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Abstract

Lecture notes for third year maths students at Warwick University, on finite
groups, mostly their complex representations. I have shamelessly stolen from
Yuri Bazlov’s excellent Warwick lecture notes and Martin Isaacs’ excellent book
Character theory of finite groups.
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1 Groups
1.1 Groups

Definition 1. A group consists of a set G and a binary operation G x G — G :
(x,y) — xy such that:

o Associativity: We have x(yz) = (xy)z forall x,y,z € G.

o Identity: There exists an element 1 € G such that 1x = x = x1 for all x € G.
We call 1 the identity element or neutral element of G.

o Inverses: For all x € G there exists y (usually written y = x~1) such that
xy =1 = yx. We call x~! the inverse of x.

Example 2. (a). Let G = {1} and necessarily 11 = 1. This is a group called the
trivial group and we simply write G = 1.

(b). Each of Z, Q, R, C forms a group with addition for group operation.

(c). The set Q* := Q ~ {0} is a group with multiplication for group operation
but Z ~ {0} is not. In general, if R is a ring then R* denotes the set of invertible
elements in R and is a group.

Exercise (1.1) The product of n elements of a group is independent of the brack-
eting; for example (ab)(cd) = (a(bc))d. State more precisely what this means and
prove it.

Let G be a group. For x € G and n > 0 we write x" instead of xx - - - x (n factors)
and x7" := (x")~L.

The number of elements of a set A is written #A or |A|. It is a nonnegative
integer or infinite. It is also known as the cardinality of A. The number of elements
of a group is traditionally called its order.

Definition 3. Let x be an element of a group G. The order of x is the least positive
integer n such that x" = 1, or oo if such n doesn’t exist.

Definition 4. Two elements x, y of a group are said to commute if xy = yx. A
group in which every pair of elements commute is called commutative or abelian.

Definition 5. A subgroup of a group G is a nonempty subset H C G such that:
o Closed under multiplication: For all x, y € H we have xy € H.

o Closed under inverses: For all x € H we have x~! € H.

Every subgroup of a group is a group in its own right. We write H < G if H is a
subgroup of a group G.

1.2 Groups of matrices

The set of n x n matrices with entries in C is written M(n, C). Two such matrices
can be multiplied, for example

a b\ (p q\ (ap+br aq+bs

c d)\r z) \ep+dr cq+ds)’
We say that A,B € M(n,C) are inverses of each other if AB = 1, = BA where
1, is the n x n identity matrix. If A has an inverse then A is called invertible or
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regular. Now M(n, C) is not a group under multiplication because inverses don’t
always exist. The set of invertible elements of M(n, C) is written GL(n, C) and is a

group.

Fact 6. A matrix A in M(n,C) is invertible if and only if det(A) # 0. That is,
GL(n,C) = {A € M(n,C) | det(A) # 0}.

If n > 2 then GL(n,C) is not abelian. However GL(1,C) is abelian; it is “the
same” as C*.

1.3 Cyclic groups

Definition 7. A group G is cyclic if there exists ¢ € G such that G = {¢" | n € Z}.
We say that g is a generator of the cyclic group.

Much more on generators of groups will follow later. A generator of a cyclic
group may not be unique. For example, 1 is a generator of the cyclic group (Z, +)
but so is —1.

Proposition 8: Classification of cyclic groups. Let G be a cyclic group with gen-
erator g.

(a) Suppose #G = oco. Then g¢ # ¢' whenever k # ¢ and k,{ € Z. Moreover
¢ ¢t =g forallk,l € Z.

(b) Suppose #G = n < oo. Then go, e, g”‘l are distinct and therefore are all
elements of G. Moreover ifk,{ € {0,...,n — 1} then ¢*¢' = ¢" where m =
(k4 ¢) mod n, that is, m is the unique element of {0,...,n — 1} such that
nl|k+£0—m.

Proof. Proof of (a). Suppose ¢g¢ = ¢’ for some distinct k, ¢ € Z, say k > (. Write
m = k — ¢. Multiplying both sides with ¢~‘ we find g" = 1.

We claim G = {¢" | 0 < r < m}. Choose any element of G, say, ¢°. Then there
exist g,r € Z such that s = gm +r and 0 < r < m. It follows that

g =8""=(g")1g =1"¢ =g

which proves our claim that G = {g" | 0 <r < m}.

The remaining statement in (a) is obvious.

Proof of (b). Suppose ¢°, ¢, ...,¢" ! are not distinct, say, ¢F = ¢/ with 0 < ¢ <
k<n-—1. Putm = k—/{. Asin (a) it follows that G = {g" | 0 < r < m}. In
particular #G < m < n, a contradiction. Therefore ¢°, ¢!,...,¢" ! are distinct. The
remaining statement in (b) is obvious. O

In particular, any two cyclic groups of the same order are isomorphic (isomorphic
will soon be defined). It also follows that if G is a cyclic group with generator g then

the order of g equals the order of G.

Definition 9. Let C,, denote a cyclic group of order oo and C, a cyclic group of
order n.

Notice that cyclic groups are abelian.
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1.4 Symmetric groups and alternating groups

Definition 10. A permutation of a set A is just a bijective map from A to itself. The
symmetric group S, is the set of permutations of {1,...,n}, with composition for
multiplication.

If ay,...,a, € {1,...,n} are distinct then (ay,...,a;) or simply (ay ---ay) is
defined to be the element ¢ € S, known as a k-cycle such that g(a;) = a4, for all i
(indices modulo k) and g(x) = x whenever x € {1,...,n} ~{a1,...,a¢}.

The above choice of {1,...,n} is standard but any other set of n elements is also
good. The group of permutations of a set A is called the symmetric group on A.

For n > 2 there is a unique subgroup of S, containing all 3-cycles and different
from S,. It is known as the alternating group and written A,,.

1.5 Dihedral groups

The set of integers modulo # is denoted Z/n. It is a commutative ring.

Lemma/Definition 11. We define D, to be the set of mappings from Z./n to itself
of the form x — ax +b wherea € {—1,1} C Z/n and b € Z/n. Then Dy, is a
subgroup of the symmetric group on Z/n. It is called the dihedral group.

Proof. It is clear that D,, is nonempty. Prove yourself that every element of D,,, is a
permutation of Z /n and that its inverse is also in D,,. It remains to prove that D,,
is closed under multiplication. Let p, g € Day, say, p(x) = ax +b and q(x) = cx +d
for all x. Then for all x

pq(x) =p(cx+d) =a(cx+d) +b = (ac)x + (ad + b)
which is again of the required form so pg € Dj,,. O
Definition 12. We define r,s € D5, by r(x) = x+ 1 and s(x) = —x.
Lemma 13. We have D, = {rX,s7* | 0 <k < n}.

Note that D,, has 2n elements. Therefore the above lemma lists the elements of
the dihedral group without repeats.

Proof. Since #D,, = 2n it is enough to prove C in the statement. Well, 1’ (x) = x + b
andsr~?(x) = —x +b. O

We call ¥ a rotation and s ¥ a reflection. Therefore every element of the dihe-
dral group is a rotation or a reflection but not both.

These names come from the following geometric definition of the dihedral group
which we mention as an aside. The standard regular n-gon is the convex hull of
{z € C | z" = 1}. Then D,, can be regarded as the group of bijective R-linear maps
C — C preserving the standard regular n-gon.

1.6 Homomorphisms and isomorphisms

Definition 14. Let G, H be groups. A homomorphism is a map f: G — H such
that f(xy) = f(x) f(y) forall x,y € G.

Exercise (1.2) Let f: G — H be a group homomorphism. Prove:
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@ f(1)=1.
() f(x7 1) = f(x) ! forallx € G.
© f(x")=f(x)"forallx € G, n € Z.
Definition/Exercise 15. The direct product of two groups G, H is G x H on which

multiplication is defined to be entry-wise: (a,b)(c,d) = (ac,bd). Prove that this
makes G x H into a group.

Definition 16. Let G, H be groups. An isomorphism G — H is a bijective homo-
morphism. If there exists at least one isomorphism G — H then we write G = H
and we say that G, H are isomorphic.

The idea is that isomorphic groups are the same for most purposes. Note that
G = H implies H 2 G. Also, G 2 H and H = K imply G = K.

Example 17.
(a) Any two cyclic groups (b) C* =GL(1,C). (d) Ce=CyxCs.
of the same order are (©) C¢ % De. (e) Sz 2= D.
isomorphic.

Here is the classification of groups of small order. For example, the classification
of the groups of order 4 means finding a list of groups of order 4, such that every
group of order 4 is isomorphic to just one group on the list.

[ #c 1] 2 ] 3 | 4 | 51 6 | 7|
‘GH1‘Cz‘C3‘C4,C2XC2‘C5‘C6,D6‘C7‘

1.7 Exercises

(1.3) True or false? Prove or disprove each statement.
(a) Leta be an element of a group G and m, n integers. Then (a™)" = a™".

(b) Let G, H be nontrivial cyclic groups (nontrivial means having more than one
element). Then G x H is not cyclic.

(1.4) Consider the group GL(2,7/27), the group of invertible 2 x 2 matrices over
Z,/27.. How many elements does it have? Is it isomorphic to a group you have seen
before?

(1.5) Let G be a set. Let G x G — G: (x,y) — xy be an associative binary opera-
tion. Let 1 € G be such that 1x = x1 = x for all x € G. (These define precisely what
is known as a monoid). Prove or disprove each of the following.
(a) Lete € G be such thatex = xe = xforall x € G. Then1 =e.
(b) Suppose that for all x € G there exists y € G such that xy = 1. Then for all
x € G there exists z € G such that zx = 1.

(c) Suppose that for all x € G there exist y,z € G such that zx = 1 = xy. Then G
is a group.

(1.6) Let G, H be groups. An anti-homomorphism f: G — H is a map satisfying
f(xy) = f(y) f(x) forall x,y € G.

(a) Give an example of an anti-homomorphism that is not a homomorphism and
vice versa.



MA3E1 Groups and Representations 7

(b) Let f: G — H be a group homomorphism. Prove that f is also an anti-
homomorphism if and only if f(G) is abelian.

(c) Let G be a group. Prove that there exists a bijective anti-homomorphism
f: G — G (a so-called anti-automorphism).

(1.7) Show that every group of even order contains an element of order 2.

(1.8) Show that the set of non-zero complex numbers under the usual multiplica-
tion is a group. Prove that every finite subgroup of this group is cyclic.

(1.9) Prove that s and rs are conjugate elements of D,,, (that is, gsg‘1 = rs for
some g € Dy,,) if and only if m is odd.

(1.10) Prove that Dy, = Dy, x Cy if m is odd.

(1.11) We say that a square matrix X is upper triangular, if all entries below the
main diagonal in X are zero. For example (% 1,) is upper triangular. Let B, be the

set of upper triangular matrices in GL(n, C). Prove that B, is a subgroup of GL(n, C).

2 Representations
2.1 Representations

Definition 18. A representation of a group G is a homomorphism p: G — GL(n, C)
with n > 0 (by definition, GL(0, C) is a trivial group). We call n the dimension or
degree of the representation.

Example 19. (a). For a group G and n > 0 there is the trivial n-dimensional rep-
resentation p: G — GL(n, C) defined by p(g) = 1forall ¢ € G.

(b). There is a representation p: C; = {1,¢} — GL(2,C) defined by p(g) =
(10)-
Lemma 20. Let p: G — GL(n, C) be a representation. Let T € GL(n, C) and define

0: G — GL(n,C) by o(x) = Tp(x) T~! for all x € G. Then o is also a representa-
tion.

Proof. Forallx,y € G

o(x)a(y) = (Tp(x) T ) (Tp(y) T)
=Tp(x)p(y) T =Tp(xy) T ! = o(xy). O

Definition 21. Let G be a group. Two n-dimensional representations p, o of G are
equivalent, and we write p ~ o, if there exists T € GL(n,C) such that o(x) =
T p(x) T~! for all x € G.

Lemma 22. Equivalence of representations is an equivalence relation.

Proof. Prove yourself that ~ is reflexive (p ~ p for all p) and symmetric (p ~ 0 <
o ~ pforall p,o0).

We now prove that it is transitive. Assume that p ~ o ~ 7, say, T, U € GL(n, C)
are such that

p(x) =Tao(x) T}, o(x) =Ut(x)U"! forallx € G.

It follows that p(x) = To(x) T' = T(Ut(x) U"H)T~! = (TU) 7(x) (TU) ! for all
x € G. This proves that p ~ 7 and therefore ~ is transitive. O
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Reminder from set theory. Let ~ be an equivalence relation on a set S. A ~-class
or equivalence class with respect to ~ or just equivalence class is a subset of S of
the form {x € S| x ~ y} where y € S. Then S is the disjoint union of the ~-classes.
We write S/~ for the set of ~-classes and if y € S we write y/~ for the ~-class
containing y.

Definition 23. For a group G we define

Rep, (G) = {representations G — GL(n,C)}/~
Rep(G) = | | Rep,(G)

n>0

(U denotes disjoint union).

A fixed group G may have infinitely many n-dimensional representations. Later
in exercise 5.7 we shall see that if G is finite then Rep, (G) is finite. Most of these
notes are about understanding Rep,,(G).

2.2 Representations of cyclic groups

Let r € Z-¢ and consider a cyclic group C, = {1,g, gz, e ,g’_l} of order r and
generator g. We aim to classify the representations of C, up to equivalence. This
means listing the elements of Rep(C,).

Lemma/Definition 24.

(a) Let A € GL(n,C) satisfy A = 1. Then there exists a unique representation
pa: C, — GL(n,C) such that ps(g) = A. It satisfies p(g*) = A* for all k.

(b) Every representation of C, is equivalent to a representation of the form p 4.

(c) Let A,B € GL(n,C). Then py ~ pp if and only if A, B are conjugate in
GL(n, C).

Proof. Prove (a) and (b) yourself. Proof of (c). = is obvious. Proof of <=. Let A, B
be conjugate, say, A = TBT ! where T € GL(n,C). Let x € C,. Then there exists
k € Z such that x = g*. It follows that

pa(x) = pa(gh) = AF = (TBT D = TB*T~1 = T pp(¢") T~ = T pp(x) T
This proves pa(x) = T pg(x) T~! for all x € C, and therefore ps ~ pp. d
Lemma 25. Let A € GL(n, C) be of finite order. Then A is diagonalisable.

Proof. From linear algebra we know that it is enough to show that there exists a
nonzero polynomial f € C[t] such that f(A) = 0 and f has no multiple roots in C.
Let r > 0 be such that A" = 1 and put f := ' — 1. Then f(A) = 0. In order
to prove that f has no multiple roots, assume « € C is. Then 0 = f'(a) = ra’ !
sox = 0500 = f(a) = —1, a contradiction. This proves that f has the required
properties. 0

Exercise (2.1) Let ay,...,a, € C* and s € S,,. Let A be the diagonal n x n ma-
trix whose diagonal reads (ay,...,a,). Let B be the diagonal n x n matrix whose
diagonal reads (a1, . ..,4s,). Prove that A, B are conjugate in GL(#n, C).

Let w = exp(27i/r). Then a complex number z satisfies z" = 1 if and only if it
is a power of w.
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If K = (ko,..., kr—1) € (Z>p)", let M(K) be the unique diagonal matrix such
that:

o Its characteristic polynomial is [1/_; (f — w')*. Thus w' appears on the diagonal
k; times, and no other numbers appear on the diagonal.

o If M(K);; = w®, M(K);j = w' (these are two diagonal entries of M) and 0 <
s<t<r—1theni<j.

For example, if r = 4 then

M(1,2,0,1) =

We can now prove:

Proposition 26: Representations of finite cyclic groups.

(a) There exists a bijection f: 7, — Rep(C,) taking K to pyx)/~, the equiva-
lence class of py(k)- -

(b) IfK = (ko, ..., kr—1) € (Z>o)" then the degree of pyyk) is ko + - - - + k1.

Proof. Proof of (a).

Proof that f is well-defined. Let K € Z. . Then M(K)" = 1 and therefore the
representation pyx) of C; is defined by lemma 24. Therefore f is well-defined.

It remains to prove that f is injective and surjective.

Proof of injectivity. Let K,L € Z%, be such that f(K) = f(L). Then py ) ~
Pm(r)- By lemma 24 it follows that M(K) and M(L) are conjugate in GL(n, C). In
linear algebra you have learned that then M(K) and M(L) have the same charac-
teristic polynomial:

r—1 . r—1 .

]—[ (t _ wl)k,‘ — ﬂ (t _ wZ)K;

i=0 i=0
where we write K = (kg, ..., k,—1) and L = (4, ...,¢,—1). It follows that k; = ¢; for
all 7, and therefore K = L. This proves that f is injective.

Proof of surjectivity. Let p be an n-dimensional representation of C,. We must
prove that p is equivalent to a representation of the form py k) for some K € ZZ,.

By lemma 24 we have p ~ p4 for some A € GL(n,C) such that A" = 1. By
lemma 25 A is conjugate to a diagonal matrix B.

Note B” = 1. Therefore the entries on the diagonal of B are rth roots of unity.
Let K € Z~ , be the unique choice such that M(K) and B have the same entries on
the main diagonal but possibly in different order.

By exercise 2.1 M(K) and B are conjugate. Therefore M(K) is conjugate to A.
It follows that ppyx) ~ pa ~ p.

Finally part (b) is easy and left to you. O

The method of proof of proposition 26 is rather ad hoc and entirely inadequate,
for example, for nonabelian groups. Most of the notes are about a more organised
approach to determine the representations of a finite group.

Example 27. Define A € GL(r,C) by Ae; = e;;1 for all i (indices modulo 7). Then
A" = 1 s0 py is a representation of C,. In the notation of proposition 26, what is

fHpa/~)?
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Solution. Let vy = S!_; w'*¢;. Then

. T . T .
wkei 4 = 2 wli—Dke, = =k 2 w*e; = w k.

r .
Avk =A Z wlkei =
i =1 i=1 i=1

r
i=1 i=

This proves that v is an eigenvector of A with eigenvalue w~*. This is true when-
ever 0 < k < r— 1, providing r distinct eigenvalues of A. Due to the size of A the
characteristic polynomial of A is " — 1 = [)/_j(t — @) s0 pa/~ = f(1,...,1) (r
ones). O

2.3 Exercises

(2.2) Let G be a group. Let p: G — M(n, C) be a map such that p(xy) = p(x) p(y)
forall x,y € G and p(1) = 1 (the identity matrix). Prove that p is a representation.

(2.3) Let p: G — GL(n, C) be a representation. Let 2 € G and define o,7: G —
GL(n,C) by o(g) = p(aga~!) and 7(g) = p(ag). Prove that o is a representation,
and that it is equivalent to p. Prove that 7 is not necessarily a representation by
giving a counterexample.

(2.4)

(a) Prove that there exists a unique representation p of C; = {1,g,¢%, ¢} such
that p(g) = (1 ')

(b) To which tuple (ky,...,k,_1) does p correspond as defined in our classification
of representations of C,?

(2.5) Let G be a finite group.

