
                 

Kroneckerdoubleseriesandthedilogarithm

AndreyLevin

Abstract

Inthisarticlewegiveanexplicitexpressionforthevalueofa
certainKroneckerdoubleseriesatanypointofcomplexmultiplication
asasumofdilogarithmswhoseargumentsarevaluesofsomemodular
unitofhigherlevelatthecorrespondingpoints.Thisresultcanbe
interpretedinthespiritoftheZagierconjecture.Thespecialvalue
oftheKroneckerdoubleseriesisequaltothevalueofthepartialζ-
functionofanidealclassforanorderinanimaginaryquadraticfield.
Thevaluesoftheabovementionedmodularunitbelongtorayclass
fieldcorrespondingtothisorder.Thuswegetanexplicitformula
forthevalueofapartialζ-functionats=2asacombinationof
dilogarithmsofalgebraicnumbers.

1Introduction

1.1Modularpart

1.1.1Westartbyfixingnotationandrecallingsomestandardfactsabout
modularcurves.WesetH=

{
τ∈C

∣∣
=(τ)>0

}
.ThenamatrixM=

(ab
cd)∈GL2(Z)actsonHbyM(τ)=

aτ+b
cτ+d.WriteL=LτforthelatticeinC

generatedbyτand1,andE=EτforthecorrespondingellipticcurveC/Lτ.
ThematrixMdefinesamapoflatticesM

τ
:LM(τ)→Lτgivenbyw→

(cτ+d)wandanisogenyMτ:Eτ→EM(τ)givenbyξ→(ad−bc)(cτ+d)−1
ξ.

IfτisafixedpointofM,thenMτisamapofthecurveEτontoitself.In
thiscaseweomitthesubscriptτinournotation.

Apointξ∈EτdefinesacharacterχξofthelatticeLτgivenbyχξ(w)=

exp
(2πi(wξ−wξ)

τ−τ

)
.ThispairingisGL2(Z)-invariant:χM(ξ)(w)=χξ(M(w)).

Definition1.1.2ThesecondKroneckerdoubleseriesK2(ξ;τ)istheC∞-
functiononC×Hdefinedbytheconvergentseries

K2(ξ;τ)=
(τ−τ

2πi

)2∑

w∈L

′χξ(w)

|w|4,(1)
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where,asusual,∑′denotesthesumoverL\{0}.
OnechecksthatthisfunctionisinvariantundertheactionofSL2(Z)on

C×Hdefinedabove.

1.1.3TheWeierstrass℘-functionistheellipticfunctiondefinedbythecon-
vergentseries

℘(ξ;τ)=
1

ξ2+
∑′

w∈Lτ

(1

(w+ξ)2−
1

w2

)
.

1.2Dilogarithms

Definition1.2.1TheEulerdilogarithmLi2(z)isthemultivaluedanalytic
functiononP

1
\{0,1,∞}definedastheanalyticcontinuationoftheseries

∑
j≥1

zj

j2(whichconvergesfor|z|<1).

Definition1.2.2Theformula

D2(z)==(Li2(z))+arg(1−z)·log|z|forz/∈{0,1,∞},
D2(0)=D2(1)=D(∞)=0.

definesasingle-valuedrealfunctiononP
1

thatwecalltheBloch–Wigner
dilogarithm.ItiscontinuousonP

1
andsmoothonP

1
\{0,1,∞}

WecanextendthefunctionD2bytlinearitytoafunctionontheQ-vector
spaceQ[C].

1.2.3Defineamap

δ:Q[C\{0,1}]→∧2
C∗bytheformula[x]→x∧(1−x).

1.3Results

MainTheorem1.3.1LetτbeafixedpointofM=(ab
cd)6=0,1.Set

m=detMandn=det(M−1).Then

−(m+1)(n+1)
c(τ−τ)

iK2(0;τ)

=4mnD2

(ad−bc

cτ+d

)
+

∑

α∈Ker(M)\0
β∈Ker(M−1)\0

m∑

k=1

n∑

l=1

D2

(℘(kα+lβ)−℘(α)

℘(β)−℘(α)

)
;

theargumentsofthedilogarithmsareinthekernelofδ(see1.2.3):

δ

(
4mn×[cτ+d]+

∑

α,β,k,l

(℘(kα+lβ)−℘(α)

℘(β)−℘(α)

))
=0∈∧

2
(C∗⊗ZQ).
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1.3.2OurproofisbasedonintroducinganewfunctionL1,1,whichwe
calltheelliptic(1,1)-logarithmanddefineinSection2.TheMainTheorem
followsfromTheoremsAandBbelow.

TheoremA1.3.3Letτ,M,mandnbeasintheTheorem1.3.1.Then

c(τ−τ)

4i

(m+1)(n+1)

mnK2(0;τ)

=−D2

(ad−bc

cτ+d

)
+

∑

α∈KerM\0
β∈Ker(M−1)\0

L1,1(α,β,0).(2)

TheoremB1.3.4Letαandβbetwodistinctnontrivialtorsionpointson
anellipticcurveEτ,saymα=nβ=0forsomem,n∈N.Then

m∑

k=1

n∑

l=1

D2

(℘(kα+lβ)−℘(α)

℘(β)−℘(α)

)

=−2mn
(
L1,1(α,β,0)+L1,1(−α,β,0)

)
.(3)

1.4Generalitiesandstructureofthearticle

1.4.1ThefactthatthevalueoftheKroneckerdoubleseriesK2ataCM
pointcanbeexpressedasacombinationofdilogarithmsisnotnew.Itcanbe
derivedfromaresultofDeningerasfollows.ACMpointτdefinesaringRof
endomorphismsofthecorrespondentlatticeLτ;thisringisanorderinsome
imaginaryquadraticextensionF=R⊗ZQofQ.ExtendthefieldFbythe
valueofthej-invariantatthepointτ.Deninger[D1]constructedanelement
inthethirdalgebraicK-groupofthefieldF(j(τ))thattheregulatormaps
tothevalueofK2atτ.WeknowbySuslinandBlochthattheregulatoron
K3ofanumberfieldisgivenbytheBloch–Wignerdilogarithm.Hencewe
canconcludethatthevalueoftheK2equalsacombinationofvaluesofthe
dilogarithmatnumbersinF(j(τ)).Theargumentsofthedilogarithminour
formulabelongtosomeextensionofthefieldF(j(τ)),butthesetofthemis
Galoisinvariant.

OurproofisinsomesenseparalleltoDeninger’sconstruction.

1.4.2WecanalsointerprettheMainTheoremindependentlyofalgebraic
K-theory.ThevalueofK2(0;τ)foraCMpointτis(arationalmultipleof)
thevalueats=2ofthepartialzetafunctionζF,A(s)=∑

a∈AN(a)−sfor
someidealclassA.Thefactthatthisvaluecanbewrittenasacombination
ofdilogarithmswithargumentsbelongingtotheassociatedclassfieldoverF
isaspecialcaseoftherefinedversionofZagier’sconjecturethatthevalues
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ofallpartialzetafunctionsatarbitraryintegerarguments=mcanbe
expressedintermsofm-logarithms.

