
            

OnShafarevich–Tategroupsandthe
arithmeticofFermatcurves

WilliamG.McCallumPavlosTzermias

ToSirPeterSwinnerton-Dyeronhis75thbirthday.

1Introduction

LetQdenotethefieldofrationalnumbersandQafixedalgebraicclosureof
Q.Forafixedprimepsuchthatp≥5,chooseaprimitivepthrootofunityζ
inQandletK=Q(ζ).Ifa,bandcareintegerssuchthat0<a,b,a+b<p
anda+b+c=0,letFa,b,cdenoteasmoothprojectivemodeloftheaffine
curve

y
p

=x
a
(1−x)

b
(1.1)

andletJa,b,cbetheJacobianofFa,b,c.ThenJa,b,chascomplexmultiplication
inducedbythebirationalautomorphism(x,y)7→(x,ζy)ofFa,b,c.Letλ
denotetheendomorphismζ−1ofJa,b,c.Notethatλ

p−1
is,uptoaunitin

Z[ζ],multiplicationbyponJa,b,c.
WeareinterestedintheShafarevich–TategroupofJa,b,coverK,which

wedenotesimplybyX.In[McC88],thefirstauthorstudiedtherestriction
oftheCassels–Tatepairing

X[λ]×X[λ]−→Q/Z(1.2)

andshowedthatX[λ]isnontrivialincertaincasesdependingonthereduc-
tiontypeoftheminimalregularmodelofFa,b,coverZp[ζ].Thepurposeof
thispaperistoextendthoseresultsbycarryingouthigherdescents,and
toderivesomeconsequencesforthearithmeticofFermatcurvesusingthe
techniquesofthesecondauthor.

Firstwerecallthemainresultof[McC88].Thepossiblereductiontypes
forFa,b,careasshowninFigure1[McC82],withthepropertransformofthe
specialfiberofthemodel(1.1)indicated.Thewildtypeisfurtherdivided
intosplitandnonsplit,accordingtowhetherthetwotangentcomponentsare
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multiplicity2

TameWild

proper
transformqqq

︸︷︷︸
p+1

proper
transform

Figure1:ReductiontypesofFa,b,c

definedoverthefinitefieldFporconjugateoveraquadraticextension.The
reductiontypecanbecomputedasfollows.Forarationalnumberxofp-adic
valuation0,letq(x)=(x

p−1
−1)/p,viewedasanelementofFp.ThenFa,b,c

is



tameif−2abcq(a
a
b
b
c
c
)=0,

wildsplitif−2abcq(a
a
b
b
c
c
)∈F×2

p,

wildnonsplitif−2abcq(a
a
b
b
c
c
)/∈F×2

p.

LetMKbethesetoffiniteplacesofKandletwdenotetheuniqueplaceof
Kabovep.Define

U=
{
x∈K×/K×p:v(x)≡0(modp)forallv∈MK

}
,

V=K×
w/K×p

w.(1.3)

LetπbetheuniformizerofKwdefinedby

π
p−1

=−pand
π

1−ζ≡1(modw).(1.4)

Ifκ:Gal(K/Q)→Z×pistheTeichmüllercharacter,letV(i)denotethe
intersectionoftheκ

i
theigenspaceofVwiththesubgroupofVgeneratedby

unitscongruentto1moduloπ
i
.ThusV(i)isone-dimensionalif2≤i≤p.

Theorem1.1([McC88])SupposethatFa,b,ciswildsplit,p≡1(mod4),
andtheimageofUisnontrivialinbothV((p−1)/2)andV((p+3)/2).Then

X[λ]/λX[λ
2
]'Z/pZ⊕Z/pZ.

TheconditiononUissatisfiedifp-B(p−1)/2B(p+3)/2,whereBkisthe
kthBernoullinumber.Asnotedin[McC88],thetechniqueusedtoprove
Theorem1.1appliestothepairing

X[λ
2
]×X[λ]−→Q/Z(1.5)

andyieldsinformationaboutX[λ
2
].
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Theorem1.2Supposethateitherofthefollowingconditionsissatisfied:

(a)Fa,b,ciswildsplitandp≡3(mod4);

(b)Fa,b,ciswildnonsplitortameandtheimageofUineitherV((p+1)/2)
orV((p+3)/2)istrivial.

Thenthepairing(1.5)istrivial.ThusX[λ
2
]/λX[λ

3
]=0,thatis,X[λ

3
]is

afreemoduleoverZ[ζ]/(λ
3
).

Asdiscussedin[McC88],thehypothesisonUincondition(b)ofthe
theoremisquitemild,sinceforUtobenontrivialinV(k)withk>1and
oddrequiresthatpdividesBp−k.

Corollary1.3Ifoneofconditions(a)or(b)ofTheorem1.2issatisfied,
andif|X[p∞]|<p

3
,thenX[p∞]=0.

UndertheconditionsofTheorem1.2,itisnaturaltoaskwhichoccurs
moreoften:|X[p]|=0or|X[p]|≥p

3
.Toexplorethisquestion,wecompute

X[λ
3
]×X[λ]−→Q/Z.(1.6)

Theorem1.4Supposethatp≥19isregular,p≡3(mod4),Fa,b,cistame
orwildnonsplitand

q(a
a
b
b
c
c
)
3
+abcBp−36≡0(modp).(1.7)

Thenthepairing(1.6)isnontrivial.ThusX[λ
3
]6=0(andhence,byCorol-

lary1.3,|X[p∞]|≥p
3
).

Forexample,thecurvey
19

=x
2
(1−x)satisfiestheconditionsofthetheo-

rem.Modestnumericalexperimentssuggestthatabouthalfthecurvessatisfy
theconditions.Moreprecisely,thereareaboutp/6isomorphismclassesof
curvesFa,b,cforagivenprimep,andheuristicallyabouthalfofthemaretame
orwildnonsplit.Theincongruence(1.7)isusuallysatisfiedforthesecurves;
forexample,itissatisfiedforallsuchcurvesifp<100(andp≡3(mod4)).

Thenextresultshowsthat,incertaincases,onecancombineTheorems1.2
and1.4todescribetheexactstructureofX[p∞]:

Theorem1.5Supposethatp,a,bandcarechosentosatisfythehypotheses
ofbothTheorems1.2and1.4.If,inaddition,thefreeZ[ζ]/(λ

3
)-moduleX[λ

3
]

hasrank2,then
X[p∞]=X[λ

3
]'(Z[ζ]/(λ

3
))

2
.

InSection6weestablishthefollowingapplicationoftheaboveresults:
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Theorem1.6Letp=19,a=7,b=1.Then

1.X[p∞]'(Z[ζ]/(λ
3
))

2
.

2.TheMordell–WeilrankofJ7,1,−8overQequals1.

3.Theonlyquadraticpoints(i.e.algebraicpointswhosefieldofdefinition
isaquadraticextensionofQ)ontheHurwitz–KleincurveF7,1,−8and
alsoontheFermatcurveX

19
+Y

19
+Z

19
=0arethosedescribedby

GrossandRohrlichin[GR78].

Wealsonotethat,bycombiningTheorem1.4withFaddeev’sboundsin
[Fad61],onegetsthattheMordell–Weilrank(overQ)ofanytameorwild
nonsplitquotientoftheFermatcurveF19orF23isatmost2.

