L4(x)=m}.

SupposethattheformsLiaregivenby

Li(x1,x2)=Aix1+Bix2,(1≤i≤4).(4.3)

WehavearrangedthatLi(x1,x2)≡1(mod4)wheneverwehavex1,x2∈Z
andx1≡1(mod4).ItfollowsthatAi≡1(mod4)andBi≡0(mod4).
InparticularAi6=0.Ifwenowsubstitutem=L4(x)forx1,sothatx1=
(m−B4x2)/A4,andwritex2=nforeaseofnotation,wefindthat

Li(x)=
aim+bin

A4

=L′
i(m,n),

say,where

ai=Ai,bi=A4Bi−B4Ai,(1≤i≤3).

Thuswehave

ai≡1(mod4),bi≡0(mod4),(1≤i≤3).(4.4)

Notethat,asxrunsoverZ
2
,noteveryvaluem∈Zneedoccur.Indeed,

sincex1≡1(mod4)wewillhavem≡1(mod4).Wealsoobservethatifx
runsoverR,thenthecorrespondingvaluesofmandnwillsatisfym,n¿X.
FinallywenotethatwecanclearthedenominatorinL′

i,sothatr(L′
i(m,n))≤

r(A4(aim+bin)).
Wenowwrite

H=6∆A
3
4

∏

1≤i≤3

bi.

ThiswillbenonzerosincenotwooftheoriginalformsL1,...,L4werepro-
portional.Wealsodefineamultiplicativefunctionr1(n)bysetting

r1(p
e
)=

{
(e+1)

3
,ifp|Hore≥2,

1+χ(p),otherwise.

Usingthemultiplicativepropertyofthefunctionr(n)onecanthenverify
that

r(L′
1(m,n))r(L′

2(m,n))r(L′
3(m,n))≤64r1(F(n)),
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where

F(n)=A
3
4

3∏

i=1

(aim+bin).(4.5)

OurprincipaltoolinhandlingS0(m)willbeatheoremofNair[7],which
willprovideanupperboundofthecorrectorderofmagnitude.Inorder
toapplyNair’sresultwemustremovefixedprimefactorsfromF.Thuswe
firstwriteF(X)=cG(X),whereG(X)isaprimitiveintegerpolynomial,and
c|H.Itfollowsthatr1(F(n))¿r1(G(n)).Theonlyfixedprimefactorsthat
aprimitivecubicpolynomialcanhavearep=2andp=3.Howeversince
m≡1(mod4)weseefrom(4.5)thatp=2canneverdivideG(n).IfG(X)
hasp=3asafixedprimedivisorthenG(X)≡±(X

3
−X)(mod3).Thus

ifwesplittheintegersnintothethreepossiblecongruenceclassesn≡n0

(mod3),andwriten=3n̂+n0weseethat

G(n)

3
=9

G′′′(n0)

6
n̂

3
+3

G′′(n0)

2
n̂

2
+G′(n

0)n̂+
1

3
G(n0)=Ĝ(n̂),

say.SinceG′(n0)≡∓1(mod3)weseethatĜdoesnothavep=3asafixed
primedivisor.Thus,bysplittingtherangefornintothreecongruenceclasses
ifnecessary,wecanproduceapolynomialwithnofixedprimedivisor.

WenowstatethefollowingspecialcaseofNair’stheorem[7].

Lemma4.1Letf(n)beanonnegativemultiplicativefunctionsatisfyingthe
boundf(p

e
)≤(e+1)

4
foreveryprimepowerp

e
.LetG(X)∈Z[X]be

apolynomialofdegreeatmost4,withoutrepeatedroots,andwithnofixed
primefactor.Writeρ(p)forthenumberofrootsofGmodulop,and‖G‖for
thesumofthemoduliofthecoefficientsofG.Thenforanyδ>0thereisa
constantcδsuchthat

∑

n≤N,G(n)>0

f(G(n))¿δN
∏

p≤N

(
1−

ρ(p)

p

)
exp

(∑

p≤N

f(p)ρ(p)

p

)
,

forN≥cδ‖G‖
δ
.

ForourapplicationtherangefornwillbeanintervaloflengthN¿X,
whichwillhavetobetranslatedbyadistanceO(X)inordertoproducethe
interval(0,N].Thishastheeffectofmodifyingthecoefficientsoftheoriginal
polynomialG.Howeverevenafterthistranslationwewillhave‖G‖¿
X

3
.Giventheform(4.5)ofFweseethatGwillhavethreelinearfactors.

Moreoverwehaveρ(p)=1forp|m,whileifp-mHwewillhaveρ(p)=3,
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sincep|aibj−ajbiwouldimplyp|∆.Wewillthereforehave

S0(m)¿
∑

n≤N,G(n)>0

r1(G(n))

¿N
∏

p≤N

(
1−

ρ(p)

p

)
exp

(∑

p≤N

r1(p)ρ(p)

p

)

¿N
∏

3<p≤N

(
1−

ρ(p)

p

)
exp

(∑

p≤N

3r1(p)

p

)

¿N
∏

p|m,p>3

1−1/p

1−3/p

∏

3<p≤N

(
1−

3

p

)
exp

(∑

p≤N

3r1(p)

p

)

¿N

(σ(m)

m

)2

¿N(loglogN)
2
,(4.6)

providingthatNÀδX
3δ

.(Hereσ(m)istheusualsumofdivisorsfunction.)
Sincewetriviallyhaver1(G(n))¿X

1/2
weseeontakingδ=1/6that

S0(m)¿X(loglogX)
2

whetherNÀX
1/2

ornot.Wethereforededucethe
followingresultfrom(4.1).

Lemma4.2Wehave

S0¿X(loglogX)
2∑

m∈B
|C(m)|,

whereBandC(m)aregivenby(4.2)and(3.2)respectively.

5CompletionoftheproofofTheorem1

Cauchy’sinequalityshowsthat

∑

m∈B
|C(m)|≤(#B)

1/2(∑

1≤m¿X

|C(m)|
2)1/2

.(5.1)

HoweveritisclearthatifweletMandDrunoverpowersof2,then

#B≤#
{
m¿X:∃d|m,Y<d≤X/Y

}

¿log(X/Y
2
)
∑

M

#
{
M<m≤2M:∃d|m,D<d≤2D

}
(5.2)
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forsomeDintherangeY¿D¿X/Y.Clearlywemayreplacedbym/d,
sothat

#
{
M<m≤2M:∃d|m,D<d≤2D

}

≤#
{
M<m≤2M:∃d|m,M/2D<d<2M/D

}
.

Nowwemayapplythefollowingresult.

Lemma5.1Wehave

#
{
n≤x:∃d|n,y<d≤2y

}
¿

x

(logy)η(loglogy)1/2

uniformlyfor3≤y≤x,whereηisgivenby(1.5).

Thisisthecaseu=1,β=0ofTheorem21,part(ii)inHallandTenenbaum,
see[5,(2.2)and(2.3)].