(a) Prove that every element of G has finite order.
(b) Let A = (é g é) What is A" for n € Z? Prove your answer.

(c) Isit possible that G has a representation p such that p(x) = A for some element
x e G?

(2.6) Classify the representations of C,, by mimicking our method for C,, giving
all details. You may use anything you know about Jordan normal forms and other
linear algebra if you state it.

(2.7) Let p: G — GL(n,C) be a representation of a group G, and let 0: G —
GL(n, C) be given by o(x) = p(x)? for all x € G.

(a) Prove that ¢ is again a representation if G is abelian.

(b) Prove that ¢ is again a representation if n = 1.

(c) Give an example showing that, in general, o is not again a representation.

(d) Give an example where o is again a representation but not equivalent to p.

3 Generators and relations
3.1 Generating sets

Exercise (3.1) Let G be a group. If {H; | i € I} are subgroups of G then so is their
intersection (;c; H;.
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Definition 28. Let A be a subset of a group G. We define (A) to be the intersection
of the subgroups of G containing A:

(Ay= () H. O

ACH<Z<G

For this definition to makes sense there must be at least one H such that A C
H < G; it exists because one can take H = G.

Note that (A) is a group by exercise 3.1. It is called the subgroup of G gener-
ated by A. We also say that A is a generating set of the group (A). Every group G
has a generating set because G = (G) but we try to find fewer generators. We say
that a group is finitely generated if it is has a finite generating set.

Instead of ({ay,...,a,}) we write (a1, ...,a,). Note (&) = 1.

Note that (A) is the smallest subgroup of G containing A. This can be taken as
a second definition of (A). Here is a third definition:

Proposition 29. Let A be a subset of a group G. Then
(Ay = {alr---al |k>0anda; € A, d; € {~1,1} for all i}. (30)

Proof. Let B be the right-hand side of (30). We now prove that B is a subgroup of
G. Clearly 1 € B. Letx,y € B, say, x = a‘lil ---a,fk, y=>0--- b;f where a;,b; € A,
diej € {-1,1}. Then xy~! = aill . -aik bf‘ ---b; ' € B, proving that B < G. It
follows that (A) C B.

Conversely, let x € B, say, x = a‘lil e azk where a; € Aand d; € {—1,1}. Since

(A) < G it follows that x = aill . -aZk € (A). Therefore B C (A). O

It is now clear that a cyclic group is just a group generated by only one element
g. The language, introduced in definition 7, of calling ¢ a generator, agrees with
what we have learned in the present section.

For another example, the dihedral group of section 1.5 is generated by {r,s}.

3.2 Normal subgroups

Notation 31. If A, B are subsets of a group G then we write AB= {ab|a € A, b e
B}. We also write aB := {a}B and Ab := A{b}.

Definition 32. Let H be a subgroup of a group G. A set of the form Hx (with x € G)
is called a left coset (with respect to H) and xH a right coset. Let H\G be the set
of left cosets and G/H the set of right cosets.

Exercise (3.2) Let H < G.
(a) Prove that G is the disjoint union of the left cosets with respect to H.

(b) Prove that G/H and H\G have equal cardinalities. It is called the index of H
in G and written [G : H]|. It is a positive integer or co. Note that [G : H] may
be finite even if G is infinite.

Definition 33. A normal subgroup of a group G is a subgroup N C G such that
Nx = xN for all x € G. Notation: N <G.

Let N be a subgroup of a group G. Another way of saying N <G is xNx~! = N
for all x. Again equivalent is that every left coset is a right coset and vice versa.
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Exercise (3.3) Let G be a group. If {H, | i € I} are normal subgroups of G then so
is their intersection (;c; H;.

Definition 34. Let A be a subset of a group G. We define (A); = (A) to be the
intersection of the normal subgroups of G containing A:

(Ay= () H. O

ACHLG

Note that {A) < G by exercise 3.3. It is called the subgroup of G normally
generated by A or the normal closure in G of A.

Sometimes ((A)); is a better notation because of the way it depends on G; see
exercise 3.20.

A second characterisation of ({A)) is as the smallest normal subgroup of G con-
taining A. See exercise 3.30 for a third characterisation.

A group G is said to be simple if it has no other normal subgroup than 1 and G.
One of the greatest achievements of mathematics is the classification of finite simple
groups. Originally this took 15,000 pages and it’s beyond our scope.

3.3 Quotient groups

Assume N < G. Recall that then N\G = G/N. In words: every left coset is a right
coset and vice versa. Recall our definition AB := {ab | a € A, b € B} for subsets
A,B e G.

We claim that if A,B € G/N then AB € G/N. Indeed, writing A = Nx,
B = Ny we have AB = NxNy = NNxy = Nxy € G/N. Prove yourself that this
multiplication makes G/N into a group.

Definition 35. Let N < G. We call G/N with the above multiplication the quotient
group of G by N.

Example 36. (a). G/1 = G.
() G/G 1.

(c) Let C, = (g) and N = (g") (r > 1). Then N is a normal subgroup of C, and
Coo/N 2 C,.

Exercise (3.4) Prove that (r) is a normal subgroup of the dihedral group D5,,.

Definition 37. Let f: G — H be a homomorphism of groups. The kernel of f is
ker(f) = {x € G| f(x) = 1} and the image of f is im(f) = {f(x) | x € G}.

An important observation is now:

Exercise (3.5) Let f: G — H be a homomorphism of groups.
(a) The kernel of f is a normal subgroup of G.
(b) The image of f is a subgroup of H.

Proposition/Definition 38. Let N < G. The natural map 7: G — G/N is defined
by m(x) = Nx. It is a surjective homomorphism of groups and its kernel is N.

Proof. For all x € G we have Nx = xN because N is a normal subgroup. For
all x,y € G we have 7(x) n(y) = NxNy = NNxy = Nxy = m(xy) so 7 is a
homomorphism. It is surjective by definition.
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For all x € G we have x € ker(n) < n(x) =1 < Nx = N < x € N which
proves that ker(7r) = N. O

Theorem 39: First isomorphism theorem for groups. Let f: N — G be a ho-
momorphism of groups with kernel K. Then there exists a unique isomorphism
p: G/N — im(f) such that f = po m:

/\

G/K —> im(f
Proof. See any textbook on group theory. O

The diagram in theorem 39 is said to commute if f = pom. In general, a
diagram has a bunch of objects which could be sets, groups, vector spaces, and so
on.

Further there are arrows. Each arrow points from its source object to its target
object. Every arrow is labelled by a map from its source object to its target ob-
ject. The source (respectively, target) object of an arrow are also called the source
(respectively, target) object of the associated map.

If the objects are groups, the maps are often homomorphisms; for vector spaces
they are often linear maps, and so on; but these are by no means necessary.

A diagram is said to commute or to be commutative if f;---fx = g1---g¢
whenever there are arrow labels f;, g; such that:

o The source of f; is the target of f; . for all i.
o The source of g; is the target of g;,1 for all j.
o fr and gy have equal sources.

o f; and g; have equal targets.

3.4 Orderings

Let S be a set and R a subset of the Cartesian product S x S. We say that R is a
(binary) relation on S. Instead of (x, y) € R we often write xRy; moreover xRyRz
means xRy and yRz.

Here are some properties R may or may not have:

o R is said to be reflexive if xRx for all x € S.

o R is said to be transitive if (xRyRz = xRz) forall x, y,z € S.

o R is said to be symmetric if (xRy = yRx) forall x,y € S.

o R is said to be anti-symmetric if (xRyRx = x = y) forall x,y € S.

You already know that R is defined to be an equivalence relation if it is reflexive,
transitive and symmetric. Equivalence relations are often written ~ instead of R.

We call R an ordering (some people say partial ordering) if it is reflexive, tran-
sitive and anti-symmetric. Orderings are often written < instead of R (or > of
course). By an ordered set we mean a pair (S, <) of a set S and an ordering < on
1t.

Example 40. Let X be a set. The power set P(X) is the set of subsets of X. So if
#X = n then #P(X) = 2". Let R C P(X) x P(X) be the relation of inclusion, that
is, aR0b if and only if 2 C b. Then R is an ordering.
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A total ordering or linear ordering on a set S is an ordering < such that for all
x,y € Sone has (x < y or y < x). There are two clashing terminologies:

our terminology: ordering total ordering
old-fashioned terminology: partial ordering ordering

Not all orderings are total, as is shown by the above example of the power set P(X)
when it is ordered by inclusion. An example of a total ordering is the usual ordering
on R.

Let < be an ordering on a set S. We introduce three more relations >, < and >
by the following well-known rules:

x>y y<x
y<y< (x<yandx #y)
X>ysy<a

This neat trick is of course not possible if you use R instead of <.

Note that < is not an ordering; it is a special kind of binary relation which one
may call strict ordering. But > is again an ordering known as the opposite of <.

3.5 Free groups

Let A be a set. In this setting, A is often called an alphabet and its elements letters
or generators. A word over A is a sequence of pairs

((Z)(Z’;)) (41)

such thatk > 0anda; € Aande; € {—1,1} for all i. The above word is said to have
length k. We write ¢(u) for the length of a word u. There is precisely one word of
length 0; it is called the empty word and written 1. The set of words over A will be
written A*.

If A is a subset of a group G then a word (41) gives rise to an element

St aik (42)

of G. Confusingly, people usually write (42) when they mean (41). This is a great
cause of confusion! But everybody does it and we don’t want to get left behind. So
from now on we may write (42) when we mean (41). If in doubt, try reverting to
the earlier notation.

The product uv of two words

u:((ﬁ)(i’j)) v=<(21)(22)>

is defined by concatenation:

=) (@) G )

Note that ¢(uv) = ¢(u) + ¢(v) for all u,v € A*.
We define the inverse of the above word u by

() (2
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Note that this doesn’t make A* into a group, because uu !

is not the empty word
unless u is empty. Instead we have

ot () () () (1)

Associativity ((uv)w = u(vw) for all u,v,w € A*) is true though and trivial.

Definition 43.

(a) Let u,v be words over A and a € A a letter. We say that uv is a one-step
reduction of both uaa—'v and ua—'av. We also write 1 — v if v is a one-step
reduction of u.

(b) Let > be the reflexive-transitive closure of —. Equivalently, > v if and only
if there exists a sequence of words u = wg — wy — -+ — wy = v with k > 0.

(c) Associated with > are three more relations <, >, < in the usual way. For
example u > v is equivalent to u > v and u # v. O

If u > v then ¢(u) > ¢(v). The converse is not true of course. It follows that >
is an ordering.

Definition 44. A word u over A is said to be reduced if there is no smaller word,
that is, no word v over A such that u > v. The set of reduced words over A is
written F(A). O

Ly or ua—tav for

Thus a word is reduced if and only if it is not of the form uaa™
words u,v over A and a € A.
By a lower bound for u we mean any v such that u > v. So a reduced lower

bound of a word u is a reduced word v such that u > v.
Example 45. Leta,b,c,d € A be distinct and w =ab~'cc 'bda~!. Then
w=ab tec'bda ' wab 'bda! - ada?,
and the latter is reduced. Thus ada~! is a reduced lower bound of w.
The following lemma is the key to understanding free groups.

Lemma/Definition 46: Reduced lower bound. Let u be a word over A. Then u
has a unique reduced lower bound. It is denoted R(u).

Proof. Existence is an easy exercise.

We prove uniqueness by induction on the length of u. It is true if /(u) < 1
because then the only possible value for v is v = u. Supposing that uniqueness is
known if (1) < k we prove it if /(1) < k + 2. We may clearly suppose that u is not
itself reduced.

Let v, w be reduced lower bounds of u. We must show that v = w. By definition
of the ordering there are words vy, w; such that u — v; > vand u — w; > w (since
u is not reduced).

Some letters in u are removed in the one-step reduction from u to v; and some
are from u to wq. Let us say that there is overlap if there is a letter that is removed
both times.

Suppose first that there is no overlap. After interchanging v and w if necessary
there are words p, gq,7,s,t over A such that u = pqrst and vy = prst and wy = pgrt
(of course, g and s are nonreduced words of length 2). Then v; — prt and w; — prt.
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Let x be any reduced lower bound of prt. Writing — instead of > the situation is
summarized by the following diagram.

u

01 \ / w1

l

0 X w

Then v, x are two reduced lower bounds of v;. But there is only one, by the inductive
hypothesis and because ¢(v;) < ¢(v). So v = x. For the same reason w = x and so
v = w as required.

Finally suppose that there is overlap. After interchanging v and w if necessary
there are words p,q,a over A with ¢(a) = 1 (that is, a is a letter or the inverse of
a letter) such that u = paa'ag and v; (respectively, w;) is obtained from u by
removing the shown aa~! (respectively, a~!a). This implies v; = pag = w;. Now
¢(v1) < £(v) so by the induction hypothesis v; has a unique reduced lower bound.
But v and w are reduced lower bounds of v;. Therefore v = w as required.

This proves the induction step and thereby the lemma. O

Exercise (3.6) Prove:
(a) Letu,v € A* and u < v. Then R(u) = R(v).
(b) Letu,v,w,x € A* be such that u < v and w < x. Then uw < vx.
(c) Letu,v € A*. Then

R(R(u)v) = R(uv) = R(uR(v)). (47)
Definition 48. Let 1, v be reduced words over A. We define u * v := R(uv).

Example 49. Continuing from example 45 we find
ablexctbda =R(ab tcctbda ) =adal.

Theorem/Definition 50. The pair (F(A), ) is a group, called the free group on
A. (Any group isomorphic to it is also called a free group.)

Proof. Firstly, F(A) contains the empty word (written 1) and is hence not empty,
even if A is empty. Secondly, it is clear that ux1 = 1xu = u for all u € F(A).
Prove yourself u x u=! = u='xu = 1 for all u € F(A) (even though uu~' # 1!). It
remains to prove that the star product is associative. Let u,v,w € A*. Using (47)
twice we find

(uxv)*xw=R((uxv)w) =R(R(uv)w) = R((uv)w)
=R(u(vw)) = R(uR(vw)) = R(u(v+w)) = u* (v*w). O

Remark 51. (a). The group operation in F(A) is often written uv instead of u x v.
Watch out not to confuse this with the concatenation of words.

(b). It is common to consider A as a subset of F(A). Then F(A) is generated
by A.

Example 52. (a). F(@) = 1.

(b). We claim that a free group on one letter is an infinite cyclic group. To prove
this, write F = F({a}). A sequence aa - - - a of n copies of a is a reduced word. All of
these are elements of F and therefore F is infinite. Moreover F is generated by a so
F = Cq.
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We write F(ay,...,a,) instead of F({ay,...,a,}).

For sets A, B we claim F(A) = F(B) <= #A = #B. The implication < is trivial.
We shall not prove =-.

It follows that up to isomorphism F(ay,...a,) depends only on n. It is often
written F,.

The famous Nielsen-Schreier theorem (outside our scope) states that every sub-
group of a free group is again (isomorphic to) a free group. There exists a wieldy
algebraic proof. A different topological proof is based on the observation that free
groups are the same as fundamental groups of connected graphs.

Theorem 53: Universal property for free groups. Let A be a set and write F =
F(A) D A. Let F' be a group and r': A — F’ be a map. Then there exists a unique
homomorphism s: F — F’ such that s(a) = r'(a) for alla € A.

A
infy X
r—=° ,p

Proof. Unicity is an exercise.

Proof of existence. We shall find it convenient to define s(u) for every word u
over A, not just the reduced ones. For u € A*, we define s(u) the obvious way, that
is, by replacing each letter a € A by '(a). Explicitly:

sl ol = (@)™ - (X (a0) ™.

It is clear that s(a) = 7/(a) for alla € A.

It remains to prove that the restriction s|r is a group homomorphism F — F’.
First notice that if v is a one-step reduction of u then s(v) = s(u). It follows that
s(R(u)) = s(u) for all u. Finally we find

s(uxv) = s(R(uv)) = s(uv) = s(u) s(v). O

Remark 54. The universal property as stated in theorem 53 characterises the free
group on A, that is, up to isomorphism the free group on A is the only gadget
satisfying the universal property. See exercise 3.27.

Proving this is even easier than understanding the free group! What’s more,
it still works for silly more complicated identities like (ab)c = (cb)(ac) instead of
associativity.

In this module we hardly ever use any understanding of the free group on A
other than that it is essentially the only gadget satisfying the universal property. You
often see this if there is a universal property around. We won’t use the stuff on
reduced words but in other areas people do.

3.6 Presentations of groups

Definition 55. (a). A group presentation is a pair (A, R) where A is a set of gen-
erators and R C F(A) a subset of relations.

(b). Associated with a group presentation (A, R) is a group (A | R) := F(A)/{R).
We say that (A, R) is a presentation of (A | R) and any group isomorphic to it. We
also say that (A | R) is defined by generators A and relations R.

(c). We allow various equivalent ways to write relations. For example xyx~!y~!
and xyx~1y~! = 1 and xy = yx are three different ways to write the same relation.
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Let (A, R) be a group presentation. There is a natural map A — (A | R) which
is the composition of the maps A — F(A) — (A | R). It is common to identify A
with its image in (A | R). Also, one writes down a word over A and considers it an
element of (A | R). This is a great cause of confusion, so watch out!

The natural map A — (A | R) may not be injective as is shown by the example

(a,b | aa = ab).

Corollary 56. Let G be a group.
(a) There exists a surjective homomorphism from some free group to G.

(b) There exists a presentation of G.

Proof. Proof of (a). Let A C G be any generating subset for G (for example, A = G).
By the universal property theorem 53 (with F/ = G and 7/(a) = a for all a) there
exists a unique homomorphism s: F(A) — G such that s(a) = a for all a. Then the
image of s contains A and therefore (A). Therefore s is surjective.

Proof of (b). Let R be the kernel of s. By the first isomorphism theorem (the-
orem 39) we have F(A)/R = G. Also (R) = Rso (A | R) = F(A)/{(R) =
F(A)/R = G. O

Example 57. For r > 1 we have C, = (a | a”). Indeed, by example 52b and exam-
ple 36¢c we have (a | a") = F(a)/{a")) = F(a)/a" = C,.

Definition 58. Let (A, R) be a group presentation and write A = {a(i) | i € I}. Let
H be a group and let {h(i) | i € I} be elements of H indexed by the same index set
I. We say that {h(i) | i € I} satisfy R if

h(i)® - h(iy)™ =1 (59)
whenever
a(ip)™ - -a(i,)™ € R, ir € I and dy € {—1,1} for all k. (60)

We now come to a very useful result generalising the universal property for free
groups.

Theorem 61. Let (A, R) be a group presentation and write A = {a(i) | i € I}. Let
H be a group and let {h(i) | i € I} be elements of H indexed by the same index set
I. Then the following are equivalent.
(1) There exists a homomorphism f: (A | R) — H such that f(a(i)) = h(i) for all
i€l
(2) The elements {h(i) | i € I} satisfy R.

If these are satisfied then f is unique.

Proof. Unicity of f follows immediate from the fact that G is generated by A.