Forthecaseathand,thesameresult,ofcourse,alsofollowsfromthe
theoremsofDeninger(existenceofelementsinK2withrequiredvaluesof
regulator)andBloch–Suslin(structureofK2anddescriptionoftheregulator
fromK2).Ourproof,aswellasgivinganexplicitformula,alsohasthe
advantageofavoidingalgebraicK-theory.Itispossibleinprinciplethatthis
methodcouldbeappliedforhighervaluesofmwhereitisnotknownthat
theregulatormaybeexpressedintermsofpolylogarithms.

1.4.3TheoremAreflectsageneralphenomenon.Anotherreflectionofthis
phenomenonisthefollowingfact.ForanyellipticmodularcurveoverQ
thevalueofitsL-functionats=2canbeexpressedasacombinationof
thevaluesofaspecialfunction(Goncharov’selliptic(1,2)-logarithm[G2]),a
“relative”ofourelliptic(1,1)-logarithm.Ontheotherhand,foraCM-curve
thevalueoftheL-functionisequaltoacombinationofthevaluesofacertain
Kroneckerdoubleseries[D1].ThereforethisKroneckerdoubleseriesmustbe
equaltoacombinationofvaluesoftheelliptic(1,2)-logarithm.

1.4.4Thepaperisorganizedasfollows.Section2definestheelliptic(1,1)-
logarithmforanarbitraryellipticcurveandstudiesitselementaryproperties.
InSection3werealizetheKroneckerseriesasanintegraloverthesquareof
theellipticcurve,and,foracurvewithcomplexmultiplication,reducethis
integraltoanintegralovertheellipticcurveitself.InSection4wecompare
theelliptic(1,1)-logarithmandthedilogarithm.InSection5wecheckthat
δvanishesontheargumentsofthedilogarithmsontheright-handsideof
theMainTheorem,thuscompletingitsproof.InthefinalSection6we
proveamoregeneralformula,relatingvaluesofK2attorsionpointstothe
dilogarithm.

1.4.5AcknowledgmentsIwishtothankSashaGoncharovforexplaining
hisideasaboutChowpolylogarithms.IamalsogratefultoDonZagierand
HerbertGanglforverystimulatingdiscussionsandcomputerexperimentsat
acrucialmomentforthisworkduringmystayattheMax-PlanckInstitut
fürMathematik,Bonnin1997.IwishtothanktheMPIforhospitality.

2Theelliptic(1,1)-logarithm

Inthissectionwedefineandstudypropertiesoftheelliptic(1,1)-logarithm.
SomemotivationforconsideringthisfunctionisGoncharov’sintegralrepre-
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sentationoftheBloch–Wignerdilogarithm.Thisrepresentationusesaspecial
caseofaverygeneraldifferentialoperator,thatwecallA∗.

2.1TheoperationsAn

Definition2.1.1Letϕ1,...,ϕnbesmoothfunctionsonacomplexvariety
X.Weset

An(ϕ1,...,ϕn)=

Altn

(n−1 ∑

j=0

(−1)
j
ϕ1∂ϕ2∧···∧∂ϕn−j∧∂ϕn−j+1∧···∧∂ϕn

)
,(4)

whereAltndenotesalternationunderthesymmetricgroupSn,withafactor
of1/(n!):

Altn(F(x1,...,xn)=
1

n!

∑

σ∈Sn
sign(σ)F(xσ(1),...,xσ(n)).

Remark2.1.2Ifϕj=log|fj|
2

foranalyticfunctionsfj,thenAnistheso-
calledBeilinson–Deligneproductofthefj,uptoafactor2foroddnand2i
forevenn.

Remark2.1.3The(p,q)-componentofAnequals(−1)
qp!q!

(p+q)!multipliedby

the(p,q)-componentofAltn(ϕ1dϕ2∧···∧dϕn).

AnimportantpropertyoftheoperationsAnisthefollowing:

Proposition2.1.4Forn>1

dAn(ϕ1,...,ϕn)=∂ϕ1∧∂ϕ2∧···∧∂ϕn+(−1)
n−1

∂ϕ1∧∂ϕ2∧···∧∂ϕn

+
n∑

j=1

(−1)
j
∂∂ϕj∧An−1(ϕ1,...,ϕ̂j,...,ϕn).(5)

Theproofisastraightforwardcomputation.

2.2Goncharov’sintegralrepresentationoftheBloch–
Wignerdilogarithm

Lemma2.2.1(Goncharov[G1])ThevalueoftheBloch–Wignerdiloga-
rithmatapointa6=0,1,∞isequaltothefollowingconvergentintegral:

1

4π

∫

P1

A3(log|z|
2
,log|1−z|

2
,log|a−z|

2
).
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ProofSinceweareintegratingoveracurve,onlythe(1,1)-componentcon-
tributes.ThuswecanreplaceA3by

−
1

6

(
log|z|

2
dlog|1−z|

2
∧dlog|a−z|

2

−log|1−z|
2
dlog|z|

2
∧dlog|a−z|

2

+log|a−z|
2
dlog|z|

2
∧dlog|1−z|

2)
.

Wefirstprovethattheintegralconverges.Theintegrandissmoothoutside0,
1,aand∞.Let(r,ϕ)beapolarcoordinatesystemnearoneofthefirstthree
points;anytermoftheintegrandisasymptotictooneoflog|r|rdr∧dϕor
r−1

rdr∧dϕ,andisintegrable.AsA3istrilinearandtotallyantisymmetric,
wecanreplacethethreearguments(log|z|

2
,log|1−z|

2
,log|a−z|

2
)by

(
log|z|

2
,log|1−z|

2
−log|z|

2
,log|a−z|

2
−log|z|

2)
=

(
log|z|

2
,log|1−z−1

|
2
,log|az−1

−1|
2)

;

theconvergenceat∞canbecheckedforthesebythesameconsiderations.
ByStokes’sformulawereducetheintegralto

−
1

16π

∫(
log|z|

2
dlog|1−z|

2
∧dlog|a−z|

2

−log|1−z|
2
dlog|z|

2
∧dlog|a−z|

2)
.

The(1,1)-componentofdϕ1∧dϕ2isthenegativeofthe(1,1)-componentof
(∂−∂)ϕ1∧(∂−∂)ϕ2.Hencetheintegralisequalto

1

16π

∫(
log|z|

2
(∂−∂)log|1−z|

2
−log|1−z|

2
(∂−∂)log|z|

2)

∧(∂−∂)log|a−z|
2
.

Aneasycalculationshowsthat

dD2(z)=−i
(
log|z|(∂−∂)log|1−z|−log|1−z|(∂−∂)log|z|

)
.

Thereforetheintegralisequalto

i

4π

∫
dD2(z)∧(∂−∂)log|a−z|

2
=

1

4πi

∫
D2(z)d(∂−∂)log|a−z|

2
.