Lemma5.1yields

#{M<m≤2M:∃d|m,D<d≤2D}¿
M

(logX)η(loglogX)1/2

wheneverM≥X
3/4

.ForsmallervaluesofMwemerelyusethetrivialbound
O(M).Then(5.2)and(3.6)implythat

#B¿X(logX)−η
(loglogX)

1/2
.(5.3)

Itremainstoconsider
∑

1≤m≤cX

|C(m)|
2
,

forasuitableconstantc.Weexpandtheterm|C(m)|
2

andwrite(d1,d2)=h
anddi=hkitoproduce

∑

1≤m≤cX

|C(m)|
2

=
∑

d1,d2∈(Y,X/Y]

χ(d1d2)#
{
m≤cX:[d1,d2]|m

}

=
∑

h≤X/Y

∑

k1,k2∈(Y/h,X/Yh]
(k1,k2)=1

χ(h
2
k1k2)#

{
m≤cX:hk1k2|m

}

=
∑

h≤X/Y

∑

k1,k2∈(Y/h,X/Yh]
(k1,k2)=1

χ(h
2
k1k2)#

{
n≤cX/hk1k2

}

=
∑

h≤X/Y

∑

k1∈(Y/h,X/Yh]

χ(h
2
k1)

∑

n≤min(cX/Yk1,cX/hk1)

∑

k2

χ(k2),(5.4)
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wheretheinnermostsuminthefinalexpressionissubjecttotheconditions
Y/h<k2≤min(X/Yh,cX/hk1n)and(k2,k1)=1.

Ingeneralwehave
∑

k≤K,(k,s)=1

χ(k)=
∑

d|s
µ(d)

∑

k≤K,d|k
χ(k)

=
∑

d|s
µ(d)χ(d)

∑

j≤K/d

χ(j)

¿
∑

d|s
|µ(d)χ(d)|

¿τ(s),

whereτistheusualdivisorfunction.Insertingthisboundinto(5.4)we
deducethat
∑

1≤m≤cX

|C(m)|
2
¿

∑

h≤X/Y

∑

k1∈(Y/h,X/Yh]

∑

n≤min(cX/Yk1,cX/hk1)

τ(k1)

¿
∑

h≤X/Y

∑

k1∈(Y/h,X/Yh]

min
(X

Yk1

,
X

hk1

)
τ(k1)

=
∑

h≤X/Y

min
(X

Y
,

X

h

)∑

k1∈(Y/h,X/Yh]

τ(k1)/k1

¿
∑

h≤X/Y

min
(X

Y
,

X

h

)
log

2
(X/Yh)

¿XY−1∑

h≤Y

log
2
(X/Yh)+X

∑

Y<h≤X/Y

h−1
log

2
(X/Yh)

¿Xlog
2
(XY−2

)+Xlog
3
(XY−2

).

Ourchoice(3.6)ofYthenensuresthat
∑

1≤m≤cX

|C(m)|
2
¿X(loglogX)

3
,

sothat(5.1),(5.2)andLemma4.2producethebound

S0¿X
2
(logX)−η/2

(loglogX)
15/4

.

Thissuffices,inconjunctionwithLemma3.1,forTheorem1.

6ProofofTheorem2—preliminaries

OurstartingpointfortheproofofTheorem2istheidentity

r(mn)=
1

4

∑

d|m,n

µ(d)χ(d)r(m/d)r(n/d),
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validforanypositiveintegersm,n.Thisidentityallowsustopassfroma
problemaboutsolutionsofasingleequationmn=r

2
+s

2
toonewhich

involvesaseriesofsystemsm=d(t
2

+u
2
),n=d(v

2
+w

2
)forvaryingd.

Onecanthinkofthisascorrespondingtoasimple‘descent’process.
Inviewofpart(iii)ofNC2,wemaytakem=L1,n=L2,oralternatively

m=L3,n=L4intheaboveidentity.Thus,if

S=
∑

x∈R2

r(L1(x)L2(x))r(L3(x)L4(x)),

wehave

S=
1

16

∑

d,d′

µ(d)µ(d′)χ(dd′)×
∑

x∈R2

r(L1(x)/d)r(L2(x)/d)r(L3(x)/d′)r(L
4(x)/d′),

wherewesetr(q)=0ifqisnotaninteger.SinceLiisalwaysoddforx∈R2,
part(iv)ofNC2showsthatwemusthavex1≡νd(mod4)ifr(L1/d)6=0,
andsimilarlyx1≡ν′d′(mod4)ifr(L3/d)6=0.Inparticular,onlytermsfor
whichdd′≡νν′(mod4)makeanonzerocontribution,sothat

S=
χ(νν′)

16

∑

dd′≡νν′(mod4)

µ(d)µ(d′)S(d,d′),(6.1)

where

S(d,d′)=
∑

x∈R,x1≡νd(mod4)

r(L1(x)/d)r(L2(x)/d)r(L3(x)/d′)r(L
4(x)/d′).

Henceforthweshallassume,asweclearlymay,thatdandd′arebothodd.
Wenowshowthatitsufficestoestablishanasymptoticformulaforeach

individualsumS(d,d′).

Lemma6.1Supposethat

S(d,d′)¿X
2
τ(d)

5
τ(d′)5

[d,d′]−2
(6.2)

uniformlyforallsquare-freed,d′,where[d,d′]denotestheleastcommonmul-
tipleofdandd′.Assumefurtherthat

S(d,d′)=C(d,d′)measR+o(X
2
)(6.3)

forallfixedsquare-freed,d′,andthat

C(d,d′)¿τ(d)
5
τ(d′)5

[d,d′]−2
(6.4)
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forsquare-freed,d′.Then,underNC2,wehave

S=CmeasR+o(X
2
),(6.5)

with

C=
χ(νν′)

16

∑

dd′≡νν′(mod4)

µ(d)µ(d′)C(d,d′).(6.6)

Noticethatwedonotrequireanyuniformityind,d′for(6.3).Itsuffices
that(6.3)shouldholdforeachfixedpaird,d′.

Toprovethelemmaweset

E(d,d′;X)=X−2
|S(d,d′)−C(d,d′)measR|,

sothat(6.2)and(6.4)yield

E(d,d′;X)¿τ(d)
5
τ(d′)5

[d,d′]−2

uniformlyinX.Ontheotherhand,forfixedd,d′wewillhaveE(d,d′;X)→0
asX→∞.Therequiredresultwillthereforefollowfromthedominated
convergenceofthedoublesum