Write N = (R)) and G = (A | R) = F(A)/N. Let p denote the natural map
F(A) — G. By theorem 53 there exists a unique homomorphism s: F(A) — H such
that s(a(i)) = h(i) for all i. Then

(2) <=s(r) =1 forallr € R
= s(r) =1 forallr e N
<= s(x) =s(y) whenever p(x) = p(y). (62)

In this notation we should write f(pa(i)) instead of f(a(i)).
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Proof of (1) = (2). We have f(px) = sx for all x € A and therefore for all
x € F(A). Write r instead of x where r € R. Then p(r) = 1 so s(r) = 1 as required.

Proof of (2) = (1). Define f(px) := s(x) for all x € F(A). For this to be
well-defined we need two observations:

o p: F(A) — G is surjective.

o s(x) = s(y) whenever p(x) = p(y).
The first is clearly true and the second is true by (62).
It is clear that f(px) = s(x) for all x € A. We prove that f is a homomorphism
as follows: for all x, y € F(A) we have

fp(x) p(y) = flp(xy)) = s(xy) = s(x) s(y) = f(px) f(py)- 0
Example 63. Prove that Dy, = (x,y | x", 2, (xy)?).

Solution. Let G be the group on the right-hand side. It is straightforward to prove
that r, s satisfy the relations x”, yz, (xy)z, that is, ¥* = 1 and so on. By theorem 61
there is a unique homomorphism f: G — Dy, such that f(x) = r and f(y) = s. Also
f is surjective because D, is generated by r,s by lemma 13. We are left to prove
that f is injective.

Let ¢ € G. Then g can be represented by a word in {x, y}. We aim to replace
the word by simpler words also representing g.

We have

-1

yx = x’ly, yx’l =xy, Yy x= x’ly’l, y’lx’l = xy’l.

We use these repeatedly to push the y’s to the right until we can’t do this any longer.
Then we repeatedly remove any occurrence of xx~!, x1x, yy~! or y~'y. We end
up with a word of the form xk yf . So g can be represented by a word of the form
ko0
Xyt
But x" = land y> = 1s0 G = {x*, ¥*y | 0 < k < n}. Therefore #G < 2n =
#D,,,. It follows that f is an isomorphism. O

Example 64. There exists a unique representation p: Dg — GL(2, C) such that p(r) =

A, p(s) =Bwhere A= (91),B=('Y).

Solution. By example 63 Dg = (r,s | r*,s%,(rs)?). The result now follows from

theorem 61 and the observation (do this yourself) that A, B satisfy the relations 4,

s2, (rs)2. O
For integers p,q,r > 2 let us define the triangle groups

T(p,q,r) = (xy |27, y7, (xy)").
It is known that:
o T(p,q,r) is finite if and only if % + % +1>1
o T(p,q,r) contains a finite index subgroup isomorphic to Z? if and only if % +
1,19
q ' )
There is a beautiful geometric proof of these which is outside our scope. For exam-
ple,
T(i’l, 2, 2) = DZn/
T(2,3,3) = A4 (see exercise 3.32),
T(2,3,5) = As.



20 Chapter 3 October 28, 2013

3.7 Exercises

(3.7) Let S; denote the symmetric group on {1,2,3,4}. Consider the elements
a=(12)(34), b = (13)(24), c = (14)(23) of S4 and write V = {1,a,b,c} C S4.

(a) Prove that V is a normal subgroup of S4. You may reduce the amount of calcu-

lations by using the following observations which you don’t need to prove:
(1) If x,y € {a,b,c} and x # y then there exists ¢ € Sy such that gxg~! = a
and gyg~ ! =b.
(2) If x € V and g € S4 then gxg_l eV.

(b) Which well-known groups are isomorphic to V and S;/V? In your proof you
may assume the classification of groups of small order. Give explicit isomor-
phisms without proof.

(3.8) Show that if G is an abelian group which is simple, then G is cyclic of prime
order.

(3.9) Suppose that G is a subgroup of S, and that G is not contained in A,. Prove
that G N A, is a normal subgroup of G and that G/(GN A,) = C,.

(3.10) Prove existence in the proof of lemma 46: Every word has a unique reduced
lower bound.

(3.11) Prove unicity in the proof of theorem 53: Universal property for free groups.

(3.12) True or false? Prove or disprove each statement.
(a) Leta be an element of a group G. Then the order of 4 is the order of (a).
(b) Z ~ {17} is a subgroup of Z.
(c) Every subgroup of a cyclic group is cyclic.
(d) Let A, B be two subgroups of a group G. Then A N B is also a subgroup of G.
(e) Let A, B be two subgroups of a group G. Then A U B is also a subgroup of G.

(f) Let A, B be two subgroups of an abelian group G. Then {ab | a € A, b € B} is
also a subgroup of G.

(g) Let A, B be two subgroups of a group G. Then {ab |a € A, b € B} is also a
subgroup of G.

(h) Let a be an element of a group G such that {a)) = G. Then G is cyclic.

(3.13) Let G be a group and H a subgroup such that #G/H = 2, that is, there are
precisely 2 cosets xH in G. Prove that H is normal in G.

(3.14) Prove that D,,, is presented by (x,y | ¥, y?, (xy)™).

(3.15) Find all subgroups of S3. Which are normal subgroups? For all normal
subgroups N of S3, find a standard group which is isomorphic to S3/N.
(3.16) Write G = (x,y | x2, 2, (xy)?).

(a) Prove that G = Cp x C,.

(b) Prove that there are unique representations p, o, T of G such that



MAS3E1 Groups and Representations 21

(c) Which among p, o, T are equivalent?

(3.17) Find an example of a nontrivial cyclic group G, a generating subset A of
G, and two inequivalent representations p,0: G — GL(n, C) of G such that for all
a € A there exists T, € GL(n, C) with o(a) = T, p(a) T, .

(3.18) True or false?

(a) Let Q, N be groups. Then there exists a surjective homomorphism f: Q x N —
Q whose kernel is isomorphic to N.

(b) Let f: G — Q be a surjective group homomorphism and let N denote its ker-
nel. Then G = Q x N.

(3.19) Let p be a representation of a group G of degree 1. Prove that G/kerp is
abelian.

(3.20) Let A be a subset of G. The subgroup of G generated by A will be denoted
(A)g, and the normal subgroup ((A)) ;. This more informative notation is necessary
in this exercise.
Let H C G be groups and A a subset of H.
(a) Prove that (A)y = (A)g.
(b) Give an example where (A), # (A)y.
(c) Prove or disprove the following. Suppose that H is a normal subgroup of G.

Then (A); = (A) -

(3.21) Prove that (a,b,c,d | ab = ¢, bc =d, c¢d = a, da = b) is cyclic and find its
order.

(3.22) Prove that (x,y | y~'x"y = x"*1, x~1y"x = y"*1) is a trivial group, for all
n e 7.

(3.23) Prove that (x,y | xyx = y, yxy = x) and (a,b | a> = b?, a~'ba = b~!) are
isomorphic groups. You're not supposed to use anything about group presentations
that we didn’t learn in the lectures.

(3.24) Let A be a generating subset of a group G. Suppose that every two elements
of A commute. Prove that G is abelian.

(3.25) Classify the representations of D,,, of degree 1.

(3.26) Let G be the group presented by (a,b | aba = bab).
(a) Find all homomorphisms G — Ss.

(b) Find all 1-dimensional representations of G.

(3.27) Let A be a set. A universally free group on A is a pair (F, r) of a group F and
amap r: A — F with the following property. Let F’ be a group and #': A — F' be a
map. Then there exists a unique homomorphism s: F — F’ such that s(r(a)) = #'(a)
foralla € A.

(a) Prove directly from the definition that universally free groups are unique. More
precisely, if (F;,r1) and (F,, 1) are universally free groups then there exists a
homomorphism s: F; — F, such that r, = srq.

(b) Prove that universally free groups exist directly from the definition. The group
F(A) is one of them by theorem 53 but you're not supposed to use that here.
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(3.28) In this exercise, you should prove things directly from the definition of uni-
versally free group as defined in exercise 3.27.

(a) The universally free group on 2 generators is not abelian.

(b) If #A = #B then the universally free group on A is isomorphic to the univer-
sally free group on B.

(3.29) Let A be an alphabet of k elements. How many words u of length 2n over A
are there such that R(u) = 1?

(3.30) Let A be a subset of a group G and B = {gag™! | ¢ € G, a € A}. Prove that
{A) = (B).

(3.31) Let G, H be groups. Suppose we have a map H x G — H: (x,a) — x°
which is an action (that is, x" = (x*)? and x! = x for all x € H, a,b € G) by group
automorphisms (that is, (xy)? = x?y” for all x,y € H, a € G). On the set G x H
we define the binary operation

(a,x)(b,y) := (ab, xby).

(a) Prove that this binary operation makes G x H into a group. It is called an
external semi-direct product and written G x H.

Let G, H be subgroups of a group P and write GH := {gh | ¢ € G, h € H}. We say
that P is an internal semi-direct product of G, Hif H<JIP,GNH =1, P = GH.
We also say that (P, G, H) is an internal semi-direct product.

(b) Prove that an external semi-direct product G x H is an internal semi-direct
product of two subgroups, one isomorphic to G, one to H.

(c) (Not for credit). Prove the following converse. Let (P, G, H) be an internal
semi-direct product. Then there exists an action by automorphisms H x G —
H: (x,a) — x® such that G x H = P.

(d) Let G, H be subgroups of a finite group P. Suppose H <P and GNH = 1.
Prove that (P, G, H) is an internal semi-direct product if and only if #P =
#G - #H.

(e) Give an example where the group G x H (internal or external as you prefer)
is not isomorphic to G x H.

(f) (Not for credit). Let G be a group. We define an action by automorphisms
G x G — G: (x,a) — x" :=a ! xa. Prove that G x G = G X G as groups.

(3.32) (Adopted from the 2011 exam.) Put G = (x,y | x2,y°, (xy)®) and consider
the elements a = (12)(34) and b = (123) of the alternating group As.

(a) Prove that there exists a unique homomorphism f: G — A4 such that f(x) =

a, f(y) = b.
(b) Consider the subgroup H = (y) of G and the set of cosets

A= {H, xH, yxH, y*xH}.

Prove xyxH € A.

(c) Justify that zC € A for all z € {x,y} and C € A by writing down, without
proof, a table which for all z € {x,y} and C € A gives an element ¢ €
{1, x, yx, y* x} such that zC = ¢H.

(d) ProvegH € Aforall g € G.

(e) Prove that f: G — Ay is an isomorphism. You may assume that it is surjective.
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4 Modules
4.1 Modules

Throughout these notes, a vector space is always over C.

Definition 65. Let G be a group and V a complex vector space. An action of G on
V (by linear maps) is a map

GxV—YV
(§,0) — go

such that:
(1) g(hv) = (gh)vforallg,h € G,v e V.
(2) lv=vforallv e V.
(3) g(au+bv) =a(gu) +b(gv) forallu,v € V,a,b € C, g € G.

Note that (1) and (2) say that G acts on V as a set; (3) says that v — gv is a
linear map, for all g € G.

Example 66. Let C, = (g | §'). Let {v; | i € Z/r} be a basis of a vector space
V. We define a C,-action on V by ¢fv; = v;,; (extended by linearity). We claim
that this is a C,-action on V. Axioms (2) an (3) are clearly satisfied. Furthermore
¢ (g'v) = ¢ viiy = viprye = &0 = (g% ¢") v; for all v; and hence by linearity
¢*(g'v) = (¢F¢")v for all v € V, thus proving axiom (1).

Definition 67. Let G be a group. A CG-module is a vector space V together with a
G-action on it.

Remark 68. Throughout the notes we ignore the connection between CG-modules
and modules over rings, to keep things simple. But here it is in a nutshell. There is
a ring CG known as the group algebra of G. Its modules in the sense of ring theory
are essentially the same as what we call CG-modules. For us however, “CG” has no
meaning, only “CG-module” has.

Definition 69. Let V, W be CG-modules. A CG-homomorphism V — W is a lin-
ear map f: V — W such that f(gv) = g(fv) forallv € V and g € G. A CG-
isomorphism is a bijective CG-homomorphism. We write V = W if there exists a
CG-isomorphism V — W.

Example 70. Let G = {1,g} = C,. Prove yourself that the following defines two
CG-modules V,W: V = €2, ¢(x,y) = (y,x), W =C, g(x) = —x.

Define f: V. — W by f(x,y) = x —y. We claim that f is a CG-homomorphism
V — W. First of all, f is linear. Moreover,

fe(xy) = flyx) =y —x=gx—y) =gf(xy)
for all x, y € C and therefore f is a CG-homomorphism V — W.
4.2 Representations afforded by modules

First a reminder on linear algebra. Let A = (v, ..., Up) be a basis of a vector space
Vand B = (wy, ... ,wq) a basis of a vector space W. Let f: W — V be a linear map.



24 Chapter 4 October 28, 2013

We define (A, f, B) to be the matrix of f with respect to bases A, B, that is, (c;;)
where

f(wj) = Lcijo;  forallj.
1
In linear algebra you have learned:

(a) The map f — (A, f, B) is a bijection from Hom(W, V) := {linear maps W —
V'} to the set of p x g matrices.

(b) (A, f,B)(B,g,C) = (A, fg,C) whenever this makes sense.
(c) If A is the standard basis of C" then (A, f, A)v = f(v) for all linear maps
f:C" — C"andallv € C".
Exercise (4.1) Deduce from this that (A, f~1, B) = (B, f, A) ! if f is bijective.

Notation 71. If V is a CG-module and g € G we write t;/ or just to for the linear
map V — V: v+ go.

Lemma 72. Let V be an n-dimensional CG-module and A a basis for V. Then the
map p: G — GL(n, C) defined by

p(8) = (A tg, A)
is a representation.

Proof. Let g,h € G. We have t t; = to, because for allv € V

(tetn)v = tg(hv) = g(hv) = (gh)v = tgo.

We have p(g)p(h) = p(gh) because

p(g)o(h) = (A, tg, A)(A, by, A) = (A, tgty, A) = (A, tgn, A) = p(gh).

Note that #; = idy and therefore p(1) = 1 (the identity matrix). It follows
that p(g)p(g~!) = p(gg~!) = p(1) = 1. Therefore p(g) is invertible, and p(g) €
GL(n, C). The proof is finished. O

Definition 73. In the notation of lemma 72, we call p the representation afforded
by (V, A).

Lemma 74. Every representation is afforded by some (V, A).

Proof. Let p: G — GL(n, C) be a representation. Put V = C". At this point, V is just
a vector space; we turn it into a CG-module by putting gv = (p(g))v for all g € G,
v € V = C". Note that (p(g))v is the product of a square matrix with a column
vector.

In order to prove that this makes V into a CG-module we need to prove:

(a) Forall g € G, the map v — guv is linear.
(b) We have g(hv) = (gh)v forall g,h € G,v € V.
() lv=vforallv e V.

As to (), this is a well-known property of multiplication of matrices of any sizes:
(pg)(v+bw) = (pg)v+ b(pg)w. We prove (b) by

g(hv) = (pg)((ph)v) = ((pg)(ph))v = (p(gh))v = (gh).

Part (c) is obvious. This proves that V with the above structure is a CG-module.
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Define A to be the standard basis (e, ..., e,). Our definition gv = (pg)v for all
v € V is equivalent to p(g) = (A, ty, A) as we know from linear algebra. Therefore
p is afforded by (V, A). O

Lemma 75. The representations afforded by (V, A) and (V, B) are equivalent.

Proof. Let p, o be the representations afforded by (V, A) and (V,B). Put T =
(A,idy, B), the matrix of the identity with respect to A and B. For all g,h € G
we have

To(g) T ' = (A,idy, B)(B,ty, B)(B,idy, A) = (A, t,, A) = p(g)
so p and ¢ are equivalent. O

Lemma 76. The representations afforded by (V, A) and (W, B) are equivalent if
and only if V = W.

Proof. Proof of =. Let p be the representation afforded by (V, A) and o by (W, B).
We know they are equivalent; let T € GL(n, C) be such that o(g) = Tp(g)T~! for
all ¢ € G. There exists a linear map f: V — W such that T = (B, f, A). Note that f
is bijective because T is invertible. Then for all g € G

(B,tY,B) = o(g) = To(g)T ' = (B,f, AY(A,t, A)(A, £, B) = (B, f 1/ f,B),

that is, ty' f = ftg. Thus g(fv) = f(gv) for all v € V. This shows that f is a
homomorphism of CG-modules. It is an isomorphism because f is bijective.

Proof of <. This is essentially the proof of = read backwards; do this yourself.
Note also that the case V = W is just lemma 75. O

Exercise (4.2) Let p be afforded by (V, A) and o by (W,B). Let f: W — V be a
linear map and T = (A, f, B). Prove that f is a homomorphism of CG-modules if
and only if

p(x)T=To(x) forallx e G. (77)

Definition 78. Let p and o be representations of G. Let T be a p X g matrix where
p = deg(p) and g = deg(c). We call T an intertwining matrix or intertwiner from
o to p if (77) holds.

This section can be summarised as follows: representations of G and finite-
dimensional CG-modules are essentially the same thing. There is a bijection be-
tween Rep(G) and the set of isomorphism classes of finite-dimensional CG-modules.
The one language is more suited for calculations, the other for abstract mathematics.
See (84) for a dictionary between the two languages.

4.3 Submodules

Definition 79. Let G be a group. A submodule of a CG-module V is a linear
subspace W C V such that giWW C W forall g € G.

Exercise (4.3) Prove that then gW = W for all ¢ € G. Therefore W is a CG-module
in its own right.

Example 80. Let G = Cy, = (g | —) act on C? by ¢(x,y) = (x+ y,y). We shall
prove that C - (1,0) is the only 1-dimensional CG-submodule of C2.
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We have ¢(1,0) = (1,0) so that C - (1,0) is a CG-submodule of C2.

Suppose there is another 1-dimensional CG-submodule. It is necessarily of the
form C-(a,1). Butg(a,1) = (a+1,1) so that C- (a,1) is not a CG-submodule. This
proves our claim.

Definition 81. A CG-module is said to be simple if it is nonzero and it has no
submodules other than 0 and itself.

Every 1-dimensional CG-module is simple.

Internal direct sums. Let V be a vector space and X,Y C V linear subspaces. We
say that V is the (internal) direct sum of X and Y, and write V = X @, Y, if the
following equivalent properties hold:

o Every element of V can uniquely be written x + y with x € X and y € Y.
oWehave XNY =0and V=X+Y:={x+y|xeX yeY}

o There exist a basis A of X and a basis B of Y such that A N B = & and such that
A U B is abasis of V.

If V is finite-dimensional then the following are also equivalent:
oV =X+Y and dim(V) = dim(X) 4 dim(Y).
o XNY =0anddim(V) = dim(X) + dim(Y).

More generally, we write V = X; &®; - - - ®; X;, and say that V is an (internal) direct
sum of the subspaces Xi,..., X, if every element of V can uniquely be written
X1+ - -+ x, where x; € X; for all i.