Lim[Lim95]hasalsostatedaresultattemptingtoimproveon[McC88]
incertaincases.However,inSection6,weshowthatthehypothesesof
PropositionsAandBof[Lim95]areneversimultaneouslysatisfied.

2Formulasforthepairings

Werecallthesituationandnotationof[McC88].Forφ∈OKandFafield
containingK,wewriteδ=δφ,FforthecoboundarymapJ(F)→H

1
(F,J[φ]).

Theφ-SelmergroupSφ⊂H
1
(K,J[φ])isdefinedtobethesubgroupwhose

specializationtoeachcompletionKvofKliesintheimageofδφ,Kv.Itsits
inanexactsequence

0→J(K)/φJ(K)→Sφ→X[φ]→0.

Forφ,ψ∈End(J),wehaveapairing

Sφ×Sψ̂→Q/Z,(2.1)

describedin[McC88],whichisaliftoftherestrictionoftheCasselspairing
toX[φ]×X[ψ̂].Anexpressionforthepairing(2.1)isgivenin[McC88],
underacertainsplittinghypothesis.

Weuse[McC88]toderiveformulasforthepairings(1.5)and(1.6).The
formulafor(1.5)isastraightforwardconsequenceofTheorem2.6in[McC88];
theformulafor(1.6)takesmorework.ThepointisthatJ[λ

3
]⊂J(K)

(Greenberg[Gre81]),sothatitispossibletoexpressthepairings(1.2)and
(1.5)aspurelylocalpairingsatw,asexplainedin[McC88].However,by
[Gre81]andKurihara[Kur92],theλ

4
-torsiononJa,b,cisnotingeneraldefined

overK,introducinganessentiallyglobalaspecttothecalculationof(1.6).



           

WilliamG.McCallumandPavlosTzermias207

Fortechnicalreasons,itisconvenienttoreplaceλwithanendomorphism
(whichwealsodenotebyλ)thatiscongruentmoduloλ

5
totheuniformizer

πdefinedby(1.4),sincethen

λ
δ
≡κ(δ)λ(modλ

5
),δ∈Gal(K/Q).

Inparticular,wehaveλ̂≡−λmoduloλ
5
,andwewilloftenreplaceλ̂with

−λwithoutmentioninwhatfollows,incaseswherewearedealingwitha
modulekilledbyλ

5
.Furthermore,itsufficestoproveTheorems1.2and1.4

withthisnewchoiceofλ.Sinceλ/λ̂isaunit,X[λ]=X[λ̂],andwecan
proceedbycomputingthepairing〈,〉kmentionedin(2.1)withφ=λ

k
and

ψ=λ̂.
ThelocalformulafortheCassels–Tatepairingisexpressedintermsof

certainlocaldescentmapsasfollows.Givenap-torsionpointQinJ(K)
wedenotebyDQadivisordefinedoverK(Q)representingQandbyfQa
functiononFa,b,cwhosedivisorispDQ.EvaluatingfQondivisorsinducesa
mapιQ:J(F)→F×/F×pforanyfieldFcontainingK(Q).

By[Gre81],

K(J[λ
3
])=KandK(J[λ

4
])=L=K(η

1/p
p−3),(2.2)

whereηp−3isageneratorfortheκ
p−3

-eigenspaceofthecyclotomicunitsinK.
Let∆̃⊂Gal(L/Q)beasubgroupprojectingisomorphicallytoGal(K/Q).
Fori=1,2,3,4,wechoosepointsPioforderλ

i
onJandageneratorσfor

G=Gal(L/K)suchthat

1.P1isthepointrepresentedbythedivisor(0,0)−∞;

2.λPi=Pi−1fori=2,3,4;

3.Piisaneigenvectorfortheactionof∆̃withcharacterκ
1−i;

4.σP4=P4+P1.

Fori≤4,leteλi(P,Q)betheλ
i

WeilpairingonJ[λ
i
].Wehaveaniso-

morphismJ[λ
i
]'µ

i
pdefinedoverK(Pi)(andthusoverKfori≤3),given

by

Q7→(eλi(Q,P1),...,eλi(Q,Pi)).(2.3)

Withthisidentification,by[McC88,Lemma2.2],wehave

δi=δλi,K(Pi)=ιP1×···×ιPi.

SinceJhasgoodreductionoutsidepandλhasdegreep,wecanregardSλias
asubgroupofH

1
(K(p)/K,J[λ

i
]),whereK(p)/Kisthemaximalextension

ofKunramifiedoutsidep.AsexplainedinSection7of[McC88],wecanalso
regardSλiasasubgroupofU

i
fori≤3,whereUisasdefinedin(1.3).For

a,b∈K×
w,denoteby(a,b)theHilbertsymbol.
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Proposition2.1Leta∈Sλ2,b∈Sλ̂,aw=δ(xw),xw∈J(Kw).Then

ζ
p〈a,b〉2=(ιP3(xw),bw).

ProofThisfollowsfrom[McC88,Theorem2.6],withφ=λ
2
andψ=λ.¤

ForanumberfieldFwedenotebyO′Ftheringofp-integersinF.Suppose
F⊂K(p)andletCbetheidealclassgroupofO′F.SincethegroupO′×K(p)is
p-divisible,wehaveanexactsequence

0→µp→O′×K(p)

p
−→O′×K(p)→0,

whichinducesalongexactsequenceofGaloiscohomology

···→H
i−1

(K(p)/F,O′×K(p))
p
−→H

i−1
(K(p)/F,O′×K(p))→

H
i
(K(p)/F,µp)→H

i
(K(p)/F,O′×K(p))

p
−→H

i
(K(p)/F,O′×K(p))→···

Ifi=1then,sinceH
1
(K(p)/F,O′×K(p))isisomorphictoC,weobtainthe

exactsequence

0→O′×F/O′×p F→H
1
(K(p)/F,µp)→C[p]→0.(2.4)

Also,by[NSW00,VIII.3],itfollowsthatH
2
(K(p)/F,O′×K(p))[p∞]canbeiden-

tifiedwiththesubgroupBr(K(p)|F)[p∞]ofBr(F)[p∞].Settingi=2inthe
abovelongexactcohomologysequencegivesanotherexactsequence

0→C/pC→H
2
(K(p)/F,µp)→Br(K(p)/F)[p]→0.(2.5)

Lemma2.2EveryelementofH
1
(K(p)/K,J[λ

k
])liftstoH

1
(K,J[λ

k+1
]).

Moreover,ifpisregular,itliftstoH
1
(K(p)/K,J[λ

k+1
]).

ProofLeta∈H
1
(K(p)/K,J[λ

k
]),andletδa∈H

2
(K(p)/K,J[λ])bethe

coboundaryofaforthesequence

0→J[λ]→J[λ
k+1

]→J[λ
k
]→0.(2.6)

ThentheinflationofδainH
2
(K,J[λ])'H

2
(K,µp)=Br(K)[p]haszero

invariantateveryplacenotdividingp.ThusitiszerobytheBrauer–Hasse–
Noethertheorem(sincethereisonlyoneplaceofKdividingp).Forthe
secondstatement,weargueinthesameway,using(2.5).¤

Werecallthedefinitionof〈,〉3.Leta∈Sλ3andb∈Sλ̂.Liftatoan
elementa1ofH

1
(K,J[λ

4
])(whichispossiblebyLemma2.2).Foreachplace
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vofK,liftavtoanelementav,1thatisintheimageofδ.Thena1,v−av,1is
theimageofanelementcv∈H

1
(Kv,J[λ]),and

〈a,b〉=
∑

v

cv∪bv

wherethecupproductiswithrespecttothelocalpairing

H
1
(Kv,J[λ])×H

1
(Kv,J[λ̂])→Q/Z.