∞∑

d,d′=1

E(d,d′;X),

providingthatwecanshowthat

∞∑

d,d′=1

τ(d)
5
τ(d′)5

[d,d′]−2

converges.Howeverifweset(d,d′)=handd=hk,d′=hk′wewillhave

∞∑

d,d′=1

τ(d)
5
τ(d′)5

[d,d′]−2
≤

∞∑

h,k,k′=1

τ(k)
5
τ(k′)5

τ(h)
10

(hkk′)−2
,

andtherequiredresultfollows.
Wenowestablishthebound(6.2),usingNair’sresult,Lemma4.1.We

beginbywriting∆fortheproductofthe6possible2×2determinantsformed
fromthevariouspairsLi,Ljofforms,aspreviously.Thusifpisaprimewhich
doesnotdivide∆,thenp|Li(x),Lj(x)impliesp|x,providingthati6=j.We
shallpute=(d,∆),e′=(d′,∆)andf=d/e,f′=d′/e′.Ifd,d′aresquare-
free,weseethateandfaresquare-freeandthat(f,∆)=1.Similarlye′and
f′aresquare-freeand(f′,∆)=1.Theconditiond|L1(x),L2(x)nowimplies
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f|x,whiled′|L3(x),L4(x)impliesf′|x.Wethereforesetx=gy,where
g=[f,f′]isthelowestcommonmultipleoffandf′.Weshallhenceforth
assumethatg¿X,asweclearlymay.Itnowfollowsthat

S(d,d′)≤∑

y

r(gL1(y)/d)r(gL2(y)/d)r(gL3(y)/d′)r(gL4(y)/d′),

wherethesumisforvectorsysuchthatgy∈Randy1≡gνd(mod4).If
theformsLiaregivenby(4.3),weconclude,usingpart(iv)ofNC2,that
Ai6=0for1≤i≤4.Weproceedtodefineamultiplicativefunctionr2(n)by
setting

r2(p
e
)=

{
1+χ(p)ifp-3dd′∏Aiande=1,

(1+e)
4

otherwise.

Then

r(gL1(y)/d)r(gL2(y)/d)r(gL3(y)/d′)r(gL4(y)/d′)

≤4
4
τ(g)

4
r2

(
L1(y)L2(y)L3(y)L4(y)

)
.

Moreover,ifweregardy2asfixedandsetF(X)=∏Li(X,y2),wewillhave
F(X)=cG(X)forsomeprimitivequarticpolynomialG(X),withc|∏Ai.
SincewearetakingtheformsLitobefixed,itfollowsthat

r(gL1(y)/d)r(gL2(y)/d)r(gL3(y)/d′)r(gL4(y)/d′)¿τ(g)
4
r2(G(y1)).

WeintendtoapplyLemma4.1,andwethereforeinvestigatepossiblefixed
primefactorspofH(X)=G(2X+1).SinceGisquarticandprimitivewe
musthavep=2orp=3.However,fory1≡gνd(mod4),weseefrom
part(iv)ofNC2thatF(y1),andhencealsoG(y1),mustbeodd.Thus
H(0)=G(1)isodd.Thereremainsthecasep=3.Supposethat3|H(n)
foralln∈Z.Wesplittheavailableyintocongruenceclassesmodulo3and
considerthethreepolynomials

Hj(X)=
H(3X+j)

3
,(j=0,1,2).

ClearlytheonlypossiblefixedprimefactorofHjisp=3.Weclaimthat
ifHjdoeshave3asafixedprimefactor,thenHjisdivisibleby3asa
polynomial.Moreover,ifwethenputHj(X)=3Kj(X)weclaimthatHj

doesnothave3asafixedprimefactor.Toprovetheseassertions,suppose
thatthereissomejsuchthat3|Hj(n)foralln∈Z.Then9|H(3n+j),
whence9|H(j)+3nH′(j)foreveryn.Itfollowsthat9|H(j)and3|
H′(j)sothat9dividesthepolynomialH(3X+j).Thus3|Hj(X)as
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claimed.Moreover,if9|Hj(n)foreveryn,then27|H(3n+j),whence
27|H(j)+3nH′(j)+9n

2
H′′(j)/2.Fromthiswededucethat3|H′′(j).

Howeverwethenseethat

H(m+j)=H(j)+mH′(j)+m
2H′′(j)

2
+m

3H
(3)

(j)

6
+m

4H
(4)

(j)

24

≡m
3H

(3)
(j)

6
+m

4H
(4)

(j)

24
(mod3).

Thisproducesacontradiction,sincewearesupposingthatH(X)isprimitive
andhas3asafixedprimefactor.

ItthereforefollowsthatwemayreplaceH(X)ifnecessarybyasetof3
polynomialsHj(X)orKj(X)whichhavenofixedprimedivisor.Moreover
r2(H(3n+j))≤r2(3)r2(Hj(n))andr2(H(3n+j))≤r2(9)r2(Kj(n)),sothat
onlyafactorO(1)islost.Now,if

S(y2)=
∑

y

r(gL1(y,y2)/d)r(gL2(y,y2)/d)r(gL3(y,y2)/d′)r(gL4(y,y2)/d′),

wherethesumoveryissubjecttog(y,y2)∈Randy≡gνd(mod4),we
findfromLemma4.1thatify26=0,then

S(y2)¿
X

g
τ(g)

4∏

p≤X

(
1−

ρ(p)

p

)
exp
(∑

p≤X

r2(p)ρ(p)

p

)

¿
X

g
τ(g)

4∏

5<p≤N

(
1−

4

p

)
exp
(∑

p≤X

4r2(p)

p

)
exp
(∑

p|dd′y2

64

p

)

¿
X

g
τ(g)

4(σ(dd′)

dd′

)64(σ(|y2|)
|y2|

)64

,

asin(4.6).Wetriviallyhave

S(0)¿
∑

y¿X/g

τ(y)
4
¿X

2
g−2

.

Wethereforededucethat

S(d,d′)¿X
2
g−2

+Xg−1
τ(g)

4
τ(dd′)∑

1≤y2¿X/g

(
σ(|y2|)
|y2|

)
64

¿X
2
g−2

τ(g)
4
τ(dd′).

Sinceg|dd′and[d,d′]|∆g,thebound(6.2)thenfollows.



            

D.R.Heath-Brown161

7ProofofTheorem2—theasymptoticfor-

mula

Wemustnowestablishtheasymptoticformula(6.5),andanalyseitsmain
term,withaviewtoprovingthebound(6.4).Webeginbyshowinghow
Theorem1maybeapplied.

Theconditionsd|L1(x),L2(x)andd′|L3(x),L4(x)willholdifandonly
ifx∈Λ(d,d,d′,d′).Wethereforetakea,basabasisforΛ(d,d,d′,d′)andwrite
a=(a1,a2)andb=(b1,b2).Since(dd′,dd′)isclearlyinΛ(d,d,d′,d′),wesee
thatatleastoneofa1andb1mustbeodd,andwecanthereforetakea1tobe
odd.Bychangingthesignofa1ifnecessarywecanthenassumethatwehave
a1≡νd(mod4),andfinally,replacingbbyb−kaforasuitableintegerk,
wecanassumethat4|b1.Havingnormalizedthebasisa,bofΛ(d,d,d′,d′)in
thiswaywesetx=y1a+y2b.MoreoverwewriteL′

i(y)=d−1
Li(y1a+y2b)

fori=1,2andsimilarlyL′
i(y)=d′−1

Li(y1a+y2b)fori=3,4,andweset

R′(0)
={y∈R

2
:y1a+y2b∈R

(0)
}.