Asd(∂−∂)log|a−z|
2

=2∂∂log|a−z|
2

=4πi(δa(z)−δ∞(z))andD2(∞)=0,
thiscompletestheproof.¤
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Remark2.2.2Itfollowsfromtheproofthattheintegralrepresentation

∑

p∈X
ordp(g)D2(f(p))=

1

4π

∫

X

A3(log|f|
2
,log|1−f|

2
,log|g|

2
)(6)

holdsforanytwomeromorphicfunctionsfandgonacompactcurveX.

Remark2.2.3ForanycurveC

∫

C

A3(ϕ1,ϕ2,ϕ3)=

∫

C

1

2
ϕ1dϕ2∧dϕ3,

sothatthisintegraliszeroifϕj=constforsomej.

Lemma2.2.4Foranythreedistinctpointsa,b,c∈C,wehave

∫

P1

A3

(
log|z−a|

2
,log|z−b|

2
,log|z−c|

2)
=4πD2

(c−a

b−a

)
.(7)

ProofWewriterfortheratio
c−a
b−aandmakethechangeofvariablex=

z−a
b−a.

Then

log|z−a|
2

=log|x|
2
+log|b−a|

2
,log|z−b|

2
=log|x−1|

2
+log|b−a|

2

andlog|z−c|
2

=log|x−r|
2
+log|b−a|

2
.

Bytheprecedingremark,anytermsthatincludetheconstantlog|b−a|
2

vanish.ThisreducestheintegraltothatofLemma2.2.1.¤

Remark2.2.5Theintegrandin(7)vanishesformallybyantisymmetryif
anyofa,bandcareequal(wesayformallybecausewearenotreallyallowed
tomultiply1-formsiftheirsingularitiescoincide).Ifonlytwoofa,b,care
equal,thenther.-h.s.of(7)isalsozero,sinceD2(0)=D2(1)=D2(∞)=0.
Alongthetriplediagonaltheexpressionin(7)hasadiscontinuity.However,
itiscontinuousontheblowupofC

3
alongthetriplediagonal.

2.3Theelliptic(1,1)-logarithm

Inthissectionwedefineareal-valuedfunctionL1,1(α,β,γ;τ),calledthe
elliptic(1,1)-logarithm,onthethirdpowerofanellipticcurve(moreprecisely,
onthefiberedthirdpoweroftheuniversalellipticcurveoverthemodular
curve),whichisinvariantunderthediagonalactionoftheellipticcurveby
translationsandantisymmetricunderpermutationsofthevariables.
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2.3.1Anaturalgeneralizationofthefunctionlog|x−a|
2
onP

1
toanelliptic

curveEτistheKroneckerdoubleseries

L1(ξ;τ):=log
∣∣
θ̃(ξ,τ)

∣∣2
+

1

2

2πi

τ−τ
(ξ−ξ)

2
=−

τ−τ

2πi

∑′

e
w∈L

χξ(w)

|w|2

where∑
edenotesEisensteinsummation(seeWeil[W]),and

θ̃(ξ,τ)=
θ(ξ,τ)

η(τ)
=q

1/12
(z

1
2−z−

1
2)
∞∏

j=1

(1−q
j
z)(1−q

j
z−1

).

q=exp(2πiτ)(or,moreprecisely,q
1/12

=exp(
1
6πiτ)),andz=exp(2πiξ)

(or,moreprecisely,z±
1
2=exp(±πiξ)).ThenotationL1forthisfunction

isnotstandard.Itismeanttoemphasizethatthisfunctionistheelliptic
1-logarithm.

2.3.2ThefunctionL1istheGreenfunctionfortheoperator∂∂onan
ellipticcurve:

∂∂(L1(ξ;τ))=2πiδ0+
2πi

τ−τ
dξ∧dξ.

Hereδ0denotesthedeltafunctionatzero.

2.3.3ThefunctionL1satisfiesthedistributionrelation
∑

α:Mτ(α)=β

L1(α;τ)=L1(β;M(τ)).

2.3.4Anyellipticfunctionfwithordβ(f)=0hasa“thetadecomposition”

log|f(ξ)|
2
−log|f(β)|

2
=
∑

ordα(f)
(
L1(ξ−α)−L1(β−α)

)
.(8)

ThusthenaturalellipticgeneralizationofthefunctionD2

(c−a
b−a
)

isthe
following

Definition2.3.5Theelliptic(1,1)-logarithmL1,1(α,β,γ;τ)istheconver-
gentintegral:

1

4π

∫

Eτ

A3

(
L1(ξ−α),L1(ξ−β),L1(ξ−γ)

)
.

Theconvergenceoftheintegralcanbecheckedbythesameconsiderationas
forD2(a).
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Remark2.3.6Asabove,onlythe(1,1)-componentoftheintegrandgivesa
nontrivialcontribution,so

L1,1

(
α,β,γ;τ

)
=−

1

8π

∫

Eτ

L1(ξ−α)dL1(ξ−β)∧dL1(ξ−γ).

WegiveanotherdefinitionofthisfunctionbasedonFourierexpansions:

Lemma2.3.7Consideredasadistribution,thefunctionL1,1(α,β,γ;τ)is
equaltothefollowingseries

(τ−τ)
2

16π2i×
∑

w1+w2+w3=0
wi6=0

χα(w1)χβ(w2)χγ(w3)(w2w3−w2w3)

|w1|2|w2|2|w3|2.

AseriesofthiskindwasintroducedbyDeninger[D2].Incontrasttohis
case,however,ourseriesisnotabsolutelyconvergent.

ProofBytheprecedingremark,wecancomputethefollowingintegral

−
1

8π

∫
−

τ−τ

2πi×
∑

w16=0

χξ−α(w1)

|w1|2×

(∑

w26=0

χξ−β(w2)(w2dξ−w2dξ)

|w2|2
)
∧
(∑

w36=0

χξ−γ(w3)(w3dξ−w3dξ)

|w3|2
)

=−
1

8π

τ−τ

2πi

∫∑

wi6=0

χξ−α(w1)χξ−β(w2)χξ−γ(w3)(w2w3−w2w3)

|w1|2|w2|2|w3|2dξ∧dξ.

Theintegralsofthetermswithw1+w2+w36=0vanish,asintegralsof
nontrivialharmonicsoveratorus,soweget

−
1

8π

τ−τ

2πi

∑

w1+w2+w3=0
wi6=0

χα(w1)χβ(w2)χγ(w3)(w2w3−w2w3)

|w1|2|w2|2|w3|2
∫

dξ∧dξ

=−
1

8π

τ−τ

2πi

∑

w1+w2+w3=0
wi6=0

χα(w1)χβ(w2)χγ(w3)(w2w3−w2w3)

|w1|2|w2|2|w3|2×(−(τ−τ)).

¤

Remark2.3.8ThisFourierseriesisantisymmetricunderpermutationsof
α,βandγ,since

w2w3−w2w3=
1

3

∣∣
∣∣
∣∣

111
w1w2w3

w1w2w3

∣∣
∣∣
∣∣forw1+w2+w3=0.
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2.3.9ThefunctionL1,1issmoothoutsidethediagonals;thisfollowsfrom
thegeneralformulafordifferentiationofanintegralwithrespecttoapara-
meter.L1,1iszeroonthediagonals,becauseA3isantisymmetric.