External direct sums. Let two vector spaces X, Y be given. It may well happen
for formal reasons that an internal direct sum of X and Y doesn’t exist, for example
because Oy # Oy.

However the Cartesian product X x Y is an internal direct sum of X x {0} and
{0} x Y which are isomorphic to (respectively) X and Y. Abusing notation we
identify X with X x {0} and Y with {0} x Y whenever it seems convenient. We call
X x Y the (external) direct sum of X and Y and it is written X &, Y. Note that it is
an internal direct sum as well.

It is common to write & instead of &;, &,. Wherever you read ¢ find out if they
mean internal or external!

Definition 82. Let p, o be representations of a group G and write k = degp, { =
dego. The diagonal sum p & o is the (k + ¢)-dimensional representation of G
defined by the block matrices

(p@o)(g) =

0 o(g)

Note that if (V, (a4, ...,ax)) affords p and (W, (a1, ...,a,)) affords o then (V&
W, (ay,...,ay)) affords p® o.

Definition 83. A representation is said to be irreducible if it is afforded by some
(V, A) where V is simple. It is called reducible if it is not irreducible.
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Exercise (4.4) Let p: G — GL(n, C) be a representation of a group G with n > 0.
Prove that the following are equivalent:

(1) pis reducible.

(2) There are k, ¢ € Z~ with k+ ¢ = n, and a representation ¢ of G, equivalent to
p, such that the following holds for all x € G. No nonzero entry of the matrix
o(x) is both in one of the first k columns and in one of the last ¢ rows.

We can now give the dictionary between the languages of CG-modules and rep-
resentations:

CG-module representation
CG-homomorphism intertwiner
simple irreducible (84)

direct sum of CG-modules diagonal sum of representations

Theorem 85: Maschke’s theorem. Let G be a finite group and V a CG-module of
finite dimension. For every submodule W C V there is a submodule X C V such
that V. =W & X.

We will prove Maschke’s theorem later on (page 27). We shall also deduce later
on (corollary 92) that every representation of a finite group is equivalent to a diag-
onal sum of a number of irreducible representations.

4.4 Inner products

Definition 86. Let V be a vector space over C. An inner product on V is a map

VxV—C

(v, w) — (v, w)

such that

(1) Linear in first argument: (au + bv, w) = a{u, w) + b(v,w) for all u,v,w € V,
a,beC.

(2) Hermitian: (v, w) = (w,v) for allv,w € V.

(3) Positive definite: (v, v) > 0 if v # 0.
Remark 87. (a). Axiom (2) implies that (v,v) € R for all v € V. This is why axiom
(3) makes sense.

(b). Axioms (1) and (2) imply that (w, au + bv) = a(w, u) + b{w,v) forallu,v,w €
V,a,beC.

Every finite-dimensional vector space can be equipped with an inner product as
follows. Let (vy,...,v,) be a basis and put

(X ajvi, Lbjvi) = Lajb;.

It can be shown that every inner product on a finite-dimensional vector space is
of this form; we won’t need or prove this.

Definition 88. Let (-,-) be an inner product on a vector space V. Let W be a sub-
space of V. The orthogonal complement of W is

Wt:={veV|(vyw)=0forallwe W}
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Lemma 89. Let (-,-) be an inner product on a finite-dimensional vector space V
and let W be a subspace of V. Then V. = W @ W+.

Proof. Firstly, W N W+ = 0 because if v € WN W+ then (v,v) = 0 whence v = 0. It
remains to prove dim W + dim W+ > dim V.
Let (w1, ..., wy) be a basis for of W and define a linear map L: V — C by

L(v) = ((v,w1),..., (v, wy)).
Then ker L. = W+ so

dimW + dim W+ = k + dim W+ > dimim L + dim W+
=dimim L +dimkerL = dim V. |

Definition 90. Let V be a CG-module. An inner product (-,-) is said to be G-
invariant if (¢v, gw) = (v, w) forallg € G, v, w € V.

Proposition 91. Let G be a finite group and V a finite-dimensional CG-module.
Then there exists a G-invariant inner product on V.

Proof. We know that an inner product (-, -)o on V exists. Define

(v,w) = X (hu, hv)y.
heG
Prove yourself that (-, -) is also an inner product on V. To finish we shall prove that
it is G-invariant. Let ¢ € G and v,w € V. Then

(gv,gw) = X (hgu, hgw)g =y (hv, hw)g = (v, w)
heG heG

where the starred equality follows from the bijection G — G: h — hg. O

In the above proof we see two arguments that we shall often meet again: a
sum over a finite group G; and a change of index in such a sum according to a
permutation of G such as h — hg.

Proof of Maschke’s theorem (theorem 85). Let G be a finite group. Let V be a
CG-module and W C V a submodule. We must show that V = W @ X for some
submodule X.

By proposition 91 there exists a G-invariant inner product (-,-) on V. Put X =
W+, By lemma 89 V = W @ X. We will be done if we prove that X is a submodule
of V. It is clearly a linear subspace.

Letx € X, w € Wand ¢ € G. Then g~'w € W because W is a submodule and
o)

(w, gx) = (g7 w,x) because (-,-) is G-invariant

=0 because ¢ 'w € Wand x € X = W,

This holds for all w € W so gx € W+ = X. This is true forall g € G, x € X so X is
a submodule as promised. O

See exercise 4.23 for a different proof of Maschke’s theorem.

Corollary 92. Let G be a finite group. Then every finite-dimensional CG-module is
a direct sum of simple submodules.
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Proof. Let V be a CG-module of dimension n. By induction on n we shall prove that
V is a direct sum of simple submodules. If n < 1 then the result is clear. Let n > 1.

If V is simple, there is nothing to prove, so assume otherwise; let W C V be a
submodule different from 0 and V. By theorem 85 (Maschke) there exists a sub-
module X C V suchthat V =W @ X.

Now W and X have smaller dimensions than V. By the induction hypothesis we
can write

W=W, D - DW,, X=X1® - ®X,

for some simple submodules W; and X;. Then
V=WeX=Wo  -aWeXio X

which is the desired decomposition. O

4.5 Exercises

(4.5) Let V, W be CG-modules. Let L be the set of linear maps V — W; it is a vector
space by putting (af +bg)(x) =a- f(x) +b-g(x) (a,b € C, f,g € L, x € V). Let
H be the set of homomorphisms V — W of CG-homomorphisms. Prove that H is a
linear subspace of L.

(4.6) Let V and W be CG-modules. Prove that V x W equipped with the map
Gx (VW)= (VxW): (g (vw))— (gv gw) is also a CG-module.

(4.7) Let V be a CG-module and W a CH-module. Prove that V x W equipped with
the map (G x H) x (V x W): ((g,h), (v,w)) — (gv,hw) is a C(G x H)-module.

(4.8) Let V be a CG-module. Let W = End(V) be the set of linear maps V — V
with the obvious structure of vector space. Prove that W equipped with the map
GxW — W: (g, f)— gofog lisalsoa CG-module.

(4.9) Let U,V,W be CG-modules. Let p: U — V and q: V — W be homomor-
phisms of CG-modules. Prove that g o p: U — W is also a homomorphism.

(4.10) Write Co, = (x | —) and define p: Co, — GL(3,C) by

Find all submodules of p or, more precisely, of a CG-module V where p is afforded
by (V, A).

(4.11) Let V be a CG-module. Prove that if A, B are submodules of V then so are
A+ Band ANB.

(4.12) Let Gx A — A:(g,a) — g(a) be an action of a group G on a set A. Let
C4 be the set of functions A — C. It is a vector space with pointwise vector space
operations.

(a) Prove that C* becomes a CG-module by putting (¢f)a = f(g 'a) for all f €
€4, ¢€eG,acA.

(b) If2 < #A < oo, prove that C* is not simple as CG-module.
(c) If A is infinite, prove again that C* is not simple.

(4.13) Prove that C? is simple as CG-module where G = GL(2,0C).
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(4.14) Let V be a complex vector space. True or false?

(a) If (-, ) is an inner product on V then so is (v, w) — (iv, iw).
(b) If (-, -) is an inner product on V then so is (v, w) — (v, —w).
(c) If (-,-) is an inner product on V then so is (v, w) — (v, w).

)

(d) If (-,-)1, (-, )2 are inner products on V then so is
(v,w) — (v,w)1 + (v, w),.
(e) If (-,-)1, (-, )2 are inner products on V then so is (v, w) — (v, w)1 (v, w),.

(4.15) For alli € {1,2}, let (-,-); be an inner product on a complex vector space
V;. True or false?

(@) Then ((u,v), (w,x)) — (u,v)1 + (w, x), is an inner product on V; x V5.

(b) Then ((u,v), (w, x)) — (u,w)1 + (v,3x), is an inner product on V; x V,.

(¢) Then ((u,v), (w,x)) — (u,w); is an inner product on V; X V5.

(4.16) Let (-,-) be an inner product on a complex vector space V. Let W C V be a
subspace. Prove that the orthogonal complement W+ is also a subspace of V.

(4.17) Prove < in lemma 76: if V = W then the representations afforded by (V, A)
and (W, B) are equivalent.

(4.18) Let G be a finite group and V' a nonzero finite-dimensional CG-module. We
know that V is a direct sum of simple submodules. In this exercise, we find all such
decompositions.

(a) Prove that the following are equivalent: (1) Any two simple submodules of V
are isomorphic; (2) There exists a simple CG-module U and an integer k > 0
such that V is isomorphic to kU := U x - - - x U (k factors).

If these hold then V is called isotypical of k factors.
Prove also that U (up to isomorphism) and k depend only on V.

(b) Suppose that V is isotypical of k factors. Let End(V') be the set of homomor-
phisms V — V of CG-modules. Prove that if ¢, f € End(V) and a,b € C then
ae+bf:ur—a-e(u)+b-f(u)andef: u e(f(u)) are also in End(V). Prove
that this makes End (V) into a ring isomorphic to My (C).

(c) Prove that there are nonzero isotypical submodules Uy, ..., U, C V such that
V=U &- & Uand U; & U; is not isotypical if i # j. Moreover, the U; are
unique up to permutation.

The U; are called the isotypical components of V.

(4.19) Let G be a group, not necessarily finite. Let V be a CG-module with the
property that for every submodule X C V there exists a submodule Y C V such that
V=XaY.

(a) If V is finite-dimensional, prove that V is semi-simple (that is, a direct sum of
simple modules).

(b) Give an example showing that this fails if V' is not finite-dimensional.

(4.20) Show that Maschke’s theorem for finite-dimensional CG-modules is false if
the group G is not assumed to be finite.

(4.21) Consider the permutation representation p of S3 which we shall write as
follows:

p((12)) = (

oo
OO
—_OOo

). p(@3) = (

OO
—OO

oo
N——
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Find all intertwiners from p to itself in explicit form.

(4.22) Let (vq,...,v,) be a basis of a complex vector space V with n > 2. For
s € S, (the symmetric group) and a4, ...,a, € C we define

S(iﬁl a; T)i) = i a; vs(i)'

(a) Prove that this makes V into a CS,-module. It is called the permutation
module.

(b) Let X = { X[ 1a;v; € V| X_1a; =0}. Prove that X is a submodule of V.

(c) In order to prove that X is simple, assume from now on that Y is a nonzero
submodule of X. Prove that there exists y € Y of the form

y:Zaivi/ a?’l:]-'
(d) Putw=1v1+---+v,and S,_1 = {g € Sy | g(n) = n}. Define

Y

(Tl - 2)! geszn—l 54

Prove gz =z forall g € S,,_1. Prove z = nv, — w.

(e) Prove nv; —w € Y for all i.

(f) Prove v, —v; € Y for all i. Prove Y = X, that is, X is simple.

(g) Find an explicit submodule W of V such that V = W & X. Prove that W is
simple.

(4.23) An alternative proof of Maschke’s theorem. Let G be a finite group and U a
CG-module. Let V C U be a submodule and p: U — V any linear map such that
p(v) =vforallv e V.

(a) (Not for credit). Why does such a p exist? Show by an example that p is not
necessarily a homomorphism of CG-modules (if p is chosen as above).

(b) Defineq: U — V by
1 -1
V) = — v).
100) =3¢ L8 P8l
Prove that g: U — V is a homomorphism of CG-modules.
(c) Prove that g(v) = v forallv € V.

(d) Let H be a group and f: A — B a homomorphism of CH-modules. Prove that
ker(f) is a submodule of A.

(e) Prove that there exists a submodule W C Usuchthat U =V & W.

(f) (Not for credit). The present proof has many advantages over the proof from
the lectures. List as many as you can think of.

5 Characters
5.1 Characters

Reminder on the trace. The trace of a square matrix A = (a;j);; € M,(C) is
defined to be tr(A) = a1q + - - - + any, the sum of the elements on the diagonal. It is
not hard to show that

tr(AB) = tr(BA),  tr(TAT!) = tr(A) (93)
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forall A,B € M(n,C), T € GL(n, C).

If V is a finite-dimensional vector space with basis C and f: V — V is a linear
map, we define tr(f), the trace of f, to be the trace of (C, f,C), the matrix of f
with respect to a basis C. This doesn’t depend on C by (93) and the fact from linear
algebra that if D is another basis then

(D, f,D) = (D,1,C)(C, f,C)(D,1,C) .

Definition 94: Characters. Let G be a group.

(a) Let p be a representation of G. Its character x,: G — C (x is the Greek letter
chi) is defined by x,(g) = trp(g) forall ¢ € G.

(b) A character of G is by definition a character of some representation of G.

(c) Let V be a finite-dimensional CG-module. Its character xy: G — C is defined
by xv(g) = tr(t{) forall g € G.

Note that if p is afforded by (V, A) then xv = x,.
Proposition 95. Let p, o be representations of a group G. If p ~ o then x, = Xx,-

Proof. Write n = deg p. The assumption p ~ ¢ means that there exists T € GL(n, C)
such that o(¢) = T p(g) T~! for all g € G. It follows that

Xo(8) =tro(g) =tr(Tp(g) T™') = trp(g) = Xo(g)
for all g € G as required. O

If the group in proposition 95 is finite then the converse also holds: if x, = xo
then p ~ o. This is much harder and will be proved in theorem 113.
Recall the diagonal sum p & o of two representations p, o of G. It is clear that

Xowo = Xp 1+ Xo-
Therefore, the sum of two characters of G is again a character.

Remark 96. The following is beyond our scope (exercise 7.14 and chapter 10). For
any two representations p, o of a group G there is another written p ® ¢ and known
as the tensor product or Kronecker product of p and o. It has the property that

Xpoo(8) = x0(g) xo(g) for all g € G. O

Proposition 97. Let x: G — C be a character. Then x(gxg~!) = x(x) forall g, x €
G.

Proof. By definition there exists a representation p such that x = x,. Then

x(gxg™) =trp(gxg™1) by definition of x,
= tr(p(g) p(x) p(g)~!) because p is a representation
= tr p(x) by (93)
= x(x) by definition of x,. O

Reminder on conjugacy classes. Two elements x, y of a group G are said to be
conjugate in G if there exists ¢ € G such that x = gyg 1.

Being conjugate is an equivalence relation, or more precisely, the binary relation
{(x,¢x¢~ ') | x,¢ € G} is an equivalence relation. The corresponding equivalence
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classes are called conjugacy classes. Let K(G) denote the set of conjugacy classes
of a group G and k(G) = #K(G).
For ¢, x € G we write

Wi=glng, 0= {glxg|geC}.
Note that xC is just the conjugacy class of x.

Exercise (5.1) Let g, h, x, y be elements of a group G.

(a) Then (xy)8 = x8 y8. Equivalently, the map G — G:a +— a8 is a homomor-
phism.

(b) Also (xg)h = x8", Why would this be false if x8 were defined to be gxg_l
instead?

Exercise (5.2) Let G be a group and m € Z.
(a) Prove that (x8)" = (x™)$ forall g, x € G.

(b) Let C be a conjugacy class of G and write C" = {x™ | x € C}. Prove that C"
is also a conjugacy class of G.

Exercise (5.3) The results of this exercise are often useful when you’re looking for
the conjugacy classes of a group.
Let G be a group generated by a set A. Let C C G be any subset.

(a) Prove that the following are equivalent:
(1) {aca=',a 'ca} c Cforallc € C,a € A.
(2) gcg 't e Cforallce C, g €G.
(3) Let D be a conjugacy class of G. Then D C Cor DNC = @.
(4) Cis a union of conjugacy classes of G.
(In fact (3) & (4) is trivial.)

(b) State and prove an analogous result where condition (4) is replaced by C is a
conjugacy class of G.

The centre of a group G is
Z(G)={g€G|ga=agforallac G}

and its elements are said to be central in G. In words: an element of a group G is
central if and only if it commutes with all other elements of G. Note thatifa € G
then (a° = {a} < a is central in G).

Example 98. Recall the presentation (r,s | 7", s, (rs)?) of the dihedral group D,,,.
Prove that if n is odd then the conjugacy classes of D,, are

{1}’ {rm/rim} fOI'mE {11"-/%71}, {rk5|kEZ}

Solution. Firstly {1} is a conjugacy class in any group.

Next r is conjugate to r~! because ° = r~1. In order to prove that C := {r,r '}
is a conjugacy class, it is enough to prove that x”, x°* € C for all x € C (by exercise 5.3
and because {r,s} generate D,,). This is indeed true:

=1, r=r1, Yy =rt (@ 1)G=r

This proves that {r,r~'} is a conjugacy class. By exercise (5.2b) it follows that
{r",r~™} is a conjugacy class for all m € Z.
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It remains to prove that D := {r’s | k € Z} is a conjugacy class. It is enough
to prove that the elements of D are pairwise conjugate because we already proved
that G \. D is a union of conjugacy classes. For all k € Z

<rks)r:r71 k —— k.,—1 — k—2 ]

It follows that ¥ s is conjugate to *~2" s for all m € Z. But " = 1 and # is odd so
k

¥ s is conjugate to ' s for all k, ¢ € Z and the proof is finished. O
Example 99. As an example we calculate the character of a certain representation.
Prove yourself that their exists a unique representation p: Dy — GL(2, C) such that

w0 = (3 o) s=(] 1)

We aim to calculate the character of p.

As every character, it is constant on conjugacy classes by proposition 97. We
found the conjugacy classes of Dy in example 98: they are {1}, {s,rs,7?s} and
{r, rz}. So it is enough to calculate the values of x, at 1,s, r (one element from each
conjugacy class). The character of p is now immediate from the definition of p:

g |1 s r
w2 0 1

Definition 100. For a group G, the set of functions G — C is written C(G). We
make it into a vector space by the pointwise operations

(ap +bg)(x) = ap(x) +bg(x)

foralla,b € C, p,qg € C(G), x € G. (Prove yourself that this indeed makes C(G)
into a vector space.) For p,q € C(G) we define

1 -
(p9)e =35 Z r(0)a(x).
Lemma 101. The map (-, -)¢ is an inner product on C(G).