Itnowfollowsthat

x1=y1a1+y2b1≡y1νd(mod4),

sothatfori=1,2theconditionLi(x)≡νx1(mod4)becomes

L′
i(y)≡d−1

Li(x)≡d−1
νx1≡y1(mod4).

Similarlyfori=3,4wehave

L′
i(y)≡d′−1

Li(x)≡d′−1
ν′x

1≡y1(mod4),

sincedν≡d′ν′(mod4)in(6.1).
Itisnowapparentthat,forfixedd,d′,theformsL′

i(y),andtheregion
R′(0)

satisfyNC1.Evidentlywehavemeas(R′)=measR/ρ(d,d,d′,d′).For
fixedd,d′wethereforededucethat

S(d,d′)=
4π

4∏
pσp(d,d′)

ρ(d,d,d′,d′)measR+o(X
2
)

foreachfixedpaird,d′.Herewehave

σp(d,d′)=Ep(d,d′){1−χ(p)/p}
4

where

Ep(d,d′)=
∞∑

α,β,γ,δ=0

χ(p)
α+β+γ+δ

ρ0(p
α
,p

β
,p

γ
,p

δ
)−1
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andρ0(d1,d2,d3,d4)isthedeterminantofthelattice

Λ1=
{
y∈Z

2
:di|L′i(y),1≤i≤4

}
.

Wenowobservethatρ0(d1,d2,d3,d4)isalsotheindexofthelatticeΛ1in
Z

2
,andhencecanequallybeidentifiedastheindexof

Λ2=
{
x=y1a+y2b:y∈Z

2
,di|L′i(y),1≤i≤4

}

in

Λ3=
{
x=y1a+y2b:y∈Z

2}
.

Howeverwehave

Λ2=
{
x∈Z

2
:dd1|L1(x),dd2|L2(x),d′d

3|L3(x),d′d
4|L4(x)

}
,

and

Λ3=
{
x∈Z

2
:d|L1(x),d|L2(x),d′|L3(x),d′|L4(x)

}
.

ItthereforefollowsthattheindexofΛ2inΛ3is

ρ(dd1,dd2,d′d3,d′d4)

ρ(d,d,d′,d′),

andhencethat

ρ0(d1,d2,d3,d4)=
ρ(dd1,dd2,d′d3,d′d4)

ρ(d,d,d′,d′).

Wenowseethatρ0(p
α
,p

β
,p

γ
,p

δ
)=ρ(p

α
,p

β
,p

γ
,p

δ
)ifp-dd′,bythemulti-

plicativeproperty(3.10).ItthereforefollowsthatEp(d,d′)=Epforp-dd′,
withEpasinTheorem1.

Wenowdefine

N=
∏

Ep=0

p

sothatwemusthave∏
pσp(d,d′)=0unlessN|dd′.Foratypicalprime

factorpofdd′letp
u
‖dandp

v
‖d′,sothat

ρ(d,d,d′,d′)=
∏

p|dd′

ρ(p
u
,p

u
,p

v
,p

v
).

AssumingnowthatN|dd′weset

FN=
∏

p-N
Ep(1−χ(p)/p)

4
.
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MoreoverwedefineE
(u,v)
pby(1.14),sothatEp=E

(0,0)
p.Wethenseethat

∏
pσp(d,d′)

ρ(d,d,d′,d′)=FN

∏

p|dd′

g(p
u
,p

v
),

where

g(p
u
,p

v
)=

{
E

(u,v)
p(1−χ(p)/p)

4
ifp|N,

E
(u,v)
p/E

(0,0)
pifp-2N.

Ifweextendg(m,n)bythemultiplicativitycondition

g(ef,e′f′)=g(e,e′)g(f,f′)ifhcf(ee′,ff′)=1,

wethendeducethat(6.3)holdswith

C(d,d′)=4π
4
FNg(d,d′)

whenN|dd′,andC(d,d′)=0otherwise.Althoughwehavedefinedg(p
u
,p

v
)

forallnonnegativeintegerexponentsu,vthereadershouldnotethatonly
thevaluesu,v=0,1arerelevantforus,sincedandd′maybetakentobe
square-freein(6.1).

Whenp-∆weseefrom(3.12)thatEp=1+O(p−1
)and

E
(u,v)
p≤

(u+1)
2

p2u{1+O(p−1
)},

foru≥v.Thus

g(p
u
,p

v
)≤τ(p

u
)
3
τ(p

v
)
3
[p

u
,p

v
]−2

forpÀ∆,N1.Fortheremainingprimesp¿∆,N1,andinparticularthose
primeswhichdivide∆,weautomaticallyhave

g(p
u
,p

v
)¿∆τ(p

u
)
3
τ(p

v
)
3
[p

u
,p

v
]−2

,(0≤u,v≤1).

Wemaynowdeducetherequiredbound(6.4),withanimpliedconstant
dependingon∆,usingthemultiplicativepropertyofthefunctiong(d,d′).

Wehavenowestablishedtheasymptoticformula(6.5)andthebound
(6.4),anditremainstoconsidertheconstantCgivenby(6.6).Ourwork
thusfarshowsthat

C=
χ(νν′)

16
4π

4
FN

∑

dd′≡νν′(mod4)
N|dd′

µ(d)µ(d′)g(d,d′).
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Weshallrewritethisas

π
4
FN

4

∑

2-dd′,N|dd′

χ(νν′)+χ(dd′)

2
µ(d)µ(d′)g(d,d′)=

π
4
FN

8{χ(νν′)Σ
1+Σ2},

where

Σ1=
∑

2-dd′,N|dd′

µ(d)µ(d′)g(d,d′)andΣ2=
∑

N|dd′

χ(dd′)µ(d)µ(d′)g(d,d′).

ToevaluateΣ1wesetd=efwheree|Nand(f,N)=1,andsimilarly
d′=e′f′.Then

Σ1=
{∑

e,e′|N,N|ee′
µ(e)µ(e′)g(e,e′)}{∑

(ff′,2N)=1

µ(f)µ(f′)g(f,f′)}
,

sothatwemayusethemultiplicativepropertytodeducethat

Σ1=
∏

p|N
{−g(1,p)−g(p,1)+g(p,p)}

∏

p-2N

{1−g(1,p)−g(p,1)+g(p,p)},

whence

FNΣ1=FN

∏

p|N
{E

(0,0)
p−E

(0,1)
p−E

(1,0)
p+E

(1,1)
p}(1−χ(p)/p)

4

×
∏

p-2N

{E
(0,0)
p−E

(0,1)
p−E

(1,0)
p+E

(1,1)
p}/E

(0,0)
p

=
∏

p6=2

{E
(0,0)
p−E

(0,1)
p−E

(1,0)
p+E

(1,1)
p}(1−χ(p)/p)

4
,(7.1)

sinceE
(0,0)
p=0whenp|N.Inexactlythesamewaywefindthat

FNΣ2=
∏

p6=2

{E
(0,0)
p−χ(p)E

(0,1)
p−χ(p)E

(1,0)
p+E

(1,1)
p}(1−χ(p)/p)

4
.(7.2)

UsingthefunctionsTχ(p)andT±(p)givenby(1.13)and(1.17)wetherefore
deducethat

C=
π

4

8

{
χ(νν′)∏

p6=2

T−(p)(1−χ(p)/p)
4
+
∏

p6=2

Tχ(p)(1−χ(p)/p)
4

}
.