Lemma2.3.10L1,1iscontinuousonthecomplementofthetriplediagonal
α=β=γ.

ProofWeprovethat

lim
t→0L1,1(tα,tβ,γ;τ)=0forγ6=0.

Wechoosesomerathersmallεandrepresenttheintegralasthesumofthe
integraloverthediskofradiusεaround0andtheintegraloverthecomple-
mentofthisdiskinsidetheellipticcurve.Thesecondintegraltendstozero,
astheintegralofanytermofA3convergesandA3isantisymmetric.Inside
thedisk,L1(ξ−tα)equalslog|ξ−tα|

2
+ϕ(ξ,tα),whereϕ(ξ,tα),isasmooth

function,thesameistrueforL1(ξ−tβ).Substitutethisdecompositioninto
A3;wegetseveraltypesofsummands:1)alltheargumentsofA3aresmooth,
2)oneargumentissingularand3)twoargumentsaresingular.Inthefirst
twocasestheintegraltendstozeroforthesamereasonasabove.Toestimate
thelastsummand,performthechangeofvariablez=t−1

ξ.Weget

∫

|ξ|<ε
A3

(
log|ξ−tα|

2
,log|ξ−tβ|

2
,L1(ξ−γ)

)

=

∫

|ξ|<t−1ε

A3

(
log|z−α|

2
,log|z−tβ|

2
,L1(tz−γ)−L1(−γ)

)

+

∫

|ξ|<t−1ε

A3

(
log|z−α|

2
,log|z−tβ|

2
,L1(−γ)

)
,

andthesecondintegraltendstozerobecauseL1(−γ)isaconstant.

Forsmallt,thefirstintegralcanberepresentedasasumoftheintegral
overthediskofradius

√
t−1εandthatovertheannulus

√
t−1ε<|z|<t−1

ε.
Inthesecondintegral,replacelog|z−β|

2
bylog|z−β|

2
−log|z−α|

2
.The

integraloverthediskissmallsinceL1(tz−γ)andalsoitsderivativesare
small;theintegralovertheannulusissmallbecauselog|z−β|

2
−log|z−α|

2
|

anditsderivativesaresmall.¤

Lemma2.3.11Letα,βandγbepointsonanellipticcurve,notallthree

coincident.ThenthelimitofL1,1(tα,tβ,tγ;τ)ast→0equalsD2

(γ−α
β−α

)
.
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ProofWefixsomerathersmallεandrepresenttheintegralasthesum
oftheintegraloverthediskofradiusεaround0andtheintegraloverthe
complementofthisdiskinsidetheellipticcurve.Thesecondintegraltends
tozero,asA3isantisymmetric.Insidethedisk,L1(ξ−tα)equalslog|ξ−
tα|

2
+ϕ(ξ,tα),whereϕ(ξ,tα)isasmoothfunction,andthesameistruefor

L1(ξ−tβ)andforL1(ξ−tγ).Asintheproofoftheprecedinglemma,only
thesummandA3(log|ξ−tα|

2
,log|ξ−tβ|

2
,log|ξ−tγ|

2
)givesanontrivial

contributioninthelimit.Therefore

lim
t→0L1,1(tα,tβ,tγ;τ)

=
1

4π
lim
t→0

∫

|ξ|<ε
A3

(
log|ξ−tα|

2
,log|ξ−tβ|

2
,log|ξ−tγ|

2)

=
1

4π
lim
t→0

∫

|ξ|<t−1ε

A3

(
log|t−1

ξ−α|
2
,log|t−1

ξ−β|
2
,log|t−1

ξ−γ|
2)

=
1

4π

∫

C
A3

(
log|z−α|

2
,log|z−β|

2
,log|z−γ|

2)

=D2

(γ−α

β−α

)
.¤

Remark2.3.12L1,1(α,β,γ;τ)isclearlyinvariantunder“diagonal”trans-
lationoftheargumentsandchangingthesignofthearguments,sothatthe
elliptic(1,1)-logarithmisafunctiononthemodulispaceM1,3ofcurvesof
genus1withthreemarkedpoints.

3FromtheKroneckerseriestotheelliptic

(1,1)-logarithm

ThereductionoftheKroneckerseriesK2totheelliptic(1,1)-logarithmforan
ellipticcurvewithcomplexmultiplicationsplitsupintotwosteps.Wefirst
representK2(ξ;τ)asanintegraloverthesquareoftheellipticcurve.This
representationisvalidforanyellipticcurveandforanypointξonit.Wethen
reducetheintegraloverthesquareoftheellipticcurvetoanintegraloverthe
ellipticcurveitself;thisispossibleforacurvewithcomplexmultiplication,
andusestheexistenceofanextraprojectionofthesquareofthecurveonto
itself.

3.1AnintegralrepresentationoftheKroneckerseries

Westartfromthesimplestexamplewhichillustratesthemainideaofthis
representation.
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Proposition3.1.1

K2(α;τ)=

τ−τ

2πi

∫

Eτ×Eτ

L1(α−η1−η2)
∂L1(η1)

∂η1

∂L1(η2)

∂η2

dη1∧dη1

τ−τ∧
dη2∧dη2

τ−τ
.(9)

ProofWeusetheFourierexpansionsofL1anditsderivatives

τ−τ

2πi

∫(
−

τ−τ

2πi

∑′

e
w1∈L

χα−η1−η2(w1)

|w1|2
)
×

(∑′

e
w2∈L

χη1(w2)

w2

)(
−
∑′

e
w3∈L

χη2(w3)

w3

)
×

dη1∧dη1

τ−τ∧
dη2∧dη2

τ−τ
.

Theintegralofthetermwithw16=w2,w16=w3vanishes,asanintegralofa
nontrivialharmonicoveratorus,sowegettheintegral

τ−τ

2πi

∫(
−

τ−τ

2πi

∑′

e
w1∈L

χα(w1)

|w1|2
)(1

−w1

)(
−

1

−w1

)dη1∧dη1

τ−τ∧
dη2∧dη2

τ−τ

=
(τ−τ

2πi

)2∑

w1∈L

χα(w1)

|w1|4(−1)
2

=K2(ξ;τ).¤

Attheendofthissectionwediscussamoresymmetricrepresentationof
K2foranyτandξ;thisresultwillnotbeusedfurther.Wenowstatethe
mainresultofthissection.

Lemma3.1.2LetτbeafixedpointofM=(ab
cd)6=0,1;wesetm=detM

andn=det(M−1).Writeη3fortheexpressionη1+Mτ(η2)−αandη4for
η1+η2−β.Then
∫

E2
τ

A3

(
L1(η1),L1(η2),L1(η3)

)(dη4∧dη4

τ−τ

)
=

πic(τ−τ)

mK2(−α;τ);

∫

E2
τ

A3

(
L1(η1),L1(η2),L1(η4)

)(dη3∧dη3

τ−τ

)
=−πic(τ−τ)K2(−β;τ);

∫

E2
τ

A3

(
L1(η1),L1(η3),L1(η4)

)(dη2∧dη2

τ−τ

)
=

πic(τ−τ)

mnK2(Mτ(β)−α;τ);

∫

E2
τ

A3

(
L1(η2),L1(η3),L1(η4)

)(dη1∧dη1

τ−τ

)
=−

πic(τ−τ)

nK2(β−α;τ).