Ifpisregular,L/Kistotallyramifiedatw,andthereisauniqueextension
ofwtoL,thatwealsodenotebyw.LetN′=∑p−1

i=1iσ
i
.

Proposition2.3Leta∈Sλ3,b∈Sλ,aw=δ(xw),xw∈J(Kw).Suppose
thatλ

2
∗a,regardedasanelementofO×K/O×p K,canbewrittenasNL/Kεfor

someε∈O×L.Thenthereexistsaλ
4
-torsionpointP4,andanelement

cw∈K×
wsuchthat

ζ
p〈a,b〉3=(cw,bw),

andtheimageofcwinL×
w/L×p

wsatisfies

cw=ιP4(xw)−1
ηN′ε,

whereη∈H
1
(K(p)/L,µp)

G
.Inaddition,ifaandbareeigenvectorsforthe

actionof∆,wemayassumethatcwisalso.

ProofConsiderthesequence

0→J[λ]→J[λ
4
]→J[λ

3
]→0(2.7)

andthecommutativediagramwithexactrows

0→H
1
(K(p)/L,J[λ])

G
−→H

1
(K(p)/L,J[λ

4
])
Gλ∗
−→H

1
(K(p)/L,J[λ

3
])
G

resL/K

x
resL/K

x
resL/K

x


H
1
(K(p)/K,J[λ])−→H

1
(K(p)/K,J[λ

4
])

λ∗
−→H

1
(K(p)/K,J[λ

3
]).

Thetoprowisexactbecause(2.7)splitsoverL,andhencethesequence

0→H
1
(K(p)/L,J[λ])→H

1
(K(p)/L,J[λ

4
])→H

1
(K(p)/L,J[λ

3
])

isexact.ByLemma2.2,aliftstoanelementa1∈H
1
(K(p)/K,J[λ

4
]).Let

a′
1∈H

1
(K(p)/L,J[λ

4
])
G

beanyliftofresL/Ka(resL/Ka1itselfisonesuch).
Then

resL/Ka1=a′
1ηandη∈H

1
(K(p)/L,µp)

G
.(2.8)
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Wenowconstructacandidatefora′
1.Undertheidentification(2.3)between

J[λ
i
]andµ

i
p,themapλ

i−1
:J[λ

i
]→J[λ]correspondstoprojectiononthe

firstcomponent.HenceundertheidentificationH
1
(K,J[λ

3
])=(K×/K×p)3

,
acorrespondstoanelement(x1,x2,x3)∈(K×/K×p)3

,andλ
2
∗a=x1.More-

over,intheidentification

H
1
(L,J[λ

4
])'(L×/L×p)4

,

theactionofσonH
1
(L,J[λ

4
])isintertwinedwith

(t1,t2,t3,t4)7→(t
σ
1,t

σ
2,t

σ
3,t

σ
4t
σ
1),ti∈L×/L×p.

Thus(ti)isfixedbyGif

t
σ
i=ti,i=1,2,3,andt

σ−1
4=t−1

1.

Byhypothesis,x1=NL/Kε,ε∈O×L.Then

a′
1=(x1,x2,x3,N′ε)(2.9)

isanequivariantliftof(x1,x2,x3).
Nowletaw,1bethelocalliftofagivenbyaw,1=δ4(xw).Then

resLw/Kwaw,1=(x1,x2,x3,ιP4(xw)).(2.10)

Thus,fromequations(2.8),(2.9),and(2.10),weget

resLw/Kw(cw)=resLw/Kw(a1,w−aw,1)=ιP4(xw)−1
ηN′ε.

Thelaststatementofthepropositionisclear,sinceateachstageinthe
calculationwecanchooseeigenvectors,andthemapsλandιPkarealso
eigenvectorsfortheactionof∆,bythechoiceswehavemadeofλandPk.¤

3Thelocalapproximation

LetPibeasintheprevioussection,i=1,2,3,4,letDibeadivisoronFa,b,c
representingPi,andletfibeafunctionwhosedivisorispDi.TakeDiandfi
tobedefinedoverK=Q(ζ)ifi=1,2,3andoverL=K(η

1/p
p−3)ifi=4.The

mapsιPiinPropositions2.1and2.3arecomputedbyevaluatingfioncertain
divisors.Weusetheapproximationtechniquein[McC88]tofindexpansions
forfionp-adicdiscsinFa,b,c.Givenafunctionfwhosedivisorisdivisible
bypweapproximatefonanaffinoidYinFa,b,cusingthefactthat

df

f≡ω(modYp).(3.1)
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forsomeholomorphicdifferentialωonFa,b,c([McC88],Theorem5.2).For
generalfactsaboutrigidanalysis,wereferthereaderto[BGR84].

Werecallthenotionofcongruenceusedin(3.1).IfYisaone-dimensional
affinoiddefinedoveranextensionFofQpwithuniformizerπF,weletA(Y)
betheringofrigidanalyticfunctionsonY,M(Y)thequotientfieldofA(Y),
andD(Y)themoduleofKählerdifferentialsofM(Y).Wedefinesub-OF-
modules

A
0
(Y)={f∈A(Y):|f(x)|≤1forallx∈Y(Cp)}

M
0
(Y)={f/g:f∈A

0
(Y),g∈A

0
(Y)\πFA

0
(Y)}

D
0
(Y)={

∑

i

fidgi:fi,gi∈M
0
(Y)}.

Iff,g∈A(Y),c∈F,wesaythatf≡g(modYc)if(f−g)∈cA
0
(Y),and

similarlywedefinethenotionofcongruenceonYinM(Y)andD(Y).In
ordertodeducefrom(3.1)informationaboutpowerseriesexpansionsoffon
closeddiscsinY,weneedthefollowinglemmas.

Lemma3.1SupposethatYisaone-dimensionalaffinoidoverafiniteex-
tensionFofQp,Yhasgoodreduction,andZisanaffinoidcontainedin
Y,isomorphictoacloseddisc.Ifω∈D

0
(Y)isadifferentialwithatworst

simplepolesonYthatisregularonZ,thenω∈D
0
(Z).

ProofSinceZisisomorphictoacloseddisc,itiscontainedinaresidue
classUofY(orisequaltoY,inwhichcasethereisnothingtoprove).
ItisclearfromthedefinitionsthatD

0
(Y)|U=D

0
(U),henceω∈D

0
(U).

Furthermore,sinceYhasgoodreduction,Uisisomorphictoanopendisc.
ChooseaparametertforUsuchthatZisthedisc|t|≤|c|<1forsome
c∈F,andwrite

ω=gdt+
n∑

i=1

ai
t−bi

dt,g∈OF[[t]],ai,bi∈OF,|c|<|bi|<1.

Expandingthepolartermsinpowersoft/biandsettingt=cs,weget
ω=fdsforsomef∈OF[[s]].SincesisaparameteronZ,thisprovesthe
lemma.¤

Lemma3.2Supposethatfisafunctionwhosedivisorisdivisiblebyp.Let
YbeanaffinoidwithgoodreductioncontainedinFa,b,candletZbeap-
adicdisccontainedinYsuchthatthereisafunctiononFa,b,crestricting
toaparameteronZ.Ifωsatisfiesthecongruence(3.1)(modYp),thenit
satisfiesthesamecongruence(modZp).
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ProofWithnotationasin[McC88],wehave

df

f
=ω+pη,η∈D

0
(Y).