ThissufficesforTheorem2,providingthatwecanconfirmtheevaluationof
σ2andσ∞,andverifythatE

(1,0)
p=E

(0,1)
p=0foranyprimep≡−1(mod4)

thatdoesnotdivide∆12∆34.
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8ProofofTheorem2—localdensities

Webeginthissectionbydefiningandthencomputingthelocaldensitiesfor
thevarietygivenby(1.7),subjecttotheconditionx∈R2.Foraprimep>2
thep-adicdensityσpismerely

σp=lim
e→∞

p−4e
N(p

e
),(8.1)

where

N(p
e
)=#

{
x1,...,x6

(modp
e
)

:
L1(x1,x2)L2(x1,x2)≡x

2
3+x

2
4(modp

e
),

L3(x1,x2)L4(x1,x2)≡x
2
5+x

2
6(modp

e
)

}
.

Similarly,forp=2the2-adicdensityinR2willbegivenby(8.1),forp=2,
butwith

N(2
e
)=#





x1,...,x6

(mod2
e
)

:
2-x1,
L1(x1,x2)L2(x1,x2)≡x

2
3+x

2
4(mod2

e
),

L3(x1,x2)L4(x1,x2)≡x
2
5+x

2
6(mod2

e
)





.(8.2)

Finally,therealdensityisgivenby

σ∞=

∫∞

−∞

∫∞

−∞

∫

x1,...,x6

e(αQ1+βQ2)dx1...dx6dβdα,

where

Q1=L1(x1,x2)L2(x1,x2)−x
2
3−x

2
4,Q2=L3(x1,x2)L4(x1,x2)−x

2
5−x

2
6.

Here(x1,x2)runsoverR,andx3,x4,x5,x6eachrunoveranintervalofthe
form[−cX,cX],withcasuitablylargeconstant.Accordingtopart(iii)of
NC2,thisissufficient.

Foraprimep≡1(mod4)oneeasilyfindsthat

#
{
x,y(modp

e
):x

2
+y

2
≡A(modp

e
)
}

=

{
p

e
+ep

e−1
(p−1)ifp

e
|A,

(1+νp(A))p
e−1

(p−1)ifνp(A)<e,

foranyintegerA,whereνp(A)isthevalueofνforwhichp
ν
‖A.Similarly,

whenp≡−1(mod4)wehave

#
{
x,y(modp

e
):x

2
+y

2
≡A(modp

e
)
}

=




p
2[e/2]

ifp
e
|A,

p
e−1

(p+1)ifνp(A)<e,2|νp(A),

0ifνp(A)<e,2-νp(A).

(8.3)
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Finally,forp=2wehave

#
{
x,y(mod2

e
):x

2
+y

2
≡A(mod2

e
)
}

=2
e+1

,(8.4)

providingthate≥2andA≡1(mod4).
Itfollowsthat,forafixedprimep≡1(mod4),wehave

N(p
e
)=

∑

x1,x2

p
2e−2

(p−1)
2{

1+νp(L1(x)L2(x))
}{

1+νp(L3(x)L4(x))
}

+O(e
2
p

3e
)

ase→∞,wherethesummationisforx(modp
e
),subjecttothecondition

thatp
e
-L1(x)L2(x)andp

e
-L3(x)L4(x).Now,ifν1,ν2,ν3,ν4<e,thenwe

seethat

#
{
x(modp

e
):νp(Li(x))=νi,(1≤i≤4)

}

=
∑

f1,f2,f3,f4=0,1

(−1)
f1+f2+f3+f4

#
{
x(modp

e
):p

νi+fi
|Li(x),(1≤i≤4)

}

=
∑

f1,f2,f3,f4=0,1

(−1)
f1+f2+f3+f4

p
2e

ρ(p
ν1+f1

,p
ν2+f2

,p
ν3+f3

,p
ν4+f4

)−1
.(8.5)

Itthereforefollowsthat

N(p
e
)=p

4e−2
(p−1)

2∑

ν1+ν2<e,ν3+ν4<e

(1+ν1+ν2)(1+ν3+ν4)×
∑

f1,f2,f3,f4=0,1

(−1)
f1+f2+f3+f4

ρ(p
ν1+f1

,p
ν2+f2

,p
ν3+f3

,p
ν4+f4

)−1

+O(e
2
p

3e
)

=p
4e−2

(p−1)
2

∞∑

ν1,ν2,ν3,ν4=0

(1+ν1+ν2)(1+ν3+ν4)×
∑

f1,f2,f3,f4=0,1

(−1)
f1+f2+f3+f4

ρ(p
ν1+f1

,p
ν2+f2

,p
ν3+f3

,p
ν4+f4

)−1

+O(e
2
p

3e
)

=p
4e−2

(p−1)
2

∞∑

µ1,µ2,µ3,µ4=0

ρ(p
µ1

,p
µ2

,p
µ3

,p
µ4

)−1
×

∑

0≤fi≤min(1,µi)

(−1)
f1+f2+f3+f4

(1+µ1+µ2−f1−f2)(1+µ3+µ4−f3−f4)

+O(e
2
p

3e
).
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Thesumoverthefivanishesunlessmin(µ1,µ2)=min(µ3,µ4)=0,inwhich
caseitis1.Wenowconcludethat

σp=(1−1/p)
2∑

min(µ1,µ2)=min(µ3,µ4)=0

ρ(p
µ1

,p
µ2

,p
µ3

,p
µ4

)−1
(8.6)

=(1−1/p)
2
T−(p).

Weproceedtoinvestigatethecasep≡−1(mod4)inmuchthesame
way.Using(8.3)and(8.5)wededucethat

N(p
e
)=p

4e−2
(p+1)

2

∞∑

µ1,µ2,µ3,µ4=0

(−1)
µ1+µ2+µ3+µ4

ρ(p
µ1

,p
µ2

,p
µ3

,p
µ4

)−1
F

+O(e
2
p

3e
),

whereFisthenumberofintegersf1,f2,f3,f4intherange0≤fi≤min(1,µi)
suchthatf1+f2≡µ1+µ2(mod2)andf3+f4≡µ3+µ4(mod2).The
sumoverthefithereforeequals4ifµi≥1foreveryi,andequals1when
min(µ1,µ2)=min(µ3,µ4)=0.Intheremainingcasethesumisequalto2.
Fromthiswededucethat

σp=(1+1/p)
2
T+(p)(p≡−1(mod4)).(8.7)

Theformula(1.12)thereforefollows.
Weturnnexttothecaseofp=2.Inviewofpart(iv)ofNC2,wewillhave

L1(x)L2(x)≡L3(x)L4(x)≡1(mod4),providingthat2-x1.Accordingto
(8.2)and(8.4)wededucethat

N(2
e
)=2

2e+2
#
{
x(mod2

e
):2-x1

}
=2

4e+1
,

whence

σ2=2.