(10)
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ProofWeonlyprovethethirdequation;theotherscanbeprovedby
thesameconsiderations.Thelastfactoroftheintegrandhastype(1,1)
andisclosed,sowecanreplacetheexpressionA3

(
L1(η1),L1(η3),L1(η4)

)
by

1
2L1(η3)dL1(η1)∧dL1(η4).Thuswecancalculatetheintegral

1

2

∫(
−

τ−τ

2πi

∑′

e
w3∈L

χη1+Mτ(η2)−α(w3)

|w3|2
)
×

((∑
′

e
w1∈L

χη1(w1)dη1

w1

)
∧
(
−
∑′

e
w4∈L

χη1+η2−β(w4)(dη1+dη2)

w4

)

+
(∑′

e
w1∈L

χη1(w1)dη1

w1

)
∧
(
−
∑′

e
w4∈L

χη1+η2−β(w4)(dη1+dη2)

w4

))
∧

dη2∧dη2

τ−τ
.

SinceχMτ(η2)(w)=χη2(M(w)),onlythetermswithw3+w1+w4=0and
M(w3)+w4=0givenontrivialcontributionsintheintegral.Soweget

1

2

(τ−τ)
2

2πi

∑′

w3∈L

χ−α(w3)

|w3|2×
(

1

(M−1)(w3)×
χ−β(−M(w3))

−M(w3)

−
1

(M−1)(w3)
×

χ−β(−M(w3))

−M(w3)

)
×
∫dη1∧dη1

τ−τ∧
dη2∧dη2

τ−τ

=−
1

2

(τ−τ)
2

2πi

∑′

w3∈L

χM(β)−α(w3)

|w3|4×
(1

(cτ+d−1)(cτ+d)−
1

(cτ+d−1)(cτ+d)

)

=
1

2

(τ−τ)
2

2πi

c(τ−τ)

nm

∑′

w3∈L

χM(β)−α(w3)

|w3|4

=
πic(τ−τ)

mnK2(Mτ(β)−α;τ).

Weusedabovethefollowingsimpleformula:foranyisogenyofEτtoitself,
|cτ+d|

2
=ad−bc=detM.¤

Remark3.1.3ForgeneralvaluesofτanyisogenyofEτtoitselfismulti-
plicationbysomeinteger,andther.-h.s.vanishes.Hencetheresultisonly
interestingforanellipticcurvewithcomplexmultiplication.
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3.1.4Thefunction
2πi
τ−τK2canbetreatedasacomponentofthevector

valuedfunction

L3(ξ;τ)=
τ−τ

2πi








∑

w∈L

′χξ(w)

w3w
∑

w∈L

′χξ(w)

w2w2

∑

w∈L

′χξ(w)

ww
3








,

(theelliptictrilogarithm),takingvaluesinthesymmetricsquareS
2
(H)ofthe

homologygroupHoftheellipticcurveEτwithcomplexcoefficients.This
spaceisisomorphictoadirectsummandofthesecondcohomologygroupof
thesquareoftheellipticcurve.A“natural”basisofthisspaceis

f1=
dη1∧dη2

(τ−τ)2,f2=
dη1∧dη2−dη2∧dη1

(τ−τ)2f3=
dη1∧dη2

(τ−τ)2.

Proposition3.1.5

L3(ξ;τ)=

∫

E2
τ

A3(L1(η1),L1(η2),L1(η1+η2−ξ))∧




f1

f2

f3


.(11)

Theproofisastraightforwardcalculation.

3.2Reductiontotheelliptic(1,1)-logarithm

3.2.1ConsiderthecurrentΦ=
1

2π2A4

(
L1(η1),L1(η2),L1(η3),L1(η4)

)
onE

2
τ,

where,asabove,η3=η1+Mτ(η2)−αandη4=η1+η2−βforsomeisogeny
M=(ab

cd)6=0,1.Thewedgeproductofcurrentsisnotdefined,butfor
generalαandβthedivisorsofthesingularitiesofL1’sareingeneralposition,
andthewedgeproductiswelldefined;theformulaforthedifferentialofthe
wedgeproductalsoholds.

3.2.2ThedifferentialdΦofΦequals

1

2π2×
(
−∂∂L1(η1)∧A3

(
L1(η2),L1(η3),L1(η4)

)

+∂∂L1(η2)∧A3

(
L1(η1),L1(η3),L1(η4)

)

−∂∂L1(η3)∧A3

(
L1(η1),L1(η2),L1(η4)

)

+∂∂L1

(
η4)∧A3(L1(η1),L1(η2),L1(η3)

))
,
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becausethe(4,0)-partandthe(0,4)-partvanishonasurface.Wesplitthe
∂∂L1intoaδ-functionpartandasmoothpart.Integralswithδ-functionsare
integralsovertheellipticcurveandareequaltosumsofvaluesoftheelliptic
(1,1)-logarithm.Integralsofsmoothpartsofthe∂∂L1arecalculatedinthe
precedinglemma.

3.2.3WewriteB1,...,B4fortheδ-partsofthefourcomponentsofdΦ
andB′

1,...,B′
4forthesmoothones.Wefirstcalculatetheintegralsusing

δ-functions:

∫
B1=−

2πi

2π2

∫

Eτ

A3

(
L1(η2),L1(η3),L1(η4)

)
|η1=0

=
1

πi

∫

Eτ

A3

(
L1(η2),L1(Mτη2−α),L1(η2−β)

)

=
1

πi

∫

Eτ

∑

α′:Mτ(α′)=α

A3

(
L1(η2),L1(η2−α′),L1(η2−β)

)

=−4i
∑

α′:Mτ(α′)=α

L1,1(0,α′,β).

Thesameconsiderationshowsthat

B2=4iL1,1(0,α,β),

B3=−4i
∑

α′:Mτ(α′)=α
γ′:(Mτ−1)(γ′)=α−β

L1,1(α′,0,γ′),and

B4=4i
∑

γ′:(Mτ−1)(γ′)=α−β
L1,1(0,β,γ′).

3.2.4Sincethesmoothpartof∂∂L1(ξ;τ)equals2πi
dξ∧dξ
τ−τ,theintegralsof

B′
jwerealreadycalculatedin(10).

3.2.5Theintegralofthedifferentialofacurrentoveracompactvarietyis
zero,sothatweget∑Bi=−∑B′

i,andwehaveprovedthefollowingresult:

Proposition3.2.6LetτbeafixedpointofM6=0,1,withm=detMand
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n=det(M−1).Supposethatα6=0andβ6=0,α,Mτ(α).Then

c(τ−τ)

4i

(1

mK2(−α;τ)+K2(−β;τ)+
1

mnK2(Mτ(β)−α;τ)+
1

nK2(β−α;τ)
)

=−
∑

α′∈M−1(α)

L1,1(0,α′,β)+L1,1(0,α,β)

−
∑

α′∈M−1(α)
γ′∈(M−1)−1(α−β)

L1,1(α′,0,γ′)+
∑

γ′∈(M−1)−1(α−β)

L1,1(0,β,γ′).