Proof Foralla,b e C, p,q,r € C(G) we have

#G - (ap+bg,r)c = L (ap+bg)(x)r(x) = L (ap(x) +bq(x)) r(x)

xeG xeG

=a ¥ p(x)r(x) +b L q(x)r(x) = #G(a(p, )6 +b(q,7)c)

xeG xeG

which proves that (-, -)¢ is linear in the first argument. For all p,q € C(G) we have

(i)e = 3¢ £ p(070) = 3¢ £ pEa(x) = @0

xeG

which proves it’s Hermitian. Finally if p € C(G) is nonzero, say p(y) # 0 (y € G),
then

(e = 55 L P(x) P 2 55p(y) p) > 0

which proves that (-, -)¢ is positive definite. O
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Definition 102. Let G be a group. A function f € C(G) is called a class function if
f(gxg~!) = f(x) for all g, x € G. In words: f is constant on conjugacy classes. We
write CF(G) for the set of class functions on G.

So proposition 97 says that every character is a class function.

Exercise (5.4) Prove that the set CF(G) is a linear subspace of C(G) and its dimen-
sion is k(G) (the number of conjugacy classes of G).

Lemma 103. Let p be a representation of a finite group G and let g € G.

(@) xp(1) =degp.
(b) x,(g) is a sum of roots of unity.

© xp(g7") = x0(8)-

Proof. Proof of (a). Write n = deg p and let I,, denote the identity matrix in GL(n, C).
Then x,(1) =trp(1) =trI, = n = degp.

Before we prove (b) and (c) some observations are in order. Let ¢ € G. Let
w1, ..., wy be the eigenvalues of p(g).

Note that g is of finite order, because G is finite. Say ¢" = 1 with » > 0. Then
p(g)" = 1. By lemma 25 p(g) is conjugate to a diagonal matrix B. The diagonal
entries of B are wq, ..., w, though not necessarily in this order.

Note B" = 1 and therefore w} = 1 for all i.

Proof of (b). We find x,(g) = trp(g) = w1 + - - - + w, which is a sum of roots
of unity.

Proof of (c). Note that p(¢~!) is conjugate to B~! which is a diagonal matrix
whose diagonal entries are wl’l, ce, Wy 1 in some order.

Also wi_1 = w; because wj; is a root of unity. Therefore

xo(g ) =trp(g ) =trB=w;' + -+ w,*

=W+ -+ Wy =w+ -+ wy = xp(9)- O

The degree of a character x is deg x := x(1). Note that the degree of yx, is just
the degree of p by lemma 103(a).

A character is said to be irreducible if it is of the form x, for some irreducible
representation p. Let [(G) denote the set of irreducible characters of G.

5.2 Schur’s lemma and orthogonality

Exercise (5.5) Let L: V — W be a homomorphism of CG-modules. Prove that ker L
is a submodule of V and im L is a submodule of W.

Recall that a CG-module is said to be simple if it has no other submodules than
0 and itself.

Theorem 104: Schur’s lemma. Let G be a group and let V,W be simple CG-
modules.

(a) Every CG-homomorphism L: V — W is 0 or an isomorphism.

(b) Every CG-homomorphism L: V — V is scalar multiplication by some complex
number.

Proof. Proof of (a). Suppose L # 0. Then ker(L) # V. By exercise 5.5, ker(L) is a
submodule of V. But V is simple so ker(L) = 0, that is, L is injective.
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Likewise, im(L) is a nonzero submodule of W. But W is simple so im(L) = W,
that is, L is surjective. We have proved that L is bijective if it is nonzero, as required.

Proof of (b). Note that V # 0 because V is simple. Let v be an eigenvector of L
with eigenvalue A. Define M: V — V by M(x) = L(x) — Ax. Prove yourself that M
is again a CG-homomorphism.

Now M(v) = 0 so M is a non-injective CG-homomorphism. By part (a) we must
have M = 0, thatis, L(x) = Ax forall x € V. O

The translation of Schur’s lemma (theorem 104) in terms of representations
looks as follows. Let p, o be irreducible representations of a group G. Then ev-
ery intertwining matrix T: p — o is zero or invertible; moreover every intertwiner
T: p — pis a scalar matrix.

Lemma 105. Let p, o be representations of a group G of degrees n, m, respectively.
Let A € My x,(C) and
T=Y o(h ') -A- p(h).
heG
Then T is an intertwining matrix p — o.

Proof. We must prove o(x) T = T p(x) for all x € G. We have

To(x) = ( L o(h") Ap(h))p(x) = £ o(h™") Ap(hx)

heG heG
= 5 o(xg ) Ap(g) =o(x)( L o(g)Ap(g)) =o(x)T
8cG g€G
where the starred equality is because of the bijection G — G: h — hx. O

Exercise (5.6) State the above lemma in terms of modules.

If A is a matrix, let A;; denote its entry in position (i, j). If A, B are matrices
such that the product AB is defined (that is, the number of rows in A is the number
of columns in B) then

(AB)ij = % Ajs Bsj.

Here s ranges over {1,...,n} where n is the number of rows of A. Let’s not bother
specifying such ranges any longer. Likewise, if A, B, C are matrices such that the
product ABC is defined then

(ABC);; = ZtAis Bst Cyj. (106)
s,

Theorem 107: Orthogonality of characters. Let p, o be irreducible representa-
tions of a finite group G.

(@) Ifp 7 o then (x,, Xo)c = 0.
(b) Also (xp, xp)c = 1.

Proof. Let E(i,j) denote the (dego) x (degp) matrix with 1 in position (i, j) and
zeroes elsewhere. If A and B are matrices and A E(i, j) B is defined then

(A-E(i,j) - B)ij = Aii Bjj (108)

because (A E(i, j) B)ij = 35+ Ais E(i, j)st Btj by (106) all of whose terms are 0 except
the term with (s, t) = (i, j) which is A;; B};.
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Put

T(i, )= L o(g™) E(if)-p(g).

g€G

Then T(i, j) is an intertwiner p — o by lemma 105. Moreover, using (108)

ZT(Z Dij=2X L [o(g7)E(i,j)-p(@)]; =L L o(g it~ p(8)

i,j 8€G i,j g€G

= X trog ) trp(g) = L xo(8 ") xo(8) =#G - (X0, Xo G- (109)
geG geG

Proof of (a). Suppose p #* o. Then T(i, j) = 0 by Schur’s lemma and the result
follows by (109).

Proof of (b). Put p = o in the foregoing. By Schur’s lemma there exists A;; € C
such that T(i,j) = A;;I, where n = deg p = x,(1) and I, is the n x n identity
matrix. By (109)

n-#G- (Xp Xp)g =n X T(i,])ij =n LA trZ}\”In —trZT(z i)
L]

i

=aX ¥ p(g HEGi)p(g) =t £ p(g?) Di:E(i,i)] p(g)

i geG geG
=tr ¥ p(g ) I,p(g) = X trp(1) =#G-trp(1) = #G - n.
g€G g€G
The result follows. 0J

Corollary 110. Let G be a finite group. Then G has at most k(G) inequivalent
irreducible representations.

Proof. Suppose not, say, p1, ..., ps are inequivalent irreducible representations with
s > k(G). Let x; be the character of p;. Now x; € CF(G) for all i and CF(G)
is of dimension k(G) < s so the x; are linearly dependent; say ¥;a;x; = 0 with
a; € C for all i, not all zero, say a; # 0. By theorem 107 (orthogonality) we have
(Xi, Xx)c = i for all i and therefore

0=(0,xx)c = (XaiXi, Xx)G = G-
1
This is a contradiction and finishes the proof. O

Later in theorem 120 we shall prove the reverse inequality: G has k(G) inequiv-
alent irreducible representations.

Theorem/Definition 111. Let pq,..., ps be a maximal set of non-equivalent irre-
ducible characters of a finite group G. Let p be a representation of G. Then there
are unique nonnegative integers n; (1 < i <s) such that

p~nyp;pD---Dnsps

where n; p; means the diagonal sum of n; copies of p;. Indeed n; = (x,, xi)c where
Xi denotes the character of p;. We call n; the multiplicity of p; in p.

Proof. Existence was proved in corollary 92. We prove uniqueness. For all i
(Xp, Xi)c = (Z anj/Xi)G = Z.le 0ji =1
] ]

so n; is determined by p. O
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Corollary 112. Let p be a representation of a finite group G. Then p is irreducible
if and only if (xp, Xp)c = 1.

Proof. The implication = was proved in theorem 107 (orthogonality). We prove <.
By corollary 92 we can write p ~ @, n; p; where p; are irreducible and inequivalent.
By theorem 107

1= (xp Xp)c = (Znixi, Znixi)c = Lni.
1 1 1

It follows that the n; are zero except one of them, say n, = 1. Then p is equivalent
to pr and therefore is irreducible. O

Theorem 113. Let p, o be representations of a finite group G. Then p ~ 0 & x, =
Xo-

Proof. The implication = is proposition 95. We prove <. Let py, ..., p; be a maxi-
mal set of inequivalent irreducible characters and let x; denote the character of p;.
Put n; = (Xp, Xi)c so also n; = (Xo, Xi)G- By theorem 111

p~@nipi~o. 0
i

Exercise (5.7) Let G be a finite group. Recall that Rep,(G) denotes the set of
equivalence classes of n-dimensional representations of G. Prove that Rep,,(G) is
finite.

5.3 Exercises

(5.8) Find an example of an infinite group G and two inequivalent representations
G — GL(n, C) with the same character.

(5.9) For g € S, let f(g) be the number of fixed points of g, that is, the number of
x € {1,...,n} such that g(x) = x. Prove that Y .cs f(g)* =2n!ifn > 1.

(5.10) Let 0 < k < n and write A, = {1,...,n}. Let V be an (})-dimensional
vector space with basis {v(I) | [ C A, #I = k}.

Let G = S, acton V by gov(I) = v(gI) where g = {gi | i € I}. Let x be the
character of the CG-module V. Prove

(x,x)c = min(k,n — k) + 1.

(5.11) An element of a group is said to be real if it is conjugate to its inverse.

(a) Let g be a real element of a finite group G. Prove x(g) € R for all characters
x of G.

(b) Prove that all elements of the symmetric group S, are real.
(c) Find all real elements in the alternating group A,,.

(5.12) Find the conjugacy classes and the centre of D5, if #n is even.

(5.13) Let H < G be groups such that G = {hz | h € H, z € Z(G)}. Let p be an ir-
reducible representation of G. Prove that the restriction of p to H is also irreducible.

(5.14) (a) Let p be an irreducible representation of a finite group G. Prove that
>¢eG p(g) = 0 unless p is the trivial representation of degree 1.
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(b) Let H < G be groups and let ¢ € G be such that all elements of Hg are
conjugate. Let x be a character of G such that (xy,1g)g = 0. Show that
x(g) = 0. (Note: xy := x|y and 1 is the trivial linear character of H.)

(5.15) Restate and reprove lemma 105 in the language of CG-modules.

(5.16) Let G be a finite group and V a finite-dimensional CG-module. Let x be an
irreducible character of G. Define py: V. — V by pyv = 3. x(g) gv. Prove that
py (V) is one of the isotypical components of V as defined in exercise 4.18 (or zero).

(5.17) Let G be a finite group. Recall that C(G) denotes the set of functions from
G to C. For p, g € C(G) define the convolution p x g € C(G) by

(pxq)(x) = X ply ") a(yx).
yeG

(a) Prove that * is associative.

(b) Prove that if p,q € C(G) are class functions then so is p * 4.
(c) Prove that pxg = g p for all p € CF(G), g € C(G).

(d) Let p, o be irreducible representations of G. Prove:

0 ifpto
Xp * Xo = #G .
degp Xo ifp~o.

Hint: use the result of exercise (5.20) (generalised orthogonality).
(5.18) Let G be a finite group and x;, .. ., x; its irreducible characters. Let d; be the
degree of x;. Prove:

)3 #Repn(G) -t
n>0 i=11—t

I
=

(5.19) (Adopted from the 2012 exam.) Let n > 4 and put A = {1,2,...,n}. Let
V be a complex vector space of dimension n(n — 1)/2 and with basis {v,, | a,b €
A, a < b}. We also write vy, = v.

The symmetric group G = S, acts on V by putting g v, , = v, ¢ for all ¢ € G.
This makes V into a CG-module whose character will be written x. The linear map
V — V: v gois denoted by ¢,.

Fora,b,c,d € Awitha # b, c # d put

M(a,b,c,d) = {g €S,

80ab = Uaby 80cd = Z]cd}

and m(a,b,c,d) = #M(a,b,c,d).
(a) Calculate the trace of t;, if n = 8 and h = (158)(24).
(b) Prove directly from the definitions
4n'<XIX>G = Z m(a,b,c,d).

ab,c,deA
a#b, c£d

(c) Assume thata,b,c,d € A are distinct. Prove
m(a,b,c,d) =4(n—4)!,

m(a,b,a,b) =2(n—2)!,
m(a,b,a,c) = (n—23)!.
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(d) Use the foregoing to prove (x, x)c = 3.
(e) Prove that there are distinct irreducible characters x1, x2, x3 of S, such that
X = Xx1+ X2+ X3

(5.20) Let p, o be irreducible representations of a finite group G and let h € G.
Prove the generalised orthogonality

0 ifpido

Z X8 xo(hg) = 4y Xell)

if p~o.

Hint: modify the proof of theorem 107.

(5.21) Let p be an irreducible representation of a finite group G. Prove y o p(g) =
0 unless p is the trivial representation of degree 1.

6 The regular representation

For a group G, let V™8 = V'®8(G) denote a complex vector space with basis {e, | x €
G} (this is any set in bijection with G). Then every element of V'8 can uniquely be
written as a sum

2 ayex
xeG
where a, € C are such that only finitely many a, are nonzero.
We define an action of G on V'8 by

g( 2 axex) = 2 Ax Egx
xeG xeG

for all ¢ € G, a, € C, only finitely many nonzero. Prove yourself that this defines an
action.

The pair of V™8 together with this action is a CG-module called the regular
module.

Suppose from now on that G is finite. Then V™# is finite-dimensional and
dim V™8 = #G. The regular representation p™8 of G is the representation af-
forded by (V*¢8, A) where A is the (ordered) basis of the e, with any total ordering.
The character x™8 of the regular representation is called the regular character.

Example 114. Let G = C; x C,. Then the elements of G can be written 1, x, y, xy for
appropriate generators x, y of G. Suppose that p™8 is afforded by (V*¢, A) where A
is the basis A = (e1, ey, ey, exy). Then

() (1)

Remark 115. A permutation matrix is a square matrix in which every row or col-
umn has zeroes everywhere except for a 1 in one position. Then the n x n permuta-
tion matrices form a subgroup of GL(n, C) isomorphic to the symmetric group S,,. It
is clear that the image of a regular representation consists of permutation matrices.

Lemma 116. Let G be a finite group. Then

X"¢(1) = #G, x"¢(g) =0forallg € G~ {1}.
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Proof. Firstly x™8(1) = dim V™8 = #G.

Let now ¢ € G~ {1}. Any nonzero entry of p™8(g) is in position (gx, x) for some
x € G. This is not on the diagonal because gx # x. Thus the diagonal of p™8(g)
consists of zeroes only and x™8(g) = tr p"&(g) = 0. O

Proposition 117. Let x1,...,xs be the irreducible characters of G and put d; =
xi(1). Then

S
X=X dix. (118)
i—1

Proof. Putn; = (x*8, xi)c- By theorem 111 we have x8 = ¥, x;. Using lemma 116
we find

= (0% )6 = 3 £ X)) = 5 (4G D) =

which finishes the proof. O

Corollary 119. Let xi, ..., xs be the irreducible characters of G and put d; = x;(1).
Then
4G =d> 4 - +d2.

Proof. Evaluating both sides in (118) at 1 = 15 we get
#G = x"8(1) =
1

Recall that I(G) denotes the set of irreducible characters of G and k(G) the
number of conjugacy classes.

I

S
¢mn:§£. O
1=

Theorem 120. #I(G) = k(G).

Proof. Let k = k(G). By corollary 110 we have #I(G) < k. It remains to prove
#I1(G) > k.

Recall the vector space CF(G) of class functions on G. It is of dimension k and
equipped with an inner product (-, )g. Also I(G) C CF(G). It remains to prove that
if f is a class function on G orthogonal to I(G) then f = 0.

For a representation p of G, put

pli= L f(9)elg™h).

8€G

We claim that p/ is an intertwiner from p to itself. Indeed, for all x € G we have

p(0) 0 p(x ) = p(0)( £ F@ple™)plx ) = L flg)plrg™'x )

25 flx ) p(h ) = £ fe(h ) =pf

heG heG
where the starred equality is because of the bijection G — G: ¢ — xgx~!. This
proves our claim that pf: p — pis an intertwiner.

Let p be an irreducible representation of G. As p/ is an intertwiner from p
to itself, Schur’s lemma (theorem 104) implies that there exists « € C such that
p/ = a I, where n = deg p and I, is the n x n identity matrix. We find the value of
« as follows:

na=t(al) =wp/ =u ¥ f(g)plg™) = L f(g) rpg™)
geG geG

= L f(®)x(8) = L f(8)xp(8) =#G - (f,xp)c =0
g€G g€G
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by our assumption that f is orthogonal to I(G). We have proved that pf = 0 if p is
irreducible.

It follows that also pf = 0 if p is not irreducible because Tp T~ = p; & - - - @ py
for some irreducible representations p; and some T € GL(n,C) (n = deg p) which
implies

To/ T '=pl@--@p/ =0
whence pf = 0.
Let us put p = p"8 in the equation p/ = 0. We find

I flg)p™E(g™") =0.

g€G

Note that the elements of the image of p™8 are linearly independent; indeed their
first columns are. It follows that f = 0 which finishes the proof. O

A character is said to be linear if it is of degree 1.

Theorem 121. A finite group G is abelian if and only if all its irreducible characters
are linear.

Proof. Write k = k(G). By corollary 119 and theorem 120
#G=di + -+ di
and d; > 0. So G is abelian < k = #G < (d; = 1 for all 7). O

6.1 Exercises

(6.1) Prove proposition 26 (representations of cyclic groups) by the more sophisti-
cated methods of chapters 4, 5, 6.

(6.2) Let G be a finite group. Prove or disprove:
(a) There exists a representation p: Dy — GL(n, C) with det p(r) = exp(271i/3).
(b) I(G) is a basis of CF(G).
(c) Let G be a group (not necessarily finite). Let V be a finite-dimensional CG-
module. Then V admits a G-invariant inner product.

(d) Let f: V — W be a homomorphism of CG-modules. Then f is 0 or an isomor-
phism.

(e) Let G be a group (not necessarily finite). Let V be a finite-dimensional CG-
module and (-, -) a G-invariant inner product on V. Then V is a direct sum of
simple CG-submodules.

(f) Let p: G — GL(n,C) be a representation of a finite group G such that the
elements of p(G) are linearly independent and p is injective. Then (x,, ¢)c >
0 for all irreducible characters ¢ of G.

(g) Let p: G — GL(n, C) be a representation of a finite group G. Then | det p(x)| =
1 forall x € G.