Finally,toevaluateσ∞,werestrictx3,x4,x5,x6tobenonnegative,and
substituteq1=L1(x1,x2)L2(x1,x2)−x

2
3−x

2
4forx4,andsimilarlyq2=

L3(x1,x2)L4(x1,x2)−x
2
5−x

2
6forx6.Wewrite

G1=L1(x1,x2)L2(x1,x2)−x
2
3−q1,G2=L3(x1,x2)L4(x1,x2)−x

2
5−q2,

andweset

F(q1,q2)=
1

4

∫

x1,x2,x3,x5

G−1/2
1G−1/2

2dx1dx2dx3dx5,
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wheretheintegralissubjectto(x1,x2)∈Rand0≤x3,x5≤cX,together
withtheconstraints

L1(x1,x2)L2(x1,x2)−x
2
3≥q1,L3(x1,x2)L4(x1,x2)−x

2
5≥q2.

Thenwehave

σ∞=16

∫∞

−∞

∫∞

−∞

∫

q1,q2

F(q1,q2)e(αq1+βq2)dq1dq2dβdα,

andbytheFourierinversiontheoremthisreducesto16F(0,0).Toevaluate
F(0,0)weobservethat

∫√A

0

{A−x
2
}−1/2

dx=
π

2
,

whenceF(0,0)=π
2
measR/16and

σ∞=π
2
measR.

Supposenextthattheequations(1.7)hasanintegersolutionx1,...,x6

with(x1,x2)∈R2.Itfollowsfrompart(iv)ofNC2thatx
2
3+x

2
4andx

2
5+x

2
6

arenonzerointegers,sothatthesolutionisnonsingular.Astandardargument
nowshowsthatthissolutioncanbeliftedviaHensel’sLemmatoapositive
p-adicdensityofpoints,foranyprimep.Thuswemusthaveσp>0forevery
p.

Wenowevaluateσpwhenp-∆.Forsuchprimes,(3.12)gives

ρ(p
µ1

,p
µ2

,p
µ3

,p
µ4

)=p
a+b

whereaisthemaximumoftheµi,andifa=µj,say,thenbisthemaximum
oftheset{µ1,µ2,µ3,µ4}\{µj}.Whenmin(µ1,µ2)=min(µ3,µ4)=0we
thereforehave

ρ(p
µ1

,p
µ2

,p
µ3

,p
µ4

)=p
µ1+µ2+µ3+µ4

,(8.8)

sothat(8.6)yields

σp=(1−1/p)
2∑

min(µ1,µ2)=min(µ3,µ4)=0

p−µ1−µ2−µ3−µ4

=(1−1/p)
2{∑

min(m,n)=0

p−m−n}2

=(1+1/p)
2
,

whenp≡1(mod4).Thisproves(1.15)forsuchprimes.
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Thecomputationforthecasep≡−1(mod4)issomewhatmoreinvolved.
Wefirstevaluate

S1=
∑

min(µ1,µ2)=0,min(µ3,µ4)=0

(−1)
µ1+µ2+µ3+µ4

ρ(p
µ1

,p
µ2

,p
µ3

,p
µ4

)−1
.

Usingtheargumentofthepreviousparagraphwefindthat

S1=
∑

min(µ1,µ2)=0,min(µ3,µ4)=0

(−1)
µ1+µ2+µ3+µ4

p−µ1−µ2−µ3−µ4

=
{∑

min(m,n)=0

(−1)
m+n

p−m−n}2

=(p−1)
2
(p+1)−2

.

Nextweconsider

S2=
∑

µ1,µ2,µ3≥1

(−1)
µ1+µ2+µ3

ρ(p
µ1

,p
µ2

,p
µ3

,1)−1
.

Wemaywritethisas

S2=
∑

a,b,c≥1

(−1)
a+b+c

p
min(a,b,c)

p−a−b−c

=
∞∑

k=1

p
k∑

min(a,b,c)=k

(−1)
a+b+c

p−a−b−c

=
∞∑

k=1

p
k{∞∑

a,b,c=k

(−1)
a+b+c

p−a−b−c
−

∞∑

a,b,c=k+1

(−1)
a+b+c

p−a−b−c}

=
∞∑

k=1

p
k

{
(
(−p−1

)
k

1+p−1)
3
−(

(−p−1
)
k+1

1+p−1)
3

}

=
1+p−3

(1+p−1)3

∞∑

k=1

p
k
(−p−1

)
3k

=−
1+p−3

(1+p−1)3

1

p2+1
.

Ofcoursewegetthesameresultforanysuminwhichthreeoftheµiareat
least1andthefourthis0.Thenextsumtocomputeis

S3=
∑

µ1,µ2≥1

(−1)
µ1+µ2

ρ(p
µ1

,p
µ2

,1,1)−1
.

Thisiseasilyfoundtobe

S3=
∑

a,b≥1

(−1)
a+b

p−a−b
=(p+1)−2

.
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Nowif

S4=
∑

µ1,µ2≥1,min(µ3,µ4)=0

(−1)
µ1+µ2+µ3+µ4

ρ(p
µ1

,p
µ2

,p
µ3

,p
µ4

)−1
,

then

S4=2S2+S3=−
(1−p−1

)
2

(1+p−1)2

1

p2+1
.

Clearlywehavethesameresultiftherôlesofµ1,µ2andµ3,µ4areinter-
changed.Finallyweexamine

S5=
∞∑

µ1,µ2,µ3,µ4=1

(−1)
µ1+µ2+µ3+µ4

ρ(p
µ1

,p
µ2

,p
µ3

,p
µ4

)−1
.

Now,accordingto(3.12)wehave

S5=p−2

∞∑

µ1,µ2,µ3,µ4=0

(−1)
µ1+µ2+µ3+µ4

ρ(p
µ1

,p
µ2

,p
µ3

,p
µ4

)−1

=p−2
{S1+2S4+S5},

whence

S5=
S1+2S4

p2−1
=−S4.

Then,asintheproofof(8.7),wehave

σp=(1+1/p)
2
{S1+4S4+4S5}=(1+p−1

)
2
S1=(1−p−1

)
2
.

Thisestablishes(1.15)whenp≡−1(mod4).
Havingdealtwiththeevaluationofthedensitiesσp,ournexttaskisto

interpretthesumsE
(u,v)
pgivenby(1.14).Onlyprimesp≡−1(mod4)need

concernus.Weclaimthatwheneverp≡−1(mod4)wehave

E
(u,v)
p=p−2u−2v

(1+1/p)−4
lim
e→∞

p−6e
N

(u,v)
(p

e
),(8.9)

where

N
(u,v)

(p
e
)=#





x1,...,x10

(modp
e
)

:

L1(x1,x2)≡p
u
(x

2
3+x

2
4)(modp

e
),

L2(x1,x2)≡p
u
(x

2
5+x

2
6)(modp

e
),

L3(x1,x2)≡p
v
(x

2
7+x

2
8)(modp

e
),

L4(x1,x2)≡p
v
(x

2
9+x

2
10)(modp

e
)





.