AsthefunctionK2iscontinuous,wecan“degenerate”thisformula:

3.2.1Theorem.LetτbeafixedpointofM6=0,1andm,nasabove.
Then

c(τ−τ)

4i

(m+n+1

mnK2(−α;τ)+K2(0;τ)

)

=−
∑

α′∈M−1(α)
γ′∈(M−1)−1(α)

L1,1(α′,0,γ′),forα6=0;(12)

c(τ−τ)

4i

(m+1)(n+1)

mnK2(0;τ)

=−D2

(ad−bc

cτ+d

)
−

∑

α′∈Ker(M)\0
γ′∈Ker(M−1)\0

L1,1(α′,0,γ′).(13)

ProofThefirstformulaistheresultofsubstitutingβ=0;andthesecond
oneisthelimitofthefirstasα→0.ThiscompletestheproofofTheo-
remA.¤

4Fromtheelliptic(1,1)-logarithmtothedi-

logarithm

Inthissectionwerelatetheelliptic(1,1)-logarithmtothedilogarithm.Specif-
ically,weexpressthecombinationL1,1(0,α,β;τ)+L1,1(0,α,−β;τ)asasum
ofdilogarithmsforanytorsionpointsαandβonanyellipticcurveEτ.The
proofusestherepresentationofanellipticcurveasacoveringofdegree2of
theprojectiveline.
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4.1Thedilogarithmasacombinationofelliptic(1,1)-
logarithms

Westartbyexpressingthedilogarithmasacombinationofelliptic(1,1)-
logarithms.

4.1.1TheWeierstrass℘-functionmapstheellipticcurveasadoublecover
ofP

1
.Supposethat±αontheellipticcurvearetheinverseimagesofapoint

aonP
1
,thatis,℘(±α)=a;similarly,supposethat℘(±β)=b,℘(±γ)=c.

Thenby2.2.4,

D2

(c−a

b−a

)
=

1

4π

∫

P1

A3(log|z−a|
2
,log|z−b|

2
,log|z−c|

2
)

=
1

2

1

4π

∫

Eτ

A3(log|℘(ξ)−℘(α)|
2
,log|℘(ξ)−℘(β)|

2
,log|℘(ξ)−℘(γ)|

2
).

Theextrafactorof1/2reflectsthenumberofbranches.

4.1.2The“thetadecomposition”of2.3.4impliesthat

log|℘(ξ)−℘(α)|
2

=L1(ξ+α)+L1(ξ−α)−2L1(ξ)−2L1(α).

WesubstitutethisexpressionintoA3andintegrate.Astraightforwardcom-
putationgives

Lemma4.1.3

D2

(℘(γ)−℘(α)

℘(β)−℘(α)

)
=L1,1(α,β,γ)+L1,1(−α,β,γ)+L1,1(α,−β,γ)

+L1,1(α,β,−γ)−2
(
L1,1(0,β,γ)+L1,1(0,−β,γ)+L1,1(α,0,γ)

+L1,1(−α,0,γ)+L1,1(α,β,0)+L1,1(−α,β,0)
)
.(14)

4.2Theelliptic(1,1)-logarithmsasacombinationof
dilogarithms

Nowwecombinetheexpressionsoftheprecedinglemmatocancelalmostall
termsonther.-h.s.

Theorem4.2.1Foranytwonontrivialtorsionpointsα6=±βonanelliptic
curveEτ,saymα=nβ=0forsomem,n∈N.Then

m∑

k=1

n∑

l=1

D2

(℘(kα+lβ)−℘(α)

℘(β)−℘(α)

)

=−2mn(L1,1(α,β,0)+L1,1(−α,β,0)).(15)
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SketchproofWemustcheckthatallexceptthetwolasttermsonthe
r.-h.s.of(14)cancelaftersummation.Weshowthatthefirstonecancels:

L1,1(α,β,kα+lβ)=L1,1(α−(α+β),β−(α+β),kα+lβ−(α+β))

=L1,1(−β,−α,(k−1)α+(l−1)β)

=L1,1(β,α,(1−k)α+(1−k)β)

=−L1,1(α,β,(1−k)α+(1−k)β);

hencethefirstsummandswitharguments(k,l)and(1−k,1−l)onlydiffer
bythesignandthefirstsummandscancelonaveraging.Theargumentsfor
theothertermsaresimilar.

ThiscompletestheproofofTheoremBandhenceoftheformulafor
K2(0,τ)intheMainTheorem.

Remark4.2.2Wehaveprovedthatthecombination

L1,1(α,β,0)+L1,1(−α,β,0)

isequaltoasumofdilogarithmsfortorsionpointsαandβ.Itiseventrue
thatthesingletermL1,1(α,β,0)isequaltoacombinationofdilogarithms;
butwedonotneedthisinthisexpressionfortheMainTheorem,anditis
rathercomplicated.WewillderiveitinSection6.

5Vanishingofthemapδ

InthissectionweprovethattheargumentofthedilogarithmintheMain
Theorembelongstothekernelofthemapδof1.2.3.

5.1Valuesoftheθ-functionattorsionpoints

5.1.1Thethetafunction

θ̃(ξ,τ)=
θ(ξ,τ)

η(τ)
=q

1/12
(z

1
2−z−

1
2)
∞∏

j=1

(1−q
j
z)(1−q

j
z−1

)

isnotelliptic.Itisonlyquasiperiodic”

θ̃(ξ+1,τ)=−θ̃(ξ,τ)andθ̃(ξ+τ,τ)=−z−1
q−1/2

×θ̃(ξ,τ);

butforanytorsionpointξ=rτ+swithr,s∈
1
NZoforderN,wecan

redefinethevalueofthethetafunctionatthispointbytheformula:

θ̃[ξ](τ)=z
1/2+r

q−r2/2−r
θ̃(ξ,τ).

Translatingtheargumentbyapointofthelatticemultipliesthisvalueby
somerootofunity.Wewrite≡forequalitymodulomultiplicationbyaroot
ofunity.
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Remark5.1.2IfτisimaginaryquadraticoverQ,thenumbersθ̃[ξ](τ)are
algebraic.

5.1.3Wehavethethetadecomposition

℘(α;τ)−℘(β;τ)≡
θ̃′(0,τ)

2
×θ̃[α−β](τ)×θ̃[α+β](τ)

θ̃[α](τ)2×θ̃[β](τ)2
.

foranytwotorsionαandβpoints.

5.1.4LetαbeatorsionpointontheellipticcurveEM(τ).Then

∏

β∈M−1α

θ̃[β](τ)≡θ̃[α](M(τ))ifα6=0;and

θ̃′(0,τ)×
∏

β∈KerM\0
θ̃[β](τ)≡

ad−bc

cτ+d×θ̃′(0,M(τ)).