LetgbeafunctiononFa,b,csuchthatf/g
p

isregularonZ(wecanconstruct
gusingaparameteronZasinthehypotheses).Sinceasuitablescalar
multipleofgisinM

0
(Y),dlogg∈D

0
(Y).Thusη−dlogg∈D

0
(Y)andis

alsoregularonZ,andhenceisinD
0
(Z)byLemma3.1.Thus

df

f≡
df

f−p
dg

g
=ω+p

(
η−

dg

g

)
≡ω(modZp).¤

WeapplytheseconsiderationstotheaffinoidYintroducedin[McC88]
anddefinedasfollows.ChooseπK=πastheuniformizerforKw.Letsand
tbethefunctionsonFa,b,cdefinedby

x=−
a

c
(1+π

(p−1)/2
s)(3.2)

y=(−1)
c
a
a
b
b
c
c
(1+πt).(3.3)

LetYbetheaffinoiddefinedoverLwbytheinequalities

|t|≤|π−1
L|,|s|≤1.

AbasisofholomorphicdifferentialsonFa,b,cis

ωk=Ek
x[

ka
p](1−x)[

kb
p]

ykdx,k∈Ha,b,c,

forsomeconstantsEkandwhereHa,b,cisacertainsubsetof{1,2,...,p−1}
ofcardinality(p−1)/2(wecanidentifyHa,b,cwiththeCM-typeofFa,b,c).
WecananddochoosetheconstantsEksothatωkhasexpansion

ωk≡ds(modYπL),(3.4)

(notethatthisnormalizationisdifferentfromthatof[McC88]).NowP1isthe
λ-torsionpointrepresentedbythedivisor(0,0)−∞,andwechoosef1=x.
In[McC88]itwasshownthat

df1

f1

≡π
(p−1)/2∑

k∈Ha,b,c
bkωk(modYp)(3.5)

forsomep-adicintegersbksatisfying

∑

k∈Ha,b,c
bkk

i
≡
{

Fi=0

01≤i≤(p−3)/2
(modπK),F∈Z/pZ×.(3.6)
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NotethatalthoughitwasassumedthatFa,b,ciswildsplitinSection5of
[McC88],thereisnothinginthedefinitionofYorthecalculationshow-
ing(3.5)and(3.6)thatusesthisassumption.Itisonlyattheendofthat
sectionthattheassumptioncomesin.

Lemma3.3If
∑

k∈Ha,b,c
ukωk≡

∑

k∈Ha,b,c
vkωk(modYπ

n+(p−3)/2
)

then
uk≡vk(modπ

n
),k∈Ha,b,c.

ProofSeepages658–659of[McC88].¤

Proposition3.4Wehave

df3

f3

≡
∑

k∈Ha,b,c
ckωk(modYp),ck≡0(modπ

(p−5)/2
)

and

df4

f4

≡
∑

k∈Ha,b,c
dkωk(modYp),dk≡−π

(p−7)/2bk
k3(modπ

(p−5)/2
),(3.7)

wherethebkareasinequation(3.5).

ProofWehave

λ
2
∗
df3

f3

≡
df1

f1

(modYp).

Sinceζ∗ωk=ζ−kωk,wehaveλ∗ωk=λ
σ
ωk,forsomeσ∈Gal(Kw/Qp).Hence

itfollowsfromLemma3.3and(3.5)that

λ
2σ

ck≡π
(p−1)/2

bk(modπ
(p+1)/2

).

Thusck≡0(modπ
(p−5)/2

),asclaimed.Similarly,wehaveλ
3
∗(df4/f4)≡

(df1/f1),soλ
3σ

dk≡π
(p−1)/2

bk(modπ
(p+1)/2

).Furthermore,sinceζ
σ

=ζ−k,
itfollowsfromourchoiceofλthatλ

σ
/π≡−k(modπ)for1≤k≤p−1,

sowegetequation(3.7).¤

Lemma3.5

−
∑

k∈Ha,b,c

bk
k3≡F(q(a

a
b
b
c
c
)
3
+abcBp−3)(modπ),

whereFisasin(3.6).
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ProofLetn=(p−1)/2.Define

Γk(x1,...,xn)=det







11...1
x1x2...xn
x

2
1x

2
2...x

2
n

..

.
..
.

.....
.

x
n−2
1x

n−2
2...x

n−2
n

x
n−1+k
1x

n−1+k
2...x

n−1+k
n







.

Thenanelementarylinearalgebracalculationusing(3.6)gives

∑

k∈Ha,b,c

bk
k3≡FΓ3(H−1

a,b,c)/Γ0(H−1
a,b,c)(modπ).

LetSi(x1,...,xn)betheithsymmetricfunction.Then

Γ3=Γ0(S
3
1−2S1S2+S3).

Thiscanbeprovedbytheusualmethod:thedeterminantvanishesifxi=xj
fori6=j,orifthereisapolynomialofdegreen+2vanishingonthexi,and
withnotermofdegreen−1,n,orn+1.Thus,iftherootsofthepolynomial
arex1,...,xn,α,β,then

α+β+S1=0,

S2+(α+β)S1+αβ=0,

αβS1+αS2+βS2+S3=0.

EliminatingαandβgivestheconditionS
3
1−2S1S2+S3=0.Now,wehave

S1(H−1
a,b,c)≡−q(a

a
b
b
c
c
),(3.8)

S2(H−1
a,b,c)≡0,(3.9)

S3(H−1
a,b,c)≡−

Bp−3

3
(a

3
+b

3
+c

3
)≡−abcBp−3.(3.10)

Itisexplainedin[McC88],Lemma5.24,howequation(3.8)followsfrom
[Van20,17];equation(3.9)followsfromparityconsiderations;andequa-
tion(3.10)followsfrom[Van20,16],inexactlythesamewayas(3.8)follows
from[Van20,17].¤

Wenowdefinep-adicdiscsinY,towhichweapplyLemma3.2.LetXbe
thesub-affinoidofYdefinedby|t|≤1inthewildcaseandby|s|≤|πK|in
thetamecase.LetEwbethequadraticunramifiedextensionofKw.IfFa,b,c
iswild,Xisisomorphictoaunionoftwocloseddiscs,whicharedefinedover
KwinthesplitcaseandoverEwinthenonsplitcase.Furthermore,T=tis
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aparameteroneachdisc.IfFa,b,cistame,thenXisisomorphictoaunion
ofpcloseddiscsdefinedoverKw,andT=s/πKisaparameteroneachdisk.
Forproofsofthesefactswereferthereaderto[McC88](whereT=s′inthe
tamecase).WedenotebyZanyofthediscsthatarecomponentsofX,with
parameterT.Wecanwrite

fi|X=Ciui(T)vi(T
p
)gi(T)

p
,i=1,2,3,4,

whereuiandviareunitpowerserieswithconstantterm1andintegerco-
efficients,uihasnotermsinT

p
,andgiisamonicpolynomialwithinteger

coefficients.Furthermore,theseconditionsuniquelydeterminetheui,viand
gi.Then

dfi
fi≡

dui
ui

(modZp).(3.11)

Forap-adicfieldHwedenotebyUH[[T]]thepowerseriesinOH[[T]]which
arecongruentto1modulothemaximalidealinOH[[T]].