Ifp
u
|L1(x1,x2),thenthenumberofpairsx3,x4modulop

e
forwhich

p−u
L1(x1,x2)≡x

2
3+x

2
4(modp

e−u
)
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willbegivenby(8.3).Thusifp
e
|L1(x1,x2)thereareO(p

e
)suchpairs.Oth-

erwisesupposethatp
f
‖L1(x1,x2).Theniff−uiseventherearep

e+u−1
(p+1)

pairs,andiff−uisoddtherearenosuchpairs.Ifwesetu1=u2=uand
u3=u4=vwethenfindthat

N
(u,v)

(p
e
)=p

4e+2u+2v−4
(p+1)

4∑

0≤νi<e
νi≡ui(mod2)

N(p
e
;ν1,ν2,ν3,ν4)+O(p

5e
),

where

N(p
e
;ν1,ν2,ν3,ν4)=#

{
x1,x2(modp

e
):νp(Li(x1,x2))=νi,(1≤i≤4)

}
.

Thesumovertheνimaybere-writtenas

∑

0≤νi<e
νi≡ui(mod2)

∑

f1,f2,f3,f4=0,1

(−1)
f1+f2+f3+f4p

2e

ρ(pν1+f1,pν2+f2,pν3+f3,pν4+f4),

whence

lim
e→∞

p−6e
N

(u,v)
(p

e
)=p

2u+2v
(1+1/p)

4
Σ,

with

Σ=
∑

νi≡ui(mod2)

∑

f1,f2,f3,f4=0,1

(−1)
f1+f2+f3+f4

ρ(pν1+f1,pν2+f2,pν3+f3,pν4+f4)

=
∑

gi≥ui

(−1)
g1+g2+g3+g4

ρ(p
g1

,p
g2

,p
g3

,p
g4

)−1

asinourtreatmentof(8.7).Thissufficesfortheproofof(8.9).

ItisnowclearthatE
(u,v)
p≥0forp≡−1(mod4).Nowletp-∆12∆34for

someprimep≡−1(mod4),andletu=u1=u2=1andv=u3=u4=0,
say.Supposewehaveasolutiontothecongruences

L1(x1,x2)≡p(x
2
3+x

2
4),L2(x1,x2)≡p(x

2
5+x

2
6)(modp

e
),

L3(x1,x2)≡x
2
7+x

2
8,L4(x1,x2)≡x

2
9+x

2
10(modp

e
)

inwhichp
2f
|x1,x2forsomeexponent2f≤e−2.Thenp

f
mustdivideeach

ofx3,...,x10andtherefore

L1(y1,y2)≡p(y
2
3+y

2
4),L2(y1,y2)≡p(y

2
5+y

2
6)(modp

e−2f
),

L3(y1,y2)≡y
2
7+y

2
8,L4(y1,y2)≡y

2
9+y

2
10(modp

e−2f
)

wherexi=p
2f

yifori=1,2andxi=p
f
yifor3≤i≤10.Sincethe

firsttwoofthesecongruencesimplythatp|L1(y1,y2),L2(y1,y2)wededuce
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thatp|y1,y2,sincep-∆12.Itfollowsthatp|L3(y1,y2),L4(y1,y2),and
hencethatpdividesbothy

2
7+y

2
8andy

2
9+y

2
10.Thusp

2
|y

2
7+y

2
8,y

2
9+y

2
10,

sothatp
2
|L3(y1,y2),L4(y1,y2).Sincep-∆34thisrequiresp

2
|y1,y2,

whence,finally,p
2f−2

|x1,x2.Wethereforeconcludethatanysolutionof
theoriginalcongruencesmusthavep

e−1
|x1,x2.Inviewof(8.3)wededuce

thatN
(1,0)

(p
e
)=O(p

4e
),whenceE

(1,0)
p=0,by(8.9).Similarlywewillhave

E
(0,1)
p=0.

Itremainstoshowthatifε=−1thenthevariety(1.7)hasnopoints
with(x1,x2)∈R2.Clearly,ifε=−1thenwemusthaveT−(p)=±T+(p)
foreveryprimep|∆withp≡−1(mod4).Let

P={p|∆:p≡−1(mod4),T−(p)=−T+(p)}.

Wenowarguebycontradiction,assumingthatwehaveapoint(x1,x2)∈R2

onthevariety(1.7).Then,sinceLi(x1,x2)6=0bypart(iv)ofNC2,wesee
thattheequations(1.7)entail

νp(L1(x1,x2))≡νp(L2(x1,x2))(mod2),

νp(L3(x1,x2))≡νp(L4(x1,x2))(mod2),

foranyprimep≡−1(mod4).Wenowsupposethat

2|νp(L1(x1,x2))−uand2|νp(L3(x1,x2))−v

with0≤u,v≤1.Thenwecanfindanonsingularp-adicsolutiontothe
equations

L1(x1,x2)=p
u
(y

2
3+y

2
4),L2(x1,x2)=p

u
(y

2
5+y

2
6),

L3(x1,x2)=p
v
(y

2
7+y

2
8),L4(x1,x2)=p

v
(y

2
9+y

2
10).

Thiscanthenbeliftedbythestandardproceduretoshow,via(8.9),that

E
(u,v)
p>0.Thus

E
(u,v)
p>0if2|νp(L1(x1,x2))−uand2|νp(L3(x1,x2))−v.(8.10)

Wenowshowthatνp(L1(x1,x2))andνp(L3(x1,x2))haveoppositeparities

wheneverp∈P.SinceT−(p)=−T+(p)forsuchaprime,andE
(u,v)
p≥0for

allu,v,wewillhaveE
(0,0)
p=E

(1,1)
p=0.Theclaimthenfollowsfrom(8.10).

Converselywenowshowthatifνp(L1(x1,x2))andνp(L3(x1,x2))have
oppositeparities,andp≡−1(mod4),thenp∈P.Forsuchaprime,it

followsfrom(8.10)thateitherE
(1,0)
p>0orE

(0,1)
p>0.Howeverwehave

alreadyseenthatE
(1,0)
p=E

(0,1)
p=0unlessp|∆12∆34.Thusifνp(L1(x1,x2))

andνp(L3(x1,x2))haveoppositeparities,andp≡−1(mod4),thenp|∆.
Thuspmustoccurintheproductforε,whenceT−(p)=±T+(p).Since
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eitherE
(1,0)
p>0orE

(0,1)
p>0wecannothaveT−(p)=T+(p),sothatwe

mustindeedhavep∈P.
WehavethereforeshownthatthesetPconsistspreciselyofthoseprimes

p≡−1(mod4)whichdivideL1(x1,x2)L3(x1,x2)toanoddpower.Since
part(iii)ofNC2impliesthatL1(x1,x2)L3(x1,x2)ispositive,weconclude
frompart(iv)ofNC2that

χ(νν′)≡L1(x1,x2)L3(x1,x2)≡(−1)
#P(mod4).(8.11)

Ontheotherhandwehave
∏

p|∆,χ(p)=−1

T−(p)/T+(p)=(−1)
#P,

andsinceε=−1wededucethat

(−1)
#P=−χ(νν′).