(h) Letpy,..., pi beirreducible representations of a finite group G and o = ny p; ®
-+ @ ny pp where n; € Zxg. Then (xo, Xo)g = 13 + -+ - + n2.

(6.3) Let G be a finite group and K(G) the set of conjugacy classes of G. Fix conju-
gacy classes Cy, ..., Cy € K(G) and put

N(C],...,Cm) Z:#{(gl,...,gm)EC]X"'Xcm‘gl"'gm:].}.
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If x is any class function on G and C € K(G), write x(C) := x(g) for one (hence
any) ¢ € G. Let I denote the set of irreducible characters of G. In this exercise you
will prove the Frobenius formula:

#Cy - - - #Cyy 5 x(C1) -+ x(Cn)
#G x€l X(l)miz )

N(Cy,...,Cp) = (122)

If C € K(G) and p is a representation of G, define
pc:= X p(g).
geC

(a) Prove that pc is an intertwiner p — p.

(b) Suppose moreover that p is irreducible of degree n. Prove that there exists
Ap € C such that pc = Ac - .

Xo(C)
(¢) Prove: A, = - #C.
g Xo(1)
(d) Letususe y,asshorthand for ¥ --- 3 . Prove:
s1€Cy gm€Cy
X

(e) Compute the right hand side of (123). Hint: if p is a representation of G, how
can Yo p(g1- - - gm) be factorized?

(f) Compute the left hand side of (123) and deduce (122).

(6.4) Use the notation of exercise 6.3 and put

(a1/b1/a2/b2/---/ag/bg/glr---/gm) [ﬂl,b]] [ﬂg,bg]
N =#
g(le /Cﬂ’l> {GGZgXC]X"'XCm glgmzl

where [a,b] = aba~1b~1. Prove:

_ X(C1) -+ X(Cn
Ng(C1,...,Cp) = (#G)* 14Cy - - - #C,y X%I (X(1))m+2g(—2 )
Hint: use Frobenius’ formula from exercise 6.3.

Remark: This has the following topological interpretation. Let S be a com-
pact connected oriented surface (real 1-manifold) with m boundary circles. Then
Ng(Cl, ...,Cp) is the number of homomorphisms 7S — G such that the image of
the ith boundary circle is in C;.

(6.5) Let G, H be finite groups. Let I(G) denote the set of irreducible characters of
G.

(a) Prove that I(G) x I(H) and I(G x H) have equal cardinalities.

(b) (Not for credit). You may assume that if x, ¢ are characters of a group K then
so is x¢ defined by (x¢)(g) = x(g) ¢(g). This is true but beyond our scope.
Prove that if p is a character of G and g a character of H then

pxq:GxH —C
(8 1) — p(g)q(h)

is a character of G x H.

(c) Prove that the map (p,q) — p *q defines a bijection I(G) x I(H) — I(G x H).
Hint: first prove (pxq,7*s)gxu = (p,7)c (q,8)g forall p,r € I(G), q,s €
I(H).
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7 Character tables
7.1 Character tables

Let G be a finite group. If C is a conjugacy class of G and ¢ € C and f is a class
function on G we often write f(C) instead of f(g).

Let Cy, ..., Cy be the conjugacy classes of G and assume C; = {1}. Let x1, ..., Xk
be the irreducible characters of G and assume that yx; is the trivial linear character
(thatis, x1(g¢) = 1 for all ¢ € G). The square matrix

(xi(Cy))

is called the character table of G. More precisely, a permutation of the rows or
columns or both (fixing the first row and first column) is not considered to change
the character table.

The character table of a finite group contains a good deal of information about
the group but not everything: there are non-isomorphic groups with the same char-
acter table (exercise 7.13).

The character table may be annotated with more useful information, for example
#C; for every j. The latter information can however be deduced from the body of
the character table (exercise 7.8).

ij

Example 124. Consider C4 = {c | c¢*). Write ¢ = /—1. We know that all irreducible
characters of C, are linear; we can write y;(c) = ¢~1. Also c/~! € Cj_1. It follows

that x;(C;j) = e~DU~1) and the character table is

‘ 1 ¢ & &
x1 |1 1 1 1
x2 | 1 ¢ e &
xs | 1 & & ¢
xa | 1 e &

Example 125. Next we compute the character table of G = Dg. Recall that Dy is
(r,s | r3,s%, (rs)?) and that the conjugacy classes are 1¢, r©, sC.

First we find the linear characters. Recall that, for any group G, a linear character
is just a homomorphism G — C* and all linear characters are irreducible. By
theorem 61, there exists a linear character x; with x;(r) = a and x;(s) = f if and
only if

1=a®=p%=(ap)> (126)
This is just a system of equations in complex numbers and can therefore be solved

by any usual means. We find that (126) is equivalentto « = 1 and 3 € {—1,1}. We
thus find two linear characters:

1
1|11 1
1 1

X
X2

Let x5 be the remaining irreducible character and d; the degree of x;. Then d3 = 2
because by corollary 119

6 =#Dg =di +d5 +d} =1+1+d3.
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One way to find ys3 is by proposition 117 which says x™& = dq x1 + d2 x2 + d3 3.
The result is:

‘ 1 r S
X1 1 1 1
x| 1 1 -1
X3 2 -1 0

7.2 Properties of character tables

We now look at some properties of characters, which are especially useful when
calculating character tables.

Proposition/Definition 127: Duals and twists. Let x and u be irreducible charac-
ters of G, with degu = 1.

(a) The function x: g — x(g) is also an irreducible character called the dual of x.

(b) The function xu: ¢ — x(g) n(g) is also an irreducible character called a twist
of x.

Proof. Part (a). Suppose x = x, where p is a representation of degree n. There
exists an automorphism ¢ of GL(n, C) defined by (cA);j = A;; for all i, j. It follows
that c o p is also a representation of G. It character is clearly ¥ which is therefore a
character.

It remains to prove that ¥ is irreducible. This follows from corollary 112 and the
following:

(X X)c = 3= L x(8)x(g) = Eggc x(8) x(8) = (x, x)e = 1.

Part (b). Write x = x,. Define 0(g) = p(g) u(g) for all ¢ in G. In order to prove
that ¢ is again a representation of G, observe

o(gh) = p(gh) u(gh) = p(g) p(h) 1(8) u(h) = p(g) 1(g) p(h) u(h) = o(g) a(h)

for all g,h € G. Its character is clearly xu which is therefore a character.
In order to prove that it is irreducible, note that u(g) u(g7!) = 1 forallg € G
so that

1 _ _ 1 _
(xm xwe = = L x(@)m(@) x(g Hulg™) = 3= L x(@)x(g™!) =1
#G ggG #G gGG
By corollary 112 again the twist yu is irreducible. O

Exercise (7.1) Let A € M,(C). Prove that the rows of A are orthonormal (A AT =
1) if and only if the columns are (AT A = 1).

Theorem 128: Orthogonality. Let G be a finite group. Let x1,..., X be the ir-
reducible characters, Cy,...,Cy the conjugacy classes and n; = #C;. Lets,t €

,...k.

k
(a) Row orthogonality: ). anS(Cj) X:(Cj) = #G - 8.
j=1

#G ° 5st

N

k
(b) Column orthogonality: ¥ x;(Cs) xi(Ct) =
i—1
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Proof. (a). Recall theorem 107 (orthogonality for characters): #G - 65 = P te f(g)
where we write f(g) = xs(g) x:(g)- Now f(g) depends only on the conjugacy class
of g. Part (a) follows.

(b). Write
e\ 1/2
st = (ﬁ) Xs(ct)

and let A denote the k x k matrix (as )st. Then part (a) states that the rows of A are
orthonormal. By exercise 7.1 its columns are orthonormal. This proves part (b). [

Example 129: A mystery group. Suppose G is a group of order 12 with 4 conjugacy
classes. Suppose that one of the rows of its character table is

g1=1 g g &
1 1 w w?

where w = exp(27i/3). Find the full character table.

Solution. The trivial character and the dual of the given row are also irreducible
characters. So far we have:

11 & & &

villt 1 1 1

|l 1 w o?

3ll 1 w?* w

The number of irreducible characters equals the number of conjugacy classes, which
is 4. Let x4 denote the last unknown row. We find y4(1) by corollary 119:

12=#G = x1(1)* + x2(1)* + x3(1)* + xa(1)* = 1+ 1+ 1+ xa(1)?

so x4(1) = 3. We find the remaining values of x4 by column orthogonality (theo-
rem 128). We get:

1 & 8 &
x1|1 1 1 1
x2 |1 1 w  w?
xall 1 o?* w
x2!3 -1 0 0

OJ

Exercise (7.2) Use column orthogonality to find the sizes of the conjugacy classes
in the above example.

7.3 Characters and normal subgroups

Definition 130. Let p be a representation of a group G. We define
kerx, :=kerp={ge G| p(g) =1}.
Lemma 131. Let x be a character of a finite group G. Then

kerx = {g€ G| x(g) = x(1)}.
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Proof The inclusion C is clear. We prove D. Write y = x, and n = x(1). Letg € G
be such that x(g) = x(1). By lemma 103 there are roots of unity wy, ..., w, such
that x(§) = w1+ -+ wy. Then |w;| = 1foralliand n = wy + -+ + w, from
which we deduce w; = 1 for all i. By lemma 103 p(g) is diagonalisable so p(g) = 1.
This finishes the proof. O

Theorem/Definition 132: Lifting. Let f: G — H be a homomorphism of finite
groups with kernel N.

(a) There is a map

characters characters A of G
: —
of H with N C ker A

defined by p(x) = x o f. This is known as the pull-back or lift.

(b) Suppose that f is surjective (for example, H = G/N and f is the natural map).
Then p is bijective.

Proof. (a). Let p be a representation of H and x := x,. Then po f is a representa-
tions of G whose character is clearly x o f = p(x). Therefore p(x) is a character of
G.

(b). Proof of surjectivity. Let o be a representation of G whose kernel contains
N. Let p be the representation of H defined by p(f(x)) = o(x). This is well-defined
because f is surjective and because f(x) = f(y) = xN = yN = o(x) = o(y). Then

Xo = p(Xp):
Proof of injectivity. Let p(A) = p(u). Then Ao f = po f. Since f is surjective,
A = p. Therefore p is injective. O

Theorem 133. Let G be a finite group.

(a) For any irreducible characters Ay, ..., A, of G, ker(A1) N--- Nker(A,) is a nor-
mal subgroup of G.

(b) All normal subgroups of G arise this way:

Proof. (a). It is immediate from the definition that ker A; is a normal subgroup of G.
The result follows because every intersection of normal subgroups is again a normal
subgroup (exercise 3.3).

(b). Let N be a normal subgroup of G. Let p be an injective representation of
G/N (for example, the regular representation) and let f: G — G/N be the natural
map. Then po f is a representation of G whose kernelis N. Let po f ~ 01 @® - - - ® 0y
with o; irreducible for all i (such a decomposition exists). Let A; be the character of
0;. Then N = ker(A;) N - - Nker(A,). O

Exercise (7.3) Let G be the mystery group of example 129. Find all normal sub-
groups of G.

7.4 Linear characters and the derived subgroup

Definition 134. Let G be a group and x, y € G. The commutator of x, y is

[x,y] = xyx_l y‘l.

The derived subgroup or commutator subgroup of G is the subgroup of G gener-
ated by the set of all commutators:

G’:[G,G]:<{[x,y]|x,y€G}> 0
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Note that [x,y] = 1 if and only if xy = yx (that is, x, y commute). Warning:
some elements of G’ may not be commutators.

Example 135. (a). It is clear that a group G is abelian if and only if G’ = 1.
(b). We have S, = A,. If n > 4 then A), = A,.

Proposition 136. Let G be a group.
(a) Then G’ <G.
(b) Let N < G. Then G/N is abelian if and only if G’ C N.

Proof. (a). By exercise 3.30 it is enough to show that any conjugate of a commutator
is again a commutator. Well, if ¢ € G then x — x¢ = ¢~ lxg is an automorphism of
G so for all x, y in G we have

[, Y18 = (eyx Ty ™S = () (1) () () T = a8, )

which is a commutator.
(b). We have

G/N is abelian

<= [xN,yN| =1forallx,y € G

<= (xN)(yN)(xN) " }(yN) ' =1forallx,y € G

< xyx 'y !N=Nforallx,y € G

<= [x,y] € Nforallx,y € G

<= G CN. O

Proposition 137. Let G be a group.
(a) Alinear character of G is the same as the lift to G of a linear character of G/G’.
(b) The number of linear characters of G is #(G/G').

Proof. (a). It is clear that lifting a linear character of G/G’ to G gives a linear
character of G. In order to prove the converse, let x = x, be a linear character of
G. Then p(G) C GL(1,C) so p(G) is abelian. By proposition 136 G’ C kerp. So
G’ C ker x. By theorem 132 x is a lift of a character of G/G’.

(b). Write Q = G/G’. We know that Q is abelian so it has precisely #Q conjugacy
classes. By theorem 120 it has #Q irreducible characters. But irreducible characters
of Q are the same thing as linear characters of Q by theorem 121. So Q has precisely
#Q linear characters. By (a) G has the same number of linear characters (noting that
no two distinct characters of G/G’ lift to the same character of G). O

Exercise (7.4) Use proposition 137 to prove that there is no finite group G such
that if x1, ..., xx are its irreducible characters in appropriate order then

(x1(1),..., xx(1)) = (1,1,5).

7.5 More examples

Exercise (7.5) Let p,q be characters of a finite group G with g irreducible. Then
p — q is a character if and only if (p,q)c > 1.

Example 138. We shall calculate the character table of S,.
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First some generalities about S,,. The alternating group A, is a normal subgroup
of S, of index 2. It follows that there is a 1-dimensional representation of S, tak-
ing all elements of A, to 1 and other elements to —1. This is known as the sign
representation and its character is the sign character.

Recall the permutation representation p?: S, — GL(n, C) defined by (pPs)e; =
es(i)- Its character (denoted p) is called the permutation character (it is not irre-
ducible). Note that p(g) = #{x € {1,...,n} | g(x) = x}, the number of fixed points
of gforall g € S,.

Put now n = 4. We begin by calculating the conjugacy classes of S, and their
sizes:

Cox|1 (12) (123) (1234) (12)(34)
#C |1 6 8 6 3

Let x1 be the trivial linear character. Let x, be the sign character. Let p be the
permutation character. We get the following table.

#C[1 6 8 6 3
villt 1 1 1 1
vw|l -1 1 -1 1
pla 2 1 0 0

Wehave24:-(p,x1)c =1-1-4+6-1-2+8-1-14+0+0=24sothat (p,x1)c =1
and x3 := p — xi is a character by exercise 7.5. Let x4 := Xx3x2 be its twist. We have

#C|1 6 8 6 3

|3 1 0 -1 -1
i3 -1 0 1 -1

We find 24(x3,x3)¢ = 1:9+6-14+0+6-1+3-1 = 24 whence (x3,x3)c = 1.
Therefore xj3 is irreducible and hence so is x;.

Let x5 be the remaining irreducible character. We find xs(1) by the formula
24 = #G = 37, xi(1)%. We find the remaining values of xs by orthogonality of
columns. Here is the full table:

Cox| 1 (12) (123) (1234) (12)(34)
#C |1 6 8 6 3
p |4 2 1 0 0
vi |1 1 1 1 1
v |1 -1 1 ~1 1
v |3 1 0 —1 1
va |3 -1 0 1 ~1
vs |2 0 -1 0 2

Example 139. Let G be the group of permutations of Z/5 of the form x — ax + b
where a,b € Z/5 and a is invertible. Define r,s € G by r(x) = x + 1, s(x) = 2x.
(a) Prove G = (r,s).
(b) Prove that ¥ = 1, s* = 1, srs™! = #2. (We don’t need to prove that these
present G.)

(c) Prove that every element of G can be written uniquely as * s where 0 < k < 4
and 0 < ¢ < 3.
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(d) Define a map f: G — (Z/5)* by (x — ax +b) — a. Prove that f is a ho-
momorphism. Deduce that there is a homomorphism h: G — C4 = {(c | ¢*),
h(r) =1, h(s) =c.

(e) Prove that the conjugacy classes are

{1}y, {r, 273,74, {Fs|ky, {2k}, {3 k).
(f) Find the character table of G.

Solution. (a). We have s(x) = 2x, s?(x) = 4x, s*> = 3x. Therefore x +— ax is in (s)
for all a. Finally *(ax) = ax + b.

(b). Straightforward. We just do the last one: srs™!(x) = sr(3x) =s(3x+1) =
x+2 =r*(x).

1

(c). Existence follows easily from (a) and the relation srs~! = r2. Uniqueness

follows by comparison with #G.

(d). Define u,v € G by u(x) = ax+b, v(x) = cx+d. Then uv(x) = u(cx +
d) = a(cx+d) +b = acx + (ad + b). This proves that f is a homomorphism. But
(Z/5)* = C4 which yields h.

(e). The image C,4 of h is abelian. Therefore, if two elements of G have different
images in C4 then they are not conjugate. Clearly {1} is a conjugacy class. This
proves that the given sets are each a union of conjugacy classes.

Now srs~! = #? so conjugating by s yields the permutation r — 12 — r* — 3.

We have sr = 125 so r~1(rks)r = (r~11%#?)s = r**1s so conjugating by r~!

cyclically permutes {r*s | k}. Likewise for the remaining two classes.

(). Pulling back the irreducible characters of C, gives 4 linear characters x1, ...,
Xxa. Since G has precisely 5 conjugacy classes, there is one remaining character ys.
Its degree is found by the condition #G = ¥, x;(1)?. Its remaining values are found
by orthogonality of columns. We get:

1 r s
w1 1 1 1 1
X2 1 1 -1 —
1l 1 -1 1 -1
xs | 1 1 —i -1 i
s |4 -1 0 0 0

7.6 Exercises

(7.6) (a) Find the conjugacy classes of Ajy.
(b) Prove that one of the rows in the character table of A4 is

where w = exp(27i/3).

(c) Briefly justify that the mystery group of example 129 and A4 have the same
character table.
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(7.7) Let x be a character of an infinite group G. Prove that g — x(g!) and

¢+ x(g) are again characters of G. Give an example where x(g~!) # x(g).

(7.8) Let x; (1 < i < k) be the irreducible characters of a finite group G. Let Cj
(1 < j < k) be the conjugacy classes of G and pick an element g €C; for each j.

If one is only given the function (7,j) + x;(g;), show that one can find the
unique j such that g; = 1, as well as the degree of x; and #C;.

(7.9) Calculate the conjugacy classes and character table for the group
{a,b,c | @, b°, aba~ b, 2, cac b7 1)
(7.10) Find the character tables of the finite dihedral groups.

(7.11) (Adopted from the 2012 exam.) We define a group
G=(xyz| x? =z, y2 =z, (xy)2 =z, 72 = 1)

and consider x, y, z as elements of G. We write (¢1,...,¢5) = (1,x,y,xy, 2).

(a) Prove that there are precisely 4 linear characters of G, written x, ..., xs4. Give
a table with the values Xi(é’j) whenever 1 <i <4, 1 <j<5.