Theorem3.6LetZbeanyofthediscsthatarecomponentsofXandletT
beaparameteronZ.Then

ui=1+π
(p+3)/2−iD

iT+O(π
(p+5)/2−iT),(3.12)

where|Di|≤1,i=1,2,3,4.Moreover,|D1|=1,andunderthehypotheses
ofTheorem1.4,|D4|=1and

D4

D1

≡q(a
a
b
b
c
c
)
3
+abcBp−3.

Finally,uifori=1,2,3aredefinedoverEw,and

u4∈1+π
(p−5)/2
KD4TUEw[[T]]+π

(p+1)/2
Kπ−3

LED1TUFw[[T]],

whereE∈Z/pZ×isindependentofthetriple(a,b,c)andFwisthequadratic
unramifiedextensionofLw.

ProofInbothwildandtamecaseswehaveωk≡πDdT(modZπ
2
)for

allk∈Ha,b,c,withD∈Z/pZ×independentofk.Thisfollowsfromour
normalization(3.4),sinceinthetamecasewehave

s=πT,(3.13)

andinthewildcaseitfollowsfrom[McC88,(5.6)],whereitisshownthat
theexpansionofsintermsoftoneitherofthediscsinXis

s
2

=−q(a
a
b
b
c
c
)2b

ac
+π

2b

ac
(t
p
−t)+O(π

2
).(3.14)
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ThestatementsaboutD1followfrom(3.2),(3.13)(inthetamecase)and
(3.14)(inthewildcase),sincef1=x.ThestatementaboutD2wasproved
in[McC88,Theorem5.13].Althoughthistheoremisstatedonlyforthewild
splitcase,theconsequence(3.12)iseasilyseentoholdalsointheothercases
(thepartofTheorem5.13specifictothewildsplitcasetranslatesintothe
statement|D2|=1inthecurrentnotation,andwedonotneedithere).
ThestatementsaboutD3andD4followfromProposition3.4,Lemma3.5,
and(3.11).ThestatementabouttheratioD4/D1followsfrom(3.5),thecase
i=0of(3.6),(3.7),andLemma3.5,takingnoteofthenormalization(3.4)
andthefactthatds≡unit×πdT(modYπ

2
).Thestatementsaboutthe

fieldsofdefinitionfollowfromthefactthatfiisdefinedoverKfori=1,2,3
andf4isdefinedoverL,andthatthediscsZarealwaysdefinedoverEw.The
finalstatementfollowsfromconsiderationsoframificationtheory.Locally,we
haveηp−3=1+aπ

p−3
modulopthpowers,sothe(upper)conductorofLw/Kw

is3.Now,itfollowsfromthepropertiesofthePithatu
σ−1
4≡u1modulo

OFw[[T]]×pUFw[[T
p
]],and,sinceu1∈1+π

(p+1)/2
TD1UFw[[T]],thisimpliesthe

finalstatementwithEsuchthat(σ−1)π−3
L≡E−1

(modπL).¤

4ComputationoftheCasselspairing

Recallthelocaldescentmaps

δi=ιP1×···×ιPi:J(Kw)→(K×
w/K×p

w)
i

describedinSection2.Westartbynotingacoupleofpropertiesthatfollow
fromthechoiceofPimadeinSection2.First,wehave

ιPi◦λ=ιPi−1,i=2,3,4.(4.1)

Second,fori=1,2,3wehave,fromeigenspaceconsiderations,

ιPi(J(Kw)(k))⊂V(k−i+1).(4.2)

LetA⊂J(Kw)bethesubgroupgeneratedbydivisorssupportedonthediscs
|T|≤|πK|inX.Let

V[i,j]=
⊕

i≤k≤j
V(k).

NotethatV(i)=0fori>p.

Proposition4.1Wehave

ιPi(A)⊂V
[
(p+5)/2−i,p

]
,i=1,2,3.(4.3)
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IfFa,b,ciswildsplit,wehave

ιPi(J(Kw))⊂V
[
(p+1)/2−i,p

]
,i=1,2,3.(4.4)

IfFa,b,ciswildnonsplitortame,wehave

ιPi(J(Kw))⊂V
[
(p+3)/2−i,p

]
,i=1,2,3.(4.5)

Furthermore,inthecasei=1,theinclusionsin(4.3)and(4.5)areequalities.

ProofTheinclusionsin(4.3)followimmediatelyfromTheorem3.6,asdoes
theclaimthattheinclusionisequalityinthecasei=1.NowFaddeev[Fad61]
provedthat

imιP1=

{
V((p−1)/2)⊕V[(p+3)/2,p]ifFa,b,ciswildsplit,

V[(p+1)/2,p]otherwise.

Thisimpliesthestatements(4.4)and(4.5)inthecasei=1,andalsothat
theimageofAinJ(Kw)/λJ(Kw)hascodimension1,andtheeigenvalueof
thequotientisκ

(p−1)/2
inthewildsplitcaseandκ

(p+1)/2
intheothercases.

Theremainingstatementsnowfollowfrom(4.1),(4.2),and(4.3).¤

Proposition4.2IfFa,b,ciswildnonsplitortame,then

δ2(J(Kw))=V
[
(p+1)/2,p

]2
.

ProofFrom(4.1)withi=2wehave

imδ2∩(K×/K×p)×1=imδ1×1=V
[
(p+1)/2,p

]
×1(4.6)

Furthermore,givenu∈V[(p+3)/2,p],wecanfinda∈AsuchthatιP1(a)=u,
andιP2(a)∈V[(p+1)/2,p]⊂imιP1.Thus,modifyingabyλJ(Kw),wecan
chooseitsothatιP2(a)=1.Hence

imδ2⊃1×V
[
(p+3)/2,p

]
.(4.7)

Nowitfollowsfromlocaldualitythatimδ2mustbemaximalisotropicwith
respecttothecupproductpairingon(K×/K×p)2

=H
1
(K,J[λ

2
])inducedby

theWeilpairingonJ[λ
2
].Sinceλ

2
=λ̂

2
,theWeilpairingisskewsymmetric.

Thusthepairingon(K×/K×p)2
isanonzeromultipleof((a1,b1),(a2,b2))7→

(a1,b2)w(b1,a2)−1
w,where(,)wdenotestheHilbertsymbolatw.Theonly

maximalisotropicsubgroupsatisfying(4.6)and(4.7)istheonegiveninthe
statementoftheproposition.¤

DefineasubspaceVglobal⊂Vby

Vglobal=
⊕

2≤i≤p−3
ieven

V(i).
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Proposition4.3Assumep≥11andFa,b,ciswildnonsplitortame.There
existsapointx∈AsuchthatιP1(x)generatesV((p+5)/2)andιPi(x)∈Vglobal

fori=2,3.