Thiscontradicts(8.11),andthereforecompletestheproofofTheorem2.

9Examples

InthissectionweshalldiscussTheorem2inthecontextoftheexamples
(1.10),(1.11)and(1.18).Webeginwith(1.10),whichwerepeathereas

y1(y1+4y2)=x
2
3+x

2
4,(7y1+16y2)(19y1+44y2)=x

2
5+x

2
6.

Thishasbeenshowntohavenonontrivialrationalpoints,eventhoughit
hasnonsingularpointsineverycompletionofQ.WetaketheregionR

(0)
to

bethesquare(0,1)
2
,sothatparts(i),(ii)and(iii)ofNC2willbesatisfied.

Moreoverpart(iv)isclearlysatisfiedwithν=1andν′=−1.
Theexistenceofnonsingularlocalpointsissufficienttoensurethatσp>0

foreveryprimep.Howeverfortheformsin(1.10)wefindthat∆12∆34=2
4
,

sothatE
(1,0)
p=E

(0,1)
p=0foranyprimesenteringintotheproductin(1.16).

ItfollowsthatT−(p)=T+(p)forsuchprimes,sothatε=χ(νν′)=χ(−1)=
−1.ThusthefailureoftheHassePrincipleisfullyexplainedbyTheorem2,
atleastasfaraspointswith(y1,y2)∈R2areconcerned.

Weturnnowtotheexample(1.11),namely

y1(y1+4y2)=x
2
3+x

2
4,(y1+8y2)(13y1+64y2)=x

2
5+x

2
6.

Althoughtherearerationalpointsinthisexample,weshowedin§1thatall
suchpointshavey2/y1≥−1/8.Weshallthereforeconsidertheapplication
ofTheorem2totwodifferentregions.Webeginbyexaminingthecase

y1,y1+4y2>0,y1+8y2<0,13y1+64y2<0,
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forwhichtherearenorationalpoints.HerewemustreplaceL3andL4by
−L3and−L4respectively,toproducelinearformswhichwillallbepositive.
HavingmadethischangewethentakeR

(0)
=(0,1)

2
.Thenparts(i),(ii)

and(iii)ofNC2willhold.Wealsoseethatpart(iv)holds,withν=1
andν′=−1.Wemaynowproceedasinthepreviousexample,notingthat
∆12∆34=2

5
·5.Onceagainitfollowsthatε=−1,sothatR2producesno

solutions.
Ontheotherhand,ifwelookatthecase

y1,y1+4y2>0,y1+8y2>0,13y1+64y2>0,

wemayagainworkwithR
(0)

=(0,1)
2
.Thistimewehaveν=ν′=1inpart

(iv)ofNormalizationCondition2.Thevalue∆12∆34=2
5
·5isthesameas

before,sothat(1.16)yieldsε=χ(νν′)=χ(1)=1.Itthereforefollowsthat
thedensityofrationalpointsinR2istwicetheproductoflocaldensities,
whilethedensityofrationalpointsinthefirstcasewasofcoursezero.

Theexampleswehavelookedatsofarallhaveε=±1.Howeverother
valuesmayoccur,astheexample(1.18)

x1(x1+12x2)=x
2
3+x

2
4,(x1+4x2)(x1+16x2)=x

2
5+x

2
6,

willdemonstrate.Weshallusetheregion

R=
{
0<x1,x1+16x2<X

}

sothat

σ∞=π
2
measR=

π
2

16
X

2
.

Thereisanonsingularrationalpointwith(x1,x2)=(1,0),andthisisenough
toensurethatallthelocaldensitiesarepositive.Since∆12∆34=2

4
·3

2
and

ν=ν′=1,wenowfindthatε=T−(3)/T+(3).Inordertoshowthatε6=±1

itwillsufficetodemonstratethatE
(0,0)
3andE

(1,0)
3arepositive.Todothis

weshalluse(8.9).Whenu=v=0thecongruences

x1≡x
2
3+x

2
4(mod3),x1+12x2≡x

2
5+x

2
6(mod3),

x1+4x2≡x
2
7+x

2
8(mod3),x1+16x2≡x

2
9+x

2
10(mod3)

haveanonsingularsolutionwithx1=1andx2=0,whichissufficientto
ensurethatE

(0,0)
3>0.Similarly,foru=1,v=0,thecongruences

x1≡3(x
2
3+x

2
4)(mod3

e
),x1+12x2≡3(x

2
5+x

2
6)(mod3

e
),

x1+4x2≡x
2
7+x

2
8(mod3

e
),x1+16x2≡x

2
9+x

2
10(mod3

e
)
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requirex1=3x′
1,say,sothattheyareequivalentto

x′
1≡x

2
3+x

2
4(mod3

e−1
),x′

1+4x2≡x
2
5+x

2
6(mod3

e−1
),

3x1+4x2≡x
2
7+x

2
8(mod3

e
),3x1+16x2≡x

2
9+x

2
10(mod3

e
).

Thereisnowanonsingularsolutionwithx′
1=x2=1,sothatE

(1,0)
3>0,as

required.
Thus(1.8)providesanexamplewith0<1+ε<2.Weillustratethis

examplenumerically.Sinceσ2=2,weseethat(1.15)yields

∏

p

σp=
2σ3

(1−1/3)2

∏

p

(1+χ(p)/p)
2

=
18

π2σ3.

Moreoveronefindsfrom(1.12)that

σ3

(
1+

T−(3)

T+(3)

)
=

16

9
(T+(3)+T−(3))=

32

9
(E

(0,0)
3+E

(1,1)
3).

OnemaynowevaluateE
(0,0)
3andE

(1,1)
3byasomewhattediouscalculation

alongthelinesofthatgivenintheprevioussectiontoprove(1.15).The
startingpointisthefactthat(3.12)remainstrueforp=3,exceptwhen
min(e1,e2)>max(e3,e4),inwhichcase

ρ(3
e1

,3
e2

,3
e3

,3
e4

)=3
e1+e2−1

,

ormin(e3,e4)>max(e1,e2),inwhichcase

ρ(3
e1

,3
e2

,3
e3

,3
e4

)=3
e3+e4−1

.

Theconclusionisthat

E
(0,0)
3=

9

20
andE

(1,1)
3=

1

20
.

Itfollowsthatwewillhaveasymptotically2X
2

solutionsto(1.18)inR2.
ThisisillustratedbyTable2,inwhich

S(X)=
∑

x∈R2

r(L1(x)L2(x))r(L3(x)L4(x)).
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Table2

XS(X)S(X)/2X
2

100019934720.9967...

200080305921.0038...

4000320577281.0018...

800012760467260.9969...

160005114378240.9989...

3200020435187200.9978...
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