(b) Prove that there exists a unique representation p of G such that p(x) = A,
p(y) = B where we write

(50 - (%0)

(c) Prove that p is irreducible.
Hint: Proceed directly from the definition of irreducibility (or simplicity of
modules).
(d) Prove that (z) is a normal subgroup of G. Give an explicit presentation of the
quotient group G/(z).
(e) Prove #G = 8.
(H) Prove that gi,..., g5 is a maximal set of pairwise non-conjugate elements of

G. In other words, G is the disjoint union g% LI--- LI ¢S. Give the character
table of G.

(7.12)

(a) Let M(m, C) denote the set of complex m x m matrices. For x € M(m, C) write
x* = x': the transpose of the complex conjugate. Prove that (-,-): M(m, C) x
M(m, C) — C defined by (x, y) = tr(xy*) is an inner product on M(m, C).

(b) Let G be a finite group. Write n = #G and G = {g1, ..., gn}i class function
f on G is said to be positive semi-definite (PSD) if f(¢g~1) = f(g) forallg € G
and the Hermitian matrix

~1
(g i&] )i, j
is PSD. Prove that every character of G is PSD.

(c) Let f be a PSD class function on G. Does it follow that f is of the form a; x; +
-+ - 4 ay xx where a; € R>¢ and the x; are characters of G?

(7.13) Let Qg be the subgroup of GL(2, C) generated by i = (/%) and j = ( % §).
Calculate the character tables of Qg and Dg. Prove that Qg and Dg are nonisomor-
phic groups with the same character table.
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(7.14) In this exercise you prove that the set of characters of a finite group G is
closed under multiplication. See chapter 10 for a more thorough treatment.

Let G be a finite group and let U, V be finite-dimensional CG-modules. Let W
be the set of mappings f: U x V — C such that

f(au+bu,x) =af(u,x)+bf(v,x),
f(u,ax+by) =af(u,x)+bf(u,y)

forallu,v € U, x,y € V, a,b € C (the bilinear mappings).

(a) Prove that W becomes a vector space by the pointwise operations

(af +bg)(x,y) =af(x,y) +bg(x,y)

whenevera,be C, f,geW, xe U, yeV.
(b) Forg € Gand f € Wdefine g 'f: Ux V — Cby (¢ 1f)(x,y) = f(gx, gy).
Prove that this makes W into a CG-module.

(¢) Let (uy,...,uy) be a basis for U and (vy,...,v,) for V. For 1 < i < m and
1§j§ndeﬁnewij€Wby

1 if (i,7) = (k, ¢),
ZUz‘]'(Uk/ vy) = b djp = {O ott(lelzgvise.( )

Prove that the w;; are well-defined and form a basis for W.

(d) Prove that xi = xy xv, thatis, xw(g™1) = xu(g) xv(g) for all ¢ € G. Deduce
that the product of any two characters of G is again a character of G.
Hint: Use the notation of (b) and (c) and suppose that gu; = «; u;, guj =
Bjvj for alli, j. Find g~ 'w;.

(7.15) Let

G={(abla®=1,b*=1,bab"! =a 1)

D¢ = (1,5 | 1°, §%, (rs)?), Cy={c|c*.
(a) Prove that there exist unique homomorphisms

f:G—Dg: f(a)=r1f(b)=s,
h:G—Cy: h(a)=1, h

(b) Prove #G =12 and G = {a*b’ | 0 <k <2 and 0 < ¢ < 3}. Hint: Prove that 1
is surjective and find the size of its kernel by using f.

(c) Let us call two elements of G weakly conjugate if their images in Dg as well
as in C4 are conjugate. Find all weak conjugacy classes. Then prove that the
weak conjugacy classes are the conjugacy classes.

(d) Calculate the character table for G. Justify your answers and show the inter-
mediate steps in filling the character table.
Hints: You may wish to use proposition 127. Also, if u: A — B is a homo-
morphism of groups and x a character of B then yx o u is clearly a character of
A.

(e) (Not for credit). Use the character table and a result from the lectures to find
all normal subgroups of G.
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8 Induction and Restriction
8.1 Induction and restriction for characters
Let H < G be finite groups. We define two maps called induction and restriction

Ind
CF(H) —— CF(G)
Res

as follows. Let p € CF(G) and g € CF(H). We define 4°: G — C by

(%) = {q(x) ifxe H,

0 ifx ¢ H.
Then
Resf;(p) = Res(p) = pu, pu(h) = p(h),
1 o
Indj;(q) = Ind(q) =4, 9°(8) = 57 L q°(tst™).
xeG

Sometimes a more flexible notation is convenient. For any assertion P write

1 if P is true,
[Pl = {O if P is false.

In this notation the definition of induced characters looks like

1
7°(8) = g L [rgx™ € H]q(xgx™)

where we abuse notation by writing [x € A] f(x) := 0 if x € A, even though this
may cause f(x) to be undefined.

Proposition 140. The functions py and q© are class functions.

Proof. For py this is obvious. For all g,s € G we have
g™ = g L a°ltsgs ) = o £ q(ugu) = ¢%(g)
#H te #H u

where we replaced ts by u. OJ

Proposition 141: Frobenius reciprocity. Let H < G be finite groups. Let p €
CF(G) and q € CF(H). Then

(pe,Du = (P, 9%)c.
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Proof.
(4%, p)c = % g}e:c 7°(g) p(2) by definition of inner product
= 3c -1#H g/)}C:GG 7°(xgx~ ) p(g) by definition of induction
= ﬁ g/)}c_‘équ(xgx_l) p(xgx~1) because p is a class function
= ﬁ h,xZGG q°(h) p(h) on writing & = xgx !
1 S

=—— Y Y gh because the other terms are 0
G FH =, 2, 1 p(h)

= i 10 = @ ]

Exercise (8.1) Let G be a finite group, I(G) the set of irreducible characters of G
and let p € CF(G). Prove that p is a character if and only if (p,q)c € Z>( for all
g€ I(G).

Corollary 142. Let H < G be finite groups and suppose that q is a character of H.
Then qC is a character of G.

Proof. Let p be an irreducible character of G. Then py is a character of H so (py, q)n
is a nonnegative integer. By Frobenius reciprocity, (p,¢%)¢ is a nonnegative integer.
The result follows by exercise 8.1. O

8.2 How to compute an induced character in practice

The following is clear.
Proposition 143. p©(1) =[G : H] - p(1). O

Let C be a conjugacy class in a group G and g € C. We sometimes write p(C) :=
p(g) if p is a class function on G.

The following result aims to speed up the calculation of induced characters in
practice.

Proposition/Definition 144. Let H < G be finite groups and p € CF(H). Let C
be a conjugacy class in G. Let D,,..., D) be the conjugacy classes of H that are
contained in C. Then

Ifk > 1 we say that C splits.

Proof. Let g € C. In exercise 8.3 you will prove that

#{x € G|xgx~1 € D;}  #D;
#G - #C
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It follows that

pe(C) =p°(8) = #H L plxgx g € H]

1 k 1 '
#Hlilxgcz?(xgx Nixgx™' € D] = #HZZ p(D; )ng[xgx € D]

1 k #D; [G H] k |

—Hglp(Dl) #G - o E- -p(D;). O

Example 145. As an illustration how to calculate induced characters, we now cal-
culate those characters of S; induced from the irreducible characters of S, and As.
Our method uses proposition 144 and what we call induction tables.

The character tables of S,, Aj are:

A 1 (123 321
T s 1 (123) (321)

s |1 1 1
x1 | 1 1 wll w?
x2 |1 -1 2

x5 | 1 w w

where w = exp(27i/3). Moreover, representatives of conjugacy classes of S3 are 1,
(12), (123).

Let us first consider S,. For each conjugacy class C of S3 we do the following.
Firstly, we give the pair C : #C separated by a colon (or rather, we give a represen-
tative instead of C). If Dy, ..., Dy are the conjugacy classes of S, contained in C, we
list the pairs D; : #D; in the same column as C : #C:

S5 1:1  (12):3  (123):2
Sy 1:1 (12):1

In this case, no conjugacy class splits. (This is even true for Sy < S,.) It is now easy
to extend the table with the values of the induced characters to get the so-called
induction table:

S5 1:1 (12) : 3 (123): 2
Sy 1:1 (12) :1

(x1)* 3 1

(x2)% 3 -1

For example by proposition 144

(x2)®(1) = [S5: So -
(x2)®((12)) = [S3: Sa] -

In the case of A3 things get a bit more complicated, because (123) and (321) are
conjugate in Sz but not in As. This is the only splitting occurring:

x2(1) =3,
x2((12)) = -1

W= ==

S 1:1 (12) : 3 (123) : 2
As 1:1 (123):1, (321):1
(x3)%

(xq)> 2 0 w+w?=-1
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For example

(x4)%3((123)) = [S5 : As] (%x4<(123)) + %x4<(321))) —w+aw?=—1.

Note that x4 and x5 induce the same character of Ss.
The characters induced by x4 and x5 are irreducible but those induced by x1, x2,
X3 are not. O

Notation 146. For a group G, let 15 denote the trivial linear character of G.

Example 147. In this example we find the character table for As using induction.
Write G = As, H = A4, x = (12345) and let K be the subgroup of A5 generated by
X.

(a) Let C be a conjugacy class in S,,. Prove that at most 2 conjugacy classes of A,
are contained in C.

(b) For each conjugacy class in A4 or As, find its cardinality and give one element.
(c) Let A be the linear character of H defined by

‘1 (123) (321) (12)(34)
A ‘ 1 w w? 1

Compute (14)¢ and A°.
(d) Prove that x4 := (1) — 15 is a character of G.
(e) Prove that x4 and x5 := AC are irreducible.
(f) Find (12345)¢ N K and (12354)C N K.

(g) Let ¢ = exp(27i/5). Let u be the linear character of K such that pu(x) = .
Calculate pC.

(h) Prove that x5 := u® — x5 — x4 is an irreducible character.
(i) Finish the character table of As.

Solution. (a). Suppose a,b,c € A, are conjugate in S,: a* = b, bY = c¢. Suppose
that 4, b are not conjugate in A, and b,c are not. Then x,y € 5, \ A, so xy € A,.
Also a™¥ = (a*)¥ = bY = c so a, c are conjugate in A,.

(b). The answer is:

S 1 (123) (321) (12)(34) e L (123) (12)(34) (12345) (12354)
Y14 4 3 1 20 15 12 12

Most of these are easily found using (a) and our knowledge of the conjugacy classes
in S,. What remains to prove is that (123), (132) are not conjugate in A4 and that
x := (12345) and y := (12354) are not conjugate in As.

Suppose that x, y are conjugate in As, say, z € As satisfies yz = zx. By multi-
plying z with a power of x we may suppose z(1) = 1. Then z = (45) which is not in
As.

For A4 there is a similar argument and left to you.

(c). Note [G : H] = 5. Using the method of example 145 we get:

G ||1:1 (123) : 20 (12)(34) : 15 | (12345): 12 | (12354) : 12
H | 1:1](123):4,(321):4| (12)(34):3
(1) | 5 2 1

G 5 -1 1
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because w + w? = —1.

(d). By Frobenius reciprocity we have ((15)%,1¢)¢ = (1g, 1g)g = 1. It follows
that x4 is a character.

(e). By (o)
1 (123) (12)(34) (12345) (12354)
1 20 15 12 12
xal4 1 0 -1 -1
x5 15 -1 1 0 0

and it readily follows that #G - (x4, Xxa)c = 1-42+20-12+12- (=1)2 +12-(-1)2 =
16 +20 + 12 + 12 = 60, that is, (x4, X4)c = 1. Therefore x4 is irreducible.

Likewise #G - (x5, x5)c = 1-52+20-(—1)2+15-12 = 25+ 20 + 15 = 60 so
(x5, x5)c = 1 whence xs is irreducible.

(f). We claim
(12345)° NK = {x, x*}, (12354)° NK = {x?,x%}.
Firstly,
(14)(23)x(14)(23) = (14)(23)(12345)(14)(23) = (54321) =

2 is conjugate to (x*)? = x3. Moreover

so x is conjugate to x* and therefore x
= (13524) = (235)(12354)(235)*
and the claim is proved.

(g). Note [G : K] = 12. Using the method of example 145 we get the following.

G 1:1 | (123):20 | (12)(34):15 | (12345):12 | (12354):12
K 1:1 x:1, x*:1 x2:1, %301
uG 12 0 0 e+et e+ 6

(h). This is equivalent to saying that (u®, x4)¢ and (u®, x5)¢ are nonzero and
(x3,x3)c = 1. These are straightforward calculations and left to you.

(i). For the same reason x; := (u?)® — x5 — x4 is an irreducible character. This
involves no extra calculations: just observe that it amounts to replacing ¢ by ¢? and
that this doesn’t affect what we did with xs.

Another short proof that x, is an irreducible character is that it is y3 o « where
« is the automorphism of As defined by a(x) = (45)x(45).

We get the following.

As | 1 (123) (12)(34) (12345) (12354)
|1 1 1 1 1
X213 0 -1 142468 14+e+4¢*
x3 |13 0 -1 14646t 142468
xa | 4 1 0 -1 -1
xs | 5 =1 1 0 0
As an aside, note ¢ + ¢* = _1+‘/5 Note also that it follows immediately from the

character table and theorem 133b that As is simple. O
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8.3 Induction and restriction for modules

Definition 148. Let H < G be finite groups. Let V be a finite-dimensional CH-
module with character p. We define the induced module V¢ to be the CG-module
whose character is p©.

Note that V© is well-defined, but only up to isomorphism, for the following
reasons. Firstly, p© is a character as we proved in corollary 142. Secondly, any
finite-dimensional CG-module is determined up to isomorphism by its character. [J

This is not a very satisfactory definition. There could be many reasons why
you are interested in a module rather than its character. In some other theories, a
module is not even determined by its character. We now ask how to recognise or
construct V¢ without reference to characters.

Definition 149. Let V be a CG-module. An imprimitivity decomposition of V is a
tuple (W, ..., W) of linear subspaces of V such that:

o Directsum: V=W, @ --- D W;.

o Invariance: For all ¢ € G and i there exists j with gW; = W;.

o Transitivity: For all i, j there exists ¢ € G such that gW; = W;.

We call this a proper imprimitivity decomposition if k > 1. A nonzero CG-module
is said to be primitive if it admits no proper imprimitivity decompositions.

IfV =W;®---®W;isaproper imprimitivity decomposition then W; is certainly
not a submodule. However, if H = {g € G | gW; = W;} (the so-called stabiliser
Stabg (W) of Wy) then W; is a CH-module.

Proposition 150. Let V be a finite-dimensional CG-module with character q. Let
V = W1 & --- & Wy be an imprimitivity decomposition. Put H := Stabg(W;) and
let p be the character of Wy over H. Then q = p©.

Proof. Let T be a left transversal for H in G, that is, T C G and G is the disjoint
union of tH as t runs through T. Then tW runs through the W; as ¢ runs through T

SO
V=tw.
teT
Choose a basis {w, ..., wy,} for W. Then {tw; |t € T, 1 <i < m} is a basis for V.
Let ¢ € G. We compute 4(g) using this basis.

For t € T, the contribution of the basis vectors fw; to q(g) will be zero unless
gtW = tW, that is, t !¢t € H. Assume now t !¢t = h € H and write hw; =
S jaijw;. Then p(t~1gt) = 3 aji.

Now

g(twi) = t(l’l wi) = )];aij tw]'

and therefore the contribution of tw; to q(g) is a;;. Therefore the total contribution
of the tw; (for fixed t but varying i) is p(t~!gt). It follows that

q(g) = X p°(t 'gt) = p°(g)
teT
where the starred equality is left to you (exercise 8.10). O

Proposition 151. Let H C G be finite groups and let W be a CH-module. Then
there exists a CG-module V having an imprimitivity decomposition V = W; @& --- @
W such that H = Stabg(W;) and W = W, as CH-modules.
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Proof. (Not on the syllabus). Let T be a left transversal for H in G such that 1 € T.
Let V be a vector space and for all t € T let t ® W be subspaces of V such that
t@W = Wand V = @,crt ® W. We know that such V and t ® W can be found.
Let a;: W — t ® W be an isomorphism. Write t ® w instead of a;(w) whenever
weW,teT. Wethenhave t W = {t@w | w € W}.

For g € G and w € W define ¢ ® w as follows. Write ¢ = th and set g @ w :=
t ® hw. Note (exercise):

g®xw=gx®w  forallge G,xe€ H,weW.

The usual notation for what we have constructed is V = CG ®¢cy W.
The action of G on V is defined as follows. Every element of V can uniquely be
written ¥ ;.7 t ® wy where w; € W. We put

g X tw = X (gt) @ wy.
teT teT

This makes V into a CG-module. It is clear that {t ® W | t € T} is an imprimitivity
decomposition of V. Also H = Stabg(1® W) and W = 1 ® W as CH-modules
(exercise). The proof is complete. O

See exercise 8.13 for a different proof of proposition 151.
In the notation of proposition 151 we have V =2 W¢ by proposition 150, pro-
vided that V is finite-dimensional.

8.4 Exercises

(8.2) Let H < G be finite groups. Prove ((15)¢,1¢)g > 0.

(8.3) Let H < G be finite groups. Let C C G and D C H be conjugacy classes such
that D C C and let ¢ € C. Prove that

#H{xeG|xgx'e D} _#D
#G - #C

(8.4) Let H C G be finite groups. Let g be an irreducible character of H. Prove that
there exists an irreducible character p of G such that (py,q)y > 0.

(8.5) Let H C G be finite groups. Let p € CF(H) and q € CF(G). Prove that
(pau)® =pq.

(8.6) Let H, K, < G be finite groups such that G = HK := {hk | h € H, k € K}. Let
p € CF(H). Prove (p®)x = (panx)X.

(8.7) Let H,K < G be finite group. Let T C G be a subset such that G is the disjoint
union of the HtK where t ranges over T. Let p € CF(H) and, for all t € T, define
p' € CF(t~'Ht) by p'(x) = p(txt~1). Prove Mackey’s theorem

(PG)K =2 ((Pt)t—lHth)K-

teT

Note: this generalizes exercise 8.6.

(8.8) Let H < G be finite groups and p a character of H. Let K < G and assume
that (p©)k is an irreducible character of K. Prove that HK = G.
Hint: use Mackey’s theorem.
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(8.9) Let H be a normal subgroup of a finite group G and p € CF(H). Let C be a
conjugacy class of G. Let Dy, ..., Dy be the conjugacy classes of H that are contained
in C and assume k > 0. Prove that

|G : H]

o= 5 pn),
i=1

(8.10) Prove the last equality sign in the proof of proposition 150.
(8.11) Fill the gaps in the proof of proposition 151.

(8.12) Give an example of a nontrivial group G and a character g of G such that
there is no subgroup H < G and a character p of H with g = p©.

(8.13) The proof of proposition 151 is somewhat disappointing in that it depends
on the choice of a transversal T. Here is a construction that doesn’t depend on such
a choice.
Put
V={u:G—W|u(xy) =x(uy) forallx e H, y e G}.