ProofItfollowsfromProposition4.1thatA,regardedasaZp[ζ]-submodule
ofJ(Kw),hascodimensionatmost1.Henceδ3(A)hascodimension≤3asa
Fp-vectorspaceinδ3(J(Kw)).ByProposition4.1wecanchoosex∈Asuch
thatιP1(x)generatesV((p+5)/2).Thisconditionleavesfreedomtomodify
xbyanythinginλJ(Kw),whichwouldchangeδ3(x)byanythinginimδ2.
Thus,modifyingxasneeded,wecanensurethatιPi(x)∈Vglobal,i=2,3.The
numberofdegreesoffreedominperformingthismodificationisequaltothe
dimensionofimδ2∩Vglobal,whichisatleast4ifp≥11,byProposition4.2.
ThuswecanensurethatxremainsinAwhenmakingthemodification.¤

ComputationoftheCasselspairingforTheorem1.2Wenowuse
Proposition2.1toshowthatthepairing〈,〉2istrivialunderthehypotheses
ofTheorem1.2.Inthenextsectionweexplainhowthisimpliesthetheorem.

Denoteby`i:Sλi→J(Kw)/λ
i
J(Kw)thelocalizationmap.Weclaim

that,underthehypothesesofTheorem1.2,ιP1(`1(Sλ))⊂V[(p+3)/2,p]or
ιP1(`1(Sλ))⊂V((p+1)/2)⊕V[(p+5)/2,p].Now,V(i)pairsnontriviallywith
V(j)undertheHilbertpairingifandonlyifi+j≡p(modp−1).Thus,it
followsfromourclaimandfrom(4.2)thatιP3(`3(J(Kw))pairstriviallywith
ιP1(`1(J(Kw)).

Toseetheclaim,notethatifhypothesis(a)ofTheorem1.2issatis-
fied,namelythatFa,b,ciswildsplitandp≡3(mod4),then,by[Fad61],
ιP1(`1(Sλ))⊂V((p−1)/2)⊕V[(p+3)/2,p].Furthermore,wecaneliminate
V((p−1)/2)asapossibility,because`1factorsthroughH

1
(K(p)/K,µp)→

H
1
(Kw,µp).Since(p−1)/2isodd,itfollowsfrom(2.4)that`1canhave

nontrivialimageinV((p−1)/2)onlyifC((p−1)/2)isnontrivial,which
wouldimplyp|B(p+1)/2.Thisneverhappensifp≡3(mod4).

Ifhypothesis(b)ofTheorem1.2issatisfied,namelythatFa,b,ciswild
nonsplitortameandtheimageofUineitherV((p+1)/2)orV((p+3)/2)
istrivial,thentheclaimfollowsimmediatelyfrom(4.5).

TheproofofTheorem1.4usesthefollowinglemma.

Lemma4.4Supposep≥5isregular,andletLbeasin(2.2).Then

1.themapH
1
(K(p)/L,µp)→H

1
(Lw,µp)isinjective

2.thenormmapNL/K:O×L→O×Kissurjective

3.H
1
(K(p)/L,µp)

G
(i)=0ifiisoddandi6=1,orifi=p−1.
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ProofLetHK(resp.HL)betheHilbertclassfieldofK(resp.L).Since
L/Kisunramifiedoutsidep,andthereisonlyprimeofLabovep,itfollows
thatGal(HL/L)/(σ−1)'Gal(HK/K).Thereforepdoesnotdividethe
orderoftheclassgroupCL'Gal(HL/L).Theinjectivitystatementfollows,
sinceanythinginthekernelwouldgenerateanunramifiedKummerextension
ofLofdegreep.Furthermore,everyunitofKisalocalnormeverywhere
exceptpossiblyattheprimeabovep,andthereforeisalocalnormtherealso
bytheproductformula.Thusitisaglobalnorm.Thesurjectivityofthe
normmapfollowsbyastandardargumentusingGal(L/K)cohomologyof
thesequences

1→O×L→L×→PL→1and1→PL→IL→CL→1,

whereILandPLarethegroupsofidealsandprincipalidealsrespectively.
Finally,by(2.4),

H
1
(K(p)/K,µp)=O′×K/O′×p KandH

1
(K(p)/L,µp)=O′×L/O′×p L.

Moreover,thecokernelofO×K/O×p Kin(O×L/O×p L)
G

isH
2
(L/K,µp)'Z/pZ,

withGal(K/Q)actingviaκ
p−3

,sinceitactsonGviaκ
3
.Sincep−3iseven

and(O×K/O×p K)(i)=0ifiisoddandi6=1,orifi=p−1,thethirdstatement
ofthelemmafollows.¤

ProofofTheorem1.4Weexhibita∈Sλ3andb∈Sλwhichpairnon-
triviallyundertheCasselspairing.

Sincepisregular,theexactsequence[McC88,7.3]identifiesUwith
O×K/O×p K.ThusSλi⊂(O×K/O×p K)

i
fori≤3.TheSelmergroupisthesub-

groupobtainedbyimposingthelocalconditionsatw.Since(p+1)/2iseven,
wecanchooseanelementb∈O×K/O×p KwhichgeneratesV((p+1)/2),andb
satisfiesthelocalconditionbyProposition4.1,sob∈Sλ.

Asfora,byProposition4.3thereexistsaw=(aw,1,aw,2,aw,3)=δ3(x),
x∈A,suchthataw,1generatesV((p+5)/2)andaw,2,aw,3∈Vglobal.Using
asuitableprojector,wemayfurtherassumethatxisaneigenvectorfor
theactionof∆.Chooseeigenvectorsai∈O×K/O×p Kspecializingtoaw,ifor
i=1,2,3anddefinea∈Sλ3bya=(a1,a2,a3).

Now,byLemma4.4,λ
2
∗a=a1∈V((p+5)/2)isthenormofaglobalunit

εinO×L,andbyProposition2.3,theCasselspairingofaandbistheHilbert
pairing(cw,bw),wherecw∈K×/K×pisaneigenvectorand

cw=ιP4(x)−1
ηN′εinL×

w/L×p
w,(4.8)

whereη∈H
1
(K(p)/L,µp)

G
.Wecanidentifythepreciseeigenspaceinwhich

cwliesasfollows.Sinceaw,1=ιP1(x),andsinceP1isfixedby∆,xhas
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eigenvalueκ
(p+5)/2

.Then,sinceλhaseigenvalueκ(moduloλ
5
),itfollows

thatδ3(x),andhencecw,haveeigenvalueκ
(p+5)/2−3

=κ
(p−1)/2

.Thuswemay
assumewithoutlossofgeneralitythatcw,η,N′ε,andιP4(x)areeigenvectors
foralift∆̃of∆=Gal(Kw/Qp)toGal(Lw/Qp),witheigenvalueκ

(p−1)/2
.

Sinceη∈H
1
(K(p)/L,µp)

G
,itsprojectionontoaneigenspace(L×

w/L×p
w)(i)

withi>1oddistrivial,byLemma4.4.Thisappliesinparticulartoi=
(p−1)/2,sothattheimageofηinL×

w/L×p
wistrivial.

UndertheHilbertpairingtheκ
(p−1)/2

andκ
(p+1)/2

eigenspacesofK×
w/K×p

w

pairnontrivially.Thus,toprovethatthepairing(cw,bw)isnontrivial,it
sufficestoshowthatcwisnotapthpower,andforthatitsufficestoshow
thatitsimageinL×

w/L×p
wisnontrivial.

Sincex∈A,wemaychooseadivisorDsupportedon|T|≤|π|suchthat
aw,i=fi(D),1≤i≤3.SinceDissupportedon|T|≤|π|,wehave

u=f4(D)≡u4(D)(modL×p
w(1+π

p
OLw)).