5.2Computations

5.2.1Wefirstcalculatethevalueofthemapδon
℘(γ)−℘(α)
℘(β)−℘(α)

δ

(℘(γ)−℘(α)

℘(β)−℘(α)

)
=

(℘(γ)−℘(α)

℘(β)−℘(α)

)
∧
(℘(γ)−℘(β)

℘(α)−℘(β)

)

≡
(

θ̃[α−γ]×θ̃[α+γ]×θ̃[β]
2

θ̃[α−β]×θ̃[α+β]×θ̃[γ]2

)
∧
(

θ̃[β−γ]×θ̃[β+γ]×θ̃[α]
2

θ̃[α−β]×θ̃[α+β]×θ̃[γ]2

)
.

Thustheansweristhesameastheresultofthefollowingprocedure:

1.Definethemapνbytheformula

{α,β,γ}→−
(
{α−β}∧{β−γ}+{β−γ}∧{γ−α}

+{γ−α}∧{α−β}
)
.

2.ApplyνtotheargumentsofthefunctionL1,1onther.-h.s.of(14).

3.Applythemap∧2
θ̃:ξ1∧ξ2→θ̃[ξ1]∧θ̃[ξ2]∈∧2

C∗totheresultofthe
previousstep.
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5.2.2Themap∧2
θ̃◦νsatisfiesthesamepropertiesasL1,1undertransla-

tionsorpermutationsofarguments.Henceaftersummationoverγ=jα+kβ,
weget

δ

(m∑

k=1

n∑

l=1

{℘(kα+lβ)−℘(α)

℘(β)−℘(α)

})

≡−2mn∧
2
θ̃◦ν({α,β,0}+{−α,β,0})

≡2mn(β)
(
θ̃[α−β]∧θ̃[β]+θ̃[β]∧θ̃[α]+θ̃[α]∧θ̃[α−β]

+θ̃[α+β]∧θ̃[β]+θ̃[β]∧θ̃[α]+θ̃[α]∧θ̃[α+β]
)
.

5.2.3Finally,weperformthelastsummation:

δ

(∑

α∈KerM\0
β∈Ker(M−1)\0

m∑

k=1

n∑

l=1

{℘(kα+lβ)−℘(α)

℘(β)−℘(α)

})

≡4mn
∑

α∈KerM\0
β∈Ker(M−1)\0

(
θ̃[α−β]∧θ̃[β]+(θ̃[β]∧θ̃[α]+θ̃[α]∧θ̃[α−β]

)
.

nowsumthefirsttermsovertheα,thesecondtermsovertheαandβand
thethirdtermsovertheβ.Weget

4mn

(∑

β∈Ker(M−1)\0

(
θ̃[Mβ]∧(θ̃[β]−θ̃[β]∧(θ̃[β]

)

+

((a−1)(d−1)−bc

cτ+d−1

)
∧
(ad−bc

cτ+d

)

+
∑

α∈KerM\0

(
θ̃[α]∧θ̃[(M−1)α]−θ̃[α]∧θ̃[α]

))

=4mn×
((a−1)(d−1)−bc

cτ+d−1

)
∧
(ad−bc

cτ+d

)
.

Thisexpressionisthenegativeofδofthefirstterm4mn
{ad−bc
cτ+d

}
inthe

formula(14).

6ValuesoftheKroneckerdoubleseriesat

torsionpoints

InthissectionweexpressthevalueoftheKroneckerdoubleseriesK2(α;τ)
ataCMpointτandatorsionpointαontheellipticcurveEτasasum
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ofdilogarithms.In(12)weprovedthatthisvalueoftheKroneckerdouble
seriescanbereducedtoacombinationofL1,1(α′,0,γ′)(withα′∈M−1

(α)
andγ′∈(M−1)−1

(α)),andK2(0,τ).SowewillprovethatL1,1(α′,γ′,0)
equalsasumofdilogarithms.

6.1Reductionto“standard”functions

6.1.1LetαbeatorsionpointofexactorderN(α)=2
ρ(α)
×N0(α),with

oddN0(α).DenotebyfαafunctionwithdivisorN(α)×(α−0).Clearly,
log|fα(η)|

2
=const+NL1(η−α)−NL1(η).Thisyieldstheformula

Lemma6.1.2Foranythreedistincttorsionpointsα,βandγ

1

4π

∫

Eτ

A3(fα,fβ,fγ)=N(α)N(β)N(γ)×
(
L1,1(α,β,γ)−L1,1(0,β,γ)−L1,1(α,0,γ)−L1,1(α,β,0)

)
.(16)

Lemma6.1.3Foranydistinctnontrivialtorsionpointsαandβontheel-
lipticcurveEτ

N(α)
∑

k=1

N(β)
∑

l=1

1

N(α)2N(β)2N(kα+lβ)

∫

Eτ

A3(fα,fβ,fkα+lβ)

=−L1,1(α,β,0)(17)

Theproofisparalleltothatof(15).Wenowreducetheintegralson
thel.-h.s.ofthepreviousequationto“dilogarithmic”integrals.First,we
haveadecompositionoffα(η)intoaproductof“standard”functionsgξ=
℘(η−ξ)−℘(ξ).Letλ=λ(α)beanaturalnumbersuchthat2

λ
≡1mod(N0)

andwriteα0forthepoint2
ρ
α.

Lemma6.1.4

fα(η)−
2λ−1
N0=const

ρ−1
∏

i=0

(
℘(η−2

i
α)−℘(2

i
α)
)2ρ−i−1(2λ−1)

×

λ−1 ∏

j=0

(
℘(η−2

j
α0)−℘(2

j
α0)
)2λ−j−1

(18)

ProofComparethedivisorsofbothsides.¤
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Remark6.1.5IfFisafunctiononanellipticcurveandξatorsionpoint,
wecandefinetheoperationofaveragingwithafactor2bytheformula

Av
ξ
2(F)(ξ)=

∞∑

j=0

2−jF(2
j
ξ)

=

ρ(ξ)−1
∑

j=0

2−jF(2
j
ξ)+

ρ(ξ)+λ(ξ)−1
∑

j=ρ(ξ)

2−j

1−2−λ(ξ)F(2
j
ξ).(19)

Thelastequalityisnothingmorethantheformulaforthesumofageometric
progression.Hencewecanrewritethestatementoftheprecedinglemma
formallyas

log(fα(η))=−
N(α)

2
Av

α
2(log(℘(η−α)−℘(α)))

thesuperscriptαdenotesthevariableoverwhichweaverage.

6.2Fromstandardfunctionstodilogarithms

Lemma6.2.1Letk⊂Kbeaquadraticfieldextension,andwriteσforthe
involutionofKoverk.Then

f×
g
σ
−g

fgσ−gfσ+g×
f
σ
−f

gfσ−fgσ=1and
g
σ
−g

fgσ−gfσ∈k.

foranyf,g∈K\k.

Theproofisobvious.

6.2.2WeapplythislemmatotheextensionC(P
1
)⊂C(E)and“standard”

functions.Theinvolutionσisgivenbychangingsignoftheargumentofa
function.