FromtheGaloispropertiesofthePi,wehave

u∈(L×
w/L×p

w)((p−1)/2)),(σ−1)u=v,(4.9)

wherevistheimageinL×
w/L×p

wofageneratorofV((p+5)/2).Sincep≥19,
(p+5)/2islessthanp−3,andthusv6=0.ThusthesubspaceofL×

w/L×p
w

satisfyingtheconditions(4.9)istwo-dimensional,withgeneratorsu1and
u2,whereu1istheimageofageneratorofV((p−1)/2)withexpansion

u1=1+π
(p−1)/2
K+O(π

(p+1)/2
K),andu2∈(L×

w/L×p
w)((p−1)/2)hasexpansion

u2=1+π
(p+5)/2
Kπ−3

L+O(π
(p+5)/2
K).Thusu=u

α
1u

β
2forsomeα,β∈Z/pZ.

Expandingthebinomialseries,weget

u=1+απ
(p−1)/2
K+βπ

(p+5)/2
Kπ−3

L+O(π
p−1
K).(4.10)

WecannowuseTheorem3.6toevaluateu4atD.Comparingappropriate
coefficients(notethatDissupportedon|T|≤|π|),weseethat

α

β
=

D4

ED1

=
1

E
γ(a,b,c)=

1

E
(q(a

a
b
b
c
c
)
3
+abcBp−3).(4.11)

Now,wemayreplace(a,b,c)byany(a′,b′,c′)≡(ta,tb,tc)(modp),fort∈
F×p.Itiseasilyseen,usingthepropertyq(xy)≡q(x)+q(y),thatγ(ta,tb,tc)≡
t
3
γ(a,b,c).Thus,from(4.11),weseethatbyvaryingtappropriatelywemay

ensurethatu,andhencecw,variesinL×
w/L×p

w,and,inparticular,takeson
nonzerovalues.Hencethereexistsachoiceoftsuchthatthepairingis
nontrivialforthecurveFa′,b′,c′.However,thiscurveisisomorphictoFa,b,c,
andhencethepairingmustbenontrivialinthatcaseaswell.¤
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5Shafarevich–Tategroups

TheproofsofTheorem1.2andTheorem1.5followfromthecomputationsof
theCassels–Tatepairingbymeansofthefollowingproposition.

Proposition5.1Forallpositiveintegersmandn,therestrictionofthe
Cassels–Tatepairinginducesaperfectpairing

(
X[λ

m
]/(λ

n
X[λ

n+m
])
)
×
(
X[λ

n
]/(λ

m
X[λ

n+m
])
)
−→Q/Z.

LetXdivdenotethemaximaldivisiblesubgroupofX,i.e.x∈Xdivif
andonlyifforeverynonzerointegernthereexistsy∈Xsuchthatx=ny.
LetXreddenotethequotientgroupX/Xdiv.Notethat:

Lemma5.2Xdivisadivisiblegroupintheusualsensethatmultiplication
byanynonzeron∈Zissurjectiveonit.

ProofTheargumentisstandard:sinceX[m]isfiniteforallnonzerom∈Z,
thegroupsNX[Nm],N>0,stabilizeforsufficientlylargeN.Thusfor
everymthereisanintegerN(m)suchthatifanelementofX[m]isdivisible
byN(m)itisinfinitelydivisible.Nowifx∈Xdiv[m]andn>0,choose
y∈X[N(nm)nm]suchthatN(nm)ny=x.Theny′=N(nm)yisin
Xdiv[nm]andny′=x.¤

NotethatsinceζisanautomorphismofXitpreservesXdiv,andhenceso
doesZ[ζ].Furthermore,sinceλ

p−1
isaunittimespinZ[ζ],Xdivisdivisible

byλ
n

foranypositiven.

Lemma5.3Theexactsequence

0−→Xdiv−→X−→Xred−→0

inducesbyrestrictionanexactsequence

0−→Xdiv[λ
n
]−→X[λ

n
]−→Xred[λ

n
]−→0

foranypositiveintegern.

ProofOnlythesurjectivityisinquestion.Letx∈Xred[λ
n
].Liftxto

y∈X.Thenλ
n
y=z∈Xdiv.ByLemma5.2,wecanfindw∈Xdivsuch

thatλ
n
w=z=λ

n
y.Buttheny−w∈X[λ

n
]andy−wreducestoxin

Xred.¤
ItiswellknownthatXred[p∞]isafinitegroupandthattheCassels–Tate

pairinginducesaperfectpairing

[··]:Xred[p∞]×Xred[p∞]−→Q/Z.

Wenowhavethefollowinglemma:
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Lemma5.4TheannihilatorofXred[λ
m

]withrespecttothelatterpairing
equalsλ

m
Xred[p∞],forallpositiveintegersm.

ProofItisclearfromthedefinitionofthepairinggivenin[McC88],for
example,andfromthefunctorialitypropertiesoftheWeilpairing,that
[ζa,a′]=[a,ζ−1

a′].Hence,ifλ̂=ζ−1
−1,thenλ̂

m
Xred[p∞]annihilates

Xred[λ
m

].Sinceλ̂/λisaunitinZ[ζ],wehaveλ̂
m
Xred[p∞]=λ

m
Xred[p∞].

SothekernelHontherightfactoroftherestrictedpairing

Xred[λ
m

]×Xred[p∞]−→Q/Z

containsλ
m
Xred[p∞].Notethatthekernelontheleftfactorofthelatter

pairingistrivial.Therefore,thecardinalitiesofXred[λ
m

]andXred[p∞]/H
areequal.But

|Xred[p∞]|=|Xred[λ
m

]||λ
m
Xred[p∞]|,

henceH=λ
m
Xred[p∞].¤

Lemma5.5Forallpositiveintegersmandn,therestrictionoftheCassels–
Tatepairinginducesaperfectpairing
(
Xred[λ

m
]/(λ

n
Xred[λ

n+m
])
)
×
(
Xred[λ

n
]/(λ

m
Xred[λ

n+m
])
)
−→Q/Z.

ProofByLemma5.4,theannihilatorofXred[λ
m

]inXred[λ
n
]equals

λ
m
Xred[p∞]∩Xred[λ

n
]=λ

m
Xred[λ

n+m
],

andtheassertionfollows.¤

ProofofProposition5.1ByLemma5.5,itsufficestoshowthatforall
mandnthegroupsX[λ

m
]/(λ

n
X[λ

n+m
])andXred[λ

m
]/(λ

n
Xred[λ

n+m
])are

isomorphic.ByLemma5.3,wehaveacommutativediagram

0→Xdiv[λ
n+m

]−→X[λ
n+m

]−→Xred[λ
n+m

]→0

yα=λ

n

yβ=λ

n

yγ=λ

n

0→Xdiv[λ
m

]−→X[λ
m

]−→Xred[λ
m

]→0

wherethehorizontalsequencesareexact.BytheSnakeLemma,wegetan
exactsequence

0→Ker(α)→Ker(β)→Ker(γ)→
→Coker(α)→Coker(β)→Coker(γ)→0.