Lemma6.2.3The“standard”functionsgα(η)=℘(η−α)−℘(α)andgβ(η)=
℘(η−β)−℘(β)satisfy

g
σ
β(η)−gβ(η)

gα(η)g
σ
β(η)−gβ(η)gσ

α(η)
=K(α,β)×

(℘(η)−℘(α))
2

℘(η)−C(α,β)
,

where

C(α,β)=
℘(α)℘′(β)(℘(α+β)−℘(α))+℘(β)℘′(α)(℘(α+β)−℘(β))

℘′(β)(℘(α+β)−℘(α))+℘′(α)(℘(α+β)−℘(β))
,

and

K(α,β)=

−℘′(β)

(℘(α)−℘(β))×(℘′(β)(℘(α+β)−℘(α))+℘′(α)(℘(α+β)−℘(β)))
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ProofWeconsiderseparatelythenumeratoranddenominatoronthel.-h.s.
Thenumeratorg

σ
β−gβisodd,soitvanishesathalf-periods.Ontheother

handithasdoublepolesatη=±β.Hence,

g
σ
β−gβ=c×

℘′(η)

(℘(η)−℘(β))2.

Theconstantccanbecalculatedbyconsideringtheleadingtermatη=β,
andisequalto−℘′(β).

Thedenominatorgαg
σ
β−gβg

σ
αisalsoodd.Ithasazerooforder≥2at0,

andhence(byoddness)oforder≥3.Ontheotherhand,ithasdoublepoles
atη=±αand±β.Therefore,

gαg
σ
β−gβg

σ
α=c′×℘′(η)×(℘(η)−C(α,β))

(℘(η)−℘(α))2×(℘(η)−℘(β))2

forsomeconstantsc′andC(α,β).Theseconstantscanbecalculatedby
computingtheleadingtermsatαandβ;

c′=−(
℘(α)−℘(β)

)(
℘′(β)

(
℘(α+β)−℘(α)

)
−℘′(α)

(
℘(α+β)−℘(β))

)
.

¤

6.2.4WewriteFαβforthefunction
gσ
β−gβ

gαgσ
β−gβgσα.Thusthe“non-obvious”zeros

±ξαβofthefunctionFαβaredefinedbythecondition℘(±ξαβ)=C(α,β)

(and℘′(±ξαβ)=±
√

4C(α,β)3−c4(τ)C(α,β)−c6(τ),wherec4andc6are
thecoefficientsoftheWeierstrassequation).

Lemma6.2.5Foranythreepointsα,βandγonanellipticcurve

gα∧gβ∧gγ+g
σ
α∧g

σ
β∧g

σ
γ

=(gαFαβ)∧(gβFβα)∧gγ+(g
σ
αFαβ)∧(g

σ
βFβα)∧g

σ
γ

−
(
(gαFαγ)∧Fβα∧(gγFγα)+(g

σ
αFαγ)∧Fβα∧(g

σ
γFγα)

−Fαβ∧(gβFβγ)∧(gγFγβ)+Fαβ∧(g
σ
βFβγ)∧(g

σ
γFγβ)

)
−Fαβ∧Fβα∧(gγg

σ
γ)

+
(
(gαg

σ
α)∧Fβα∧Fγα+Fαγ∧Fβα∧(gγg

σ
γ)+2×(Fαγ∧Fβα∧Fγα)

+Fαβ∧(gβg
σ
β)∧Fγβ+Fαβ∧Fβγ∧(gγg

σ
γ)+2×(Fαβ∧(Fβγ)∧Fγβ)

)

Theproofisastraightforwardcomputation.
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6.2.6Thefirstsixtermsonther.-h.s.ofthepreviousequationareofthe
formϕ∧(1−ϕ)∧ψ,sothatby(6)theintegralofA3ofanysuchtermequalsa
sumofdilogarithms.Thelastseventermscontainonlyσ-invariantfunctions,
sothecorrespondingintegralscanbereducedtointegralsoverCP

1
andare

alsoequaltocombinationsofdilogarithms.Ontheotherhand,theintegral
ofA3ofthesecondtermonthel.h.sisequaltothecorrespondingintegralof
thefirstoneforobviousgeometricreasons.

6.3Results

Ifwecombineallpreviousresults,wegetthefollowing.

Theorem6.3.1Foranytwodistinctnontrivialtorsionpointsαandβon
anellipticcurve,wehave

L1,1(α,β,0)=D2(Φ(α,β)),(20)

where

Φ(α,β)=
1

ord(α)ord(β)

∑

γ∈〈α,β〉\0
Av

α
2Av

β
2Av

γ
2Φ1(α,β,γ);

here〈α,β〉denotesthesubgroupgeneratedbyαandβ,Av
ξ
2(F)(ξ)isdefined

by(19)foratorsionpointξ,and

Φ1(α,β,γ)={Gαβ(γ)}2+8
{℘(γ)−℘(α)

℘(β)−℘(α)

}
2

+Altα,β

(
2{Gαγ(β)}2+2{Gαγ(−β)}2−{Gαγ(ξβα)}2−{Gαγ(−ξβα)}2

)

+4Cycα,β,γ

({℘(2γ)−℘(α)

℘(β)−℘(α)

}
2

)
−4Cycα,β,γ

({C(α,γ)−℘(α)

℘(β)−℘(α)

}
2

)

−2Altα,β,γ

({℘(2γ)−℘(α)

C(β,γ)−℘(α)

}
2

)
+Altα,β

(
2
{C(α,γ)−℘(α)

C(α,β)−℘(α)

}
2

+2
{℘(γ)−C(α,γ)

C(α,β)−C(α,γ)

}
2
+
{℘(2γ)−C(α,γ)

C(α,β)−C(α,γ)

}
2
+
{C(α,γ)−℘(2α)

C(α,β)−℘(2α)

}
2

)
,

where

Gα,β(η)=
(
℘(η−α)−℘(α)

)
×K(α,β)

(℘(η)−℘(α))
2

℘(η)−C(α,β)
.

HereC(α,β)andK(α,β)areasinLemma6.2.3.,thepoints±ξαβaresolu-
tionsoftheequation℘(±ξαβ)=C(α,β);Altα,β,Altα,β,γ,Cycα,β,γdenotethe
(anti)symmetrizationwithrespecttoS2,S3,A3(withafactor1).
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Theorem6.3.2LetτbeafixedpointofM=

(
ab
cd

)
6=0,1;m=detM,

n=det(M−1).LetαbeatorsionpointonthecurveEτ.Then

c(τ−τ)

i

(m+n+1

mnK2(α;τ)+K2(0;τ)
)

=D2

(∑

α′∈M−1(α)
γ′∈(M−1)−1(α)

Φ(α′,γ′))
,(21)

whereΦisdefinedintheprecedingtheorem.Theargumentofthedilogarithm
belongstothekernelofthemapδ:{x}2→x∧(1−x).

Wehaveprovedallstatementsofthistheoremexceptthelastone.Itcan
beprovedbythesameconsiderationasinSection5.
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