ByLemma5.2,wehaveCoker(α)=0,henceCoker(γ)isisomorphicto
Coker(β),andthiscompletestheproof.¤
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ProofofTheorem1.2Bythestructuretheoremfortorsionmodulesover
DedekinddomainswehaveaZ[ζ]-moduledecomposition

X[λ
3
]'(Z[ζ]/(λ))

t1
⊕(Z[ζ]/(λ

2
))
t2
⊕(Z[ζ]/(λ

3
))
t3
,

wheret1,t2andt3arenonnegativeintegers.Thecomputationsintheprevi-
oussectionshowthatthepairing(obtainedbyrestrictingtheCassels–Tate
pairing)

X[λ
2
]×X[λ]→Q/Z

istrivial.ByProposition5.1(form=2andn=1),wegetthatthegroups
X[λ

2
]/(λX[λ

3
])andX[λ]/(λ

2
X[λ

3
])arebothtrivial.Butthen

(Z[ζ]/(λ))
t1
⊕(Z[ζ]/(λ))

t2
⊕(Z[ζ]/(λ))

t3
'X[λ]=λ

2
X[λ

3
]'(Z[ζ]/λ)

t3

sot1=t2=0,whichprovestheclaim.¤

ProofofTheorem1.5Let

X[λ
4
]'(Z[ζ]/(λ))

a
⊕(Z[ζ]/(λ

2
))
b
⊕(Z[ζ]/(λ

3
))
c
⊕(Z[ζ]/(λ

4
))
d
.

Ifweshowthatd=0,thenλ
3

annihilatesX[λ
4
],thereforeX[λ

4
]=X[λ

3
].

Byinduction,thisimpliesX[p∞]=X[λ∞]=X[λ
3
].Soassumed≥1.

SincetheCassels–TatepairingonX[λ
3
]×X[λ]isnontrivial,Proposition5.1

impliesthatX[λ
3
]/(λX[λ

4
])hasdimension≥2overFp.Now

λX[λ
4
]'(Z[ζ]/(λ))

b
⊕(Z[ζ]/(λ

2
))
c
⊕(Z[ζ]/(λ

3
))
d
.

CountingFp-dimensions,weget6−(b+2c+3d)≥2,thereforeb+2c+3d≤4.
Thisimpliesd=1andc=0.Therefore,

X[λ
4
]'(Z[ζ]/(λ))

a
⊕(Z[ζ]/(λ

2
))
b
⊕(Z[ζ]/(λ

4
)).

Thisimpliesthat

(Z[ζ]/(λ))
2

=λ
2
(Z[ζ]/(λ

3
))

2
'λ

2
X[λ

3
]⊆λ

2
X[λ

4
]'Z[ζ]/(λ

2
),

acontradiction.¤

6Tamereduction

AlthoughitisnotstrictlynecessaryforTheorem1.6,wetaketheopportunity
toproveagenerallemmaontamereduction,sinceitclearsupsomeconfusion
intheliterature.In[Lim95],anattemptwasmadetoimprovetheresultof
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[McC88]ontheexistenceofnontrivialelementsinX[λ]inthewildsplitcase,
undertheadditionalhypothesisthattheJacobianoftheFermatcurveinques-
tionisnonsimple.However,asLemma6.1shows,nonsimpleJacobianand
wildsplitreductionoverZp[ζ]areincompatibleproperties,sotheMordell–
Weilrankestimatesgiveninthelastsectionof[Lim95]areincorrect.Asfar
aswecantell,theproblemliesintheuseofthefunctionq(x)whichcom-
putesthereductiontype(seetheintroduction).Hereaswellasin[McC88],
qisevaluatedontriples(a,b,c)ofintegerssuchthat0<a,b,a+b<pand
a+b+c=0.In[Lim95]however,qisevaluatedontriples(a,b,c)suchthat
0<a,b,a+b<panda+b+c=p.Whileitdoesnotmakeanydifference
whichofthetwotypesoftriplesonechoosestodefinethecurveFa,b,c,itdoes
makeadifferencewhichtypeoftripleoneusestoevaluateqandhencethe
reductiontype.Wehavethefollowinglemma:

Lemma6.1Let(a,b,c)besuchthatJa,b,cisnonsimple.ThenFa,b,chastame
reductionoverZp[ζ].

ProofBy[KR78],Ja,b,cisnonsimpleifandonlyifp≡1(mod3)andFa,b,c
isisomorphictoF1,r,−(r+1),wherer

2
+r+1=0inFp.Bydefinitionofq(x),it

thereforesufficestoshowthat(r+1)
(r+1)(p−1)

−r
r(p−1)

≡0(modp
2
).Since

6dividesp−1,itsufficestoshowthat

(r+1)
6(r+1)

−r
6r
≡0(modp

2
).

Letkbeanintegersuchthatr
2

+r+1=pk.Then(r+1)
2

=pk+r.
Therefore,

(r+1)
6

=(pk+r)
3
≡r

3
+3r

2
pk(modp

2
).

Hence(r+1)
6(r+1)

≡(r
3
+3r

2
pk)

r+1
≡(r

3(r+1)
+3r

2
pk(r+1)r

3r
)(modp

2
).

Nownotethatr
3r

r
2
(r+1)≡−r(modp)sincerisacuberootofunity

modulop,sothat3r
2
pk(r+1)r

3r
≡−3rpk(modp

2
).Hence,(r+1)

6(r+1)
≡

(r
3r+3
−3rpk)(modp

2
).Therefore,

(r+1)
6(r+1)

−r
6r
≡(r

3r
(r

3
−r

3r
)−3rpk)(modp

2
).

Sincer
3

=pk(r−1)+1,wegetr
3r
≡(rpk(r−1)+1)(modp

2
),sor

3
−r

3r
≡

−pk(r−1)
2

(modp
2
).Hence,

(r+1)
6(r+1)

−r
6r
≡−pk(r

3r
(r−1)

2
+3r)(modp

2
).

Sincer
3r

(r−1)
2
+3r≡0(modp),thisprovestheproposition.¤

RemarkAlesscomputationalproofofLemma6.1wassuggestedtousby
DinoLorenzini.Theargumentgoesasfollows:Toshowthatthereductionis
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tame,itsuffices,byworkofMcCallum,toshowthatthedegreeofthemini-
mumextensionM/K

unr
wsuchthatJa,b,chasgoodreductionoverMisprime

top.Itisknownthatthisminimumdegreeisatmost2g+1.Nowsuppose
Ja,b,cisisogenoustotheproductoftwoabelianvarietiesofsmallerdimension.
ThenMisthecompositumofthecorrespondingminimumextensionsforthe
factors.Eachofthelatterextensionshasdegreestrictlylessthanp,sothe
degreeoftheircompositumisprimetop.

ProofofTheorem1.6ByLemma6.1,thereductionistameinthiscase.
ByTheorem1.4andProposition5.1,theFp-dimensionofX[λ]/(λ

3
X[λ

4
])

is≥2.Inparticular,theFp-dimensionofX[λ]is≥2.Sincepisregular,the
resultsofFaddeev([Fad61])showthattheSelmergroupSλis3-dimensional
overFp.Ontheotherhand,GrossandRohrlich([GR78])haveshownthatthe
Mordell–WeilrankofJ7,1,−8overQisnonzero.Therefore,therankequals1
andX[λ]is2-dimensionaloverFp.ByTheorem1.2itfollowsthatX[λ

3
]has

rank2overZ[ζ]/(λ
3
).Theorem1.5thenimpliesthatX[p∞]'(Z[ζ]/(λ

3
))

2
.

ThestatementaboutquadraticpointsonF7,1,−8andontheFermatcurve
X

19
+Y

19
+Z

19
=0followsimmediatelyfromCorollary2.2andTheorem1.3

of[Tze02].¤
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