(a) Prove that this is a vector space under the pointwise operations (au + bv)(x) :=
a-u(x)+b-o(x) (abecC,uvecVC xeG).

(b) Prove that V is a CG-module by putting

GxV—V
(g u) — gu, (gqu)(x):=u(xg) forallxeG.

—

() Let H\G = {H; | 1 < i < m} be the cosets and assume H; = H. Le
W; := {u € V | u(H;) = {0} wheneveri # j}. Prove that (Wy,...,W,,) is
an imprimitivity decomposition of V.

(d) Prove that H = Stabg(W;) and W = W; as CH-modules.

(8.14) Let G be a finite group and V a CG-module. Let A C V be a G-invariant
basis (that is, gx € A forall g € G, x € A). Leta € A and consider the subgroup
H = {h € G | ha = a}. Prove that the character of V is (1)°.

(8.15) We define the group G = (a,b | a,b”,aba~ 1 b~2).
(a) Prove that there exists a unique homomorphism f: G — C3 := (c | ¢) such
that f(a) =¢, f(b) = 1.
(b) Prove that every element of G can uniquely be written in the form a* b’ with
0<k<3and0</{<7.

(c) Put
Dy ={1}, Dy={bt*b*}, D;={b 1, b°},
D4:{ﬂb£|€€Z}, DSI{ﬂzbe|€€Z}.

Prove that D1, ..., D5 are the conjugacy classes of G.
(d) Find three distinct linear characters x1, X2, x3 of G explicitly.

(e) Write H = (b) < G and ¢ = exp(27i/7). Let A, u be the linear characters
of H defined by A(b') = &’ and u(b*) = €% for all £. Calculate the induced
characters x4 := A® and x5 := uC. These should be expressed in terms of ¢.

(f) Prove that x4 and x5 are irreducible.
(g) Prove that x4 and x5 are distinct and finish the character table.
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(h) Use the character table to find all normal subgroups of G.

(8.16) Let H < K < G be finite groups and p a class function on H. Prove (pK )G =
G
p=.

(8.17) Let H < G be finite groups and p a nonzero character of H. Prove that

ker(p®) = (] x~ L(ker p)x

xeG
Where does your proof break down if p = 0?

(8.18) In this exercise you will compute the character table for G := S5 by induction
from As and S,4. Recall the permutation character x” which is the character of the
representation p?: S, — GL(n, C) defined by (pPs)e; = e;; for all s € S,,.

(a) For each conjugacy class in Ss, find its cardinality and give one element.

(b) Find two linear characters x1, x» of S5 where x is trivial.

(c) Compute x3 := x¥ — x1 and x4 := x3x2 and prove that they are irreducible
characters.

(d) Choose an irreducible character ¢ of As of degree 3. Compute x5 := ¢© and
prove that it is irreducible.

(e) Let u be the following irreducible character of S4:

| 1 (12) (12)(34) (123) (1234)
w3 -1 ~1 0 1

Compute x4 := u¢ — x5 — x4 and prove that it is an irreducible character.
(f) Finish the character table.

9 Algebraic integers and Burnside’s p“g® theorem
9.1 Introduction

It is easy to show that the only abelian finite simple groups are the cyclic groups of
prime order. Also, if the order of a finite simple group G is p* where p is a prime
number, then #G = p. See exercises 9.2 and 9.4.

In 1904 Burnside proved that the order of a finite simple group cannot be of the
form p?q® where p, q are distinct prime numbers and a,b > 0. It is remarkable that
his proof made use of character theory though the statement doesn’t mention them.
Later on people found different proofs of Burnside’s theorem not using character
theory but they are much harder.

We begin by summarizing the necessary background on algebraic integers with-
out proof. Then we give Burnside’s proof.

9.2 Algebraic integers

Definition/Lemma 152.
(a) A polynomial f = 3} ax x* (a, # 0) is said to be monic if a,, = 1.

(b) A complex number is said to be an algebraic number if it is a L root of a nonzero
polynomial in Q[x]. The set of algebraic numbers is written Q.
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(c) A complex number is said to be an algebraic integer if it is a root of a monic
polynomial in Z[x]. The set of algebraic integers is written I.

(d) Lemma. Let & € Q. Then there exists a unique monic polynomial f € Q[x] of
minimal degree such that f(«) = 0. We call f the minimal polynomial of «

(over Q).
(e) Two algebraic numbers are said to be (algebraically) conjugate (over Q) if
they have the same minimal polynomial. O

Example 153. Let T € M(n,Z). Then every complex eigenvalue of T is in I because
it is a root of det(x I,, — T) which is a monic polynomial in Z[x].

The following theorem collects the results about algebraic integers used in the
proof of Burnside’s theorem. We shall use these results without proving them. The
proofs belong to algebraic number theory or Galois theory.

Theorem 154.

(a) Q is a subfield of C.

(b) I is a subring of C.

@ InQ==72.

(d) Leta € Q and f € Q[x] be such that f(«) = 0. Then the minimal polynomial
of « divides f in Qx].

(e) Let f be the minimal polynomial of an algebraic number «. Let 3 € C also be
a root of f. Then « and f3 are conjugate.

(f) The minimal polynomial of an algebraic integer is in Z.[x|.

(g) Let o, 3 € Q. Then every conjugate to « + f3 is of the form « + 3’ for some
conjugate & to a and some conjugate f3' to 3. Same for multiplication instead
of addition. O

Example 155. (a). Every complex root of unity w is an algebraic integer. Indeed,
write w” = 1 where n > 0. Then w is a root of the monic polynomial f = x" —1 €
Z[x].

(b). Using the foregoing notation, let ¢ be a conjugate to w. We shall prove
that then ¢ is again a root of unity. Let ¢ be the minimal polynomial of w. By
theorem 154(d) ¢ | f in Q[x]. But g is also the minimal polynomial of ¢. So f(e) =0
and ¢ € 1.

(c). The following converse to (b) holds. Let «, 3 be complex roots of unity.
Then «, 3 are conjugate if and only if each generates the same multiplicative group:
(a) = (). We shall not prove or use this.

Exercise (9.1) Find «,«, 3,8/ € Q such that o, & are conjugate and 3,3’ are
conjugate but a + f3 is not conjugate to &’ 4+ f3’. So the converse to theorem 154(g)
is false.

9.3 Burnside’s theorem

Lemma 156. Let x be a character of a finite group G and g € G.

(@ x(g) €L (©
(b) If x is irreducible then xX8) #gG el

x(1)

Proof (a). By lemma 103 there are roots of unity wj,..., wy such that x(g) =
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wi + -+ + wg. We have seen that w; € I. Also I is a ring by theorem 154(b) so

x(g) € L.
(b). Write x = x,, deg x = n. For any representation o of G, write
T(o) = X o(h)
hegt

and put T = T(p). Then T is an intertwiner from p to itself because for all x € G

p(x)T=p(x) T p(h) = L p(xh) = % p(fx) = ( Z p(f))p(x) = To(x).

hegt hegC feg® feg®

Since p is irreducible, Schur’s lemma implies T = « - I, for some « € C, where I, is
the n x n identity matrix. Also

na=tra-I,=ttT=tr ¥ p(h) =#3° x(g)
hegt

SO

5 X8 #gC.

x(1)
It remains to prove that o € I. But p™8 ~ p @ o for some representation ¢ and « is
an eigenvalue of T(p) hence of T(p™8). Now T(p™8) is in M(m, Z) where m = #G
so its eigenvalues, including «, are in I by example 153. O

As a diversion we present the following theorem which will not be used in the
proof of Burnside’s theorem.

Theorem 157. Let x be an irreducible character of a finite group G. Then x(1)
divides #G.

Proof. Let Cy,...,Ck be the conjugacy classes of G. By row orthogonality (theo-
rem 128) we have

k
& #Cj X(Cj) )_((Cj) = #G.

It follows that

k .
x(Ci)\ _ #G
Y (#C, =) x%(C)) = —.
£ (165w )X = 3y
The left hand side is in I by lemma 156 and because I is a ring. Therefore the right
hand side is in I N Q, which is Z. O

We return to the proof of Burnside’s theorem.

Proposition 158. Let p be an irreducible representation of G of degree n and let
¢ € G. Ifged(n, #¢%) = 1 then x,(g) = 0 or p(g) is a scalar matrix.

Proof. Write A = 1x,(g). There are a,b € Z such that an + b#¢® = 1. Multiplying
with A we get
X X
The left hand side is in I by lemma 156. Therefore A € 1.
Let wy, ..., wy be the eigenvalues of p(g). Then A = 2 (w; + - - - + wy,). Also the
w; are roots of unity so they lie on the unit circle and 0 < |A| < 1.
Case 1: A = 0. Then there is nothing to prove.
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Case 2: |A| = 1. Then the w; are all equal and p(g) is a scalar matrix as re-
quired.

Case 3: 0 < |A| < 1. We shall deduce a contradiction from this. Let f be the
minimal polynomial of A: f = [1%,(x — A;) € Z[x], say A = A;. Then f € Z[x]
by theorem 154(f) and because A is an algebraic integer. It follows that A; - - - Ay =
(—1) £(0) € Z.

Let 1 <i < k. Then A is a conjugate to A by theorem 154(e). By theorem 154(g)
A; is of the form %(51 + -+ +¢,) where ¢; is a conjugate to w;. But a conjugate to a
root of unity is again a root of unity (example 155) so 0 < |A;| < 1 as before.

Taking the product over all i and using the fact that [A;| < 1 we find 0 <
|A1 - -+ A¢| < 1, which is the promised contradiction. O

Proposition 159. Let p be a prime number and r € Z~(. Then there doesn’t exist a
nonabelian finite simple group with a conjugacy class of size p’.

Proof. Let G be a nonabelian finite simple group and let ¢ € G be such that #¢© =
p". Note that g # 1.

Let x1, ..., xx be the irreducible characters of G with x; trivial. Suppose y; is the
character of a representation p;. Since G is simple, p; is injective unless i = 1.

We claim that if i # 1 then p;(g) is not a scalar matrix. Indeed if it is then the
group im(p;) contains a nontrivial central element p;(g), contradicting the fact that
im(p;) is isomorphic to G and hence simple.

By proposition 158, if i # 1 and p does not divide deg p; then x;(g) = 0.

Consider now orthogonality of columns ¢ and 1:

k
0= ‘Zl xi(g) degpi =1+ % xi(8) degp;.
1= 1

pldegp;
It follows that d 1
egpi _ —
T xilg) SSBP = 2
5 X, p
pldegp;
But x;(g) € I by lemma 156 so the left hand side is in I. Therefore ‘71 isinINQ
which is Z. This contradiction finishes the proof. O

Theorem 160: Burnside’s p®q® theorem. Let p,q be distinct prime numbers and
a,b € Z~o. Then there doesn'’t exist a nonabelian simple group of order p*q".

Proof. Let G be a nonabelian simple group of order p?q’. We have Z(G) < G. As
G is simple we must have Z(G) = 1 or Z(G) = G. As G is nonabelian Z(G) = 1.
Therefore there is exactly one conjugacy class of size 1, namely {1}.

Let Cy,...,Cy be the conjugacy classes of G with C; = {1}. Note that #C;
divides #G (exercise 9.3). Therefore pg | #C; if i # 1 by proposition 159. After
interchanging p and g if necessary we have p | #G so

p | #G — ()f:z#ci> = 1.

This is a contradiction and finishes the proof. O

9.4 Exercises

(9.2) Let G be an abelian finite group. Prove that G is simple if and only if #G is a
prime number.
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(9.3) Let C be a conjugacy class in a finite group G. Prove that #C divides #G.

(9.4) Let G be a simple group whose order is a power of a prime number. Without
using the results of this chapter, prove that G is abelian. Hint: use exercise 9.3.

(9.5) Let x be an irreducible character of a finite group G. Use the results of exer-
cise 5.17 to give another proof that deg x divides #G.

(9.6) Give another proof of part (b) of lemma 156(b) (stating that if x is an irre-
ducible character of a finite group G and ¢ € G then x(1) !x(g)#¢® € I) by using
the Frobenius formula proved in exercise 6.3.

10 Tensor products
10.1 The universal property for tensor products

Definition 161. Let U, V, W be vector spaces (over C). Amapr: U XV — Wiis
said to be bilinear if

r(au 4+ bv,x) = ar(u,x) +br(v,x),
r(u,ax +by) =ar(u,x)+br(u,y)
forallu,v € U, x,y € V,a,b € C. In words, r(x, y) is linear in x if y is fixed and it

is linear in y if x is fixed.

Exercise (10.1)
(a) Let m,n > 0. Leta;; € C for all (i,7) € {1,...,m} x{1,...,n} and define

r: C" x C" — C by
X1 1 m n
r(l 2D =X Zajxiy;
Xm Yu =1j=1

Prove that r is bilinear.

(b) Prove that, conversely, every bilinear map C” x C" — C is of this form.
(c) What about bilinear maps C" x C" — Cck?

Exercise (10.2) Let Uy, Uy, V1, V>, W, X be vector spaces. Let
fl U1—>UZ, gIV1—>V2, h: W — X
be linear maps and r,: U, x V, — W bilinear. Prove that the map

r:Uy x Vi — X ri(xy) = h(ra(fx, gy))

is also bilinear.

Definition 162: Tensor product. Let U,V be vector spaces. A tensor product
of U,V is a vector space U ® V together with a bilinear map p: U xV — U® V
with the following property, the universal property. Let W be a vector space and
r: U x V — W abilinear map. Then there exists a unique linearmap f: UQV — W

such that r = f o p.
uxyv

TR
UugvV —— W

We write u ® v instead of p(u, v). O
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The notation u ® v is almost always preferred over p(u, v). The expressions u ® v
are sometimes called pure tensors.

We often say “U ® V is a tensor product of U and V” though we should really
say “(U®V, p) is a tensor product of U and V”. The map p is part of it. It doesn’t
do too much harm not to mention p because we have the notation u ® v for p(u, v).
Sometimes we call p the natural map.

In the above definition we have to write a tensor product rather than the tensor
product because it is not unique: one can always replace it by an isomorphic copy.
But it is unique in the sense of the following theorem.

Theorem 163. Let U,V be vector spaces. Then there exists a tensor product p: U X
V — U ® V. Moreover it is unique in the following sense. Let p: U x V — W and
g: U x V — X be tensor products. Then there exists a unique bijective linear map
h: W — X such thatq = h o p.

Uuxyv

7\

W > X

Proof. See section 10.2. 0

Remark 164. The most general kind of tensor products (outside our scope) are as
follows. Let R be an associative ring with centre S. Let U be a right R-module
and V a left R-module. A tensor product is then an S-module U ®z V together
with an S-bilinear map p: U x V. — U ®g V such that p(ua,v) = p(u,av) for all
(u,v) € U x V,a € R and satisfying the following universal property.

Let W be an S-module and r: U x V — W an S-bilinear map such that r(ua, v) =
r(u,av) for all (u,v) € U x V, a € R. Then there exists a unique S-linear map
f:U®rV — Wsuchthatr = fop. O

Understanding tensor products means knowing how to use theorem 163 and the
universal property rather than how to prove theorem 163. So before we prove it we
look at many examples.

Example 165. Let U, V be vector spaces and fix a tensor product U ® V. Let f: U —
C and g: V — C be linear maps. Prove that there exists a unique linear map h: U ®
V — C such that h(u ® v) = f(u) g(v) for all (u,v) € U x V.

Solution. Consider the map r: U x V — C defined by r(u,v) = f(u) g(v).
We claim that r is bilinear. Let x,y € U, v € V and a,b € K. Then

r(ax+by,v) = fax +by) g(0) = (a f(x) + b f(y)) g(v)
=af(x)g(v) +bf(y)g(v) =ar(x,v) +br(y,v).

Likewise r(u, v) is linear in v if u is fixed. This proves our claim that r is bilinear.
Let p: U x V — U ® V be the natural map, p(u,v) = u ® v. By the definition of
tensor product (the universal property) there exists a unique linear map h: U® V —
C such that r = hop. The latter means precisely f(u)g(v) = h(u ® v) for all
(u,v) € U x V. This finishes the proof. O

Example 166. Let U,V be vector spaces. Let f: U — U and g: V — V be linear
maps. Prove that there exists a unique linear map h: U ® V — U ® V such that
h(u®@v) = f(u) ® g(v) for all (u,v) € U x V. Notation: h = f ®g.
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Note that in the above example we don’t bother saying “let U ® V be a tensor
product for U, V”. This is a bit sloppy but very common. It doesn’t do too much
harm because the tensor product is unique in the sense of theorem 163.

It is proved below in the proof of theorem 163 that there is a “natural” way
of picking a tensor product for all pairs of vector spaces (U, V) (all other tensor
products are only isomorphic to it) but it is convenient to ignore this. In any case,
we can’t do without the universal property.

Solution. Let p: U x V — U ® V be the natural map. Consider »: U XV — U®
Vir(u,0) = f(u) @ g(0) = p(f(u), g(0)):

Prove yourself that r is bilinear (use that p is bilinear). By the universal property
of tensor products, there is a unique linear map h: U ® V — U ® V such that r =
h o p. The latter means precisely that h(u ® v) = f(u) ® g(v) forallu € U,v € V
and the proof is finished. O

Example 167. Let U,V be vector spaces. Prove that U ® V is spanned by {u ®
v|(u,v) e UxV}.

This is in fact already proved in the proof of theorem 163 but we’d like to prove
it here directly from the universal property.

Solution. Let p: U x V — U ® V be the natural map. Let K be the span of the image
of p. Choose a subspace L C U® V such that U ® V = K@ L. We must prove L = 0.

Let : U x V — L be the zero map; it is certainly bilinear. Let f;1: U® V =
K@ L — L be the projection on L, that is, f1(k,¢) = ¢ for all (k,¢) € K x L. Let
f2: U®V — L be the zero map.

Then f; is a linear map satisfying r = f; o p, for all i. But the universal property
says that such maps are unique. Therefore f; = f;, thatis, L = 0. This finishes the
proof. O

Example 168. Let G be a group and let U, V be CG-modules. Prove that there exists
a unique way to make U ® V into a CG-module such that

gu®v)=g(u)®g(v) forall (u,v)eUxV. (169)

Solution. From example 166 it follows immediately that for every ¢ € G there exists
a unique linear map Ly: U® V — U ® V such that

Lo(u®v) = g(u) ®g(v) forall (u,v) € UxV.
It is trivial that L; = id. The result will follow once we can prove
Loy = LgLy forall g,h € G (170)

because it implies that U & V becomes a CG-module by putting gx := L¢(x) for all
geGxelUV.
In order to prove (170), let g, € G. For all (1,v) € U x V we have

Lop(u®0) = (gh)u @ (gh)v = g(hu) ® g(hv) = Lg(hu ® hv) = LgLy(u ® v).

This proves Lg;(x) = LgLy(x) if x is a pure tensor u ® v. But U ® V is spanned by
the pure tensors by example 167 and Lg, L, are linear. This proves (170). O

Exercise (10.3) If U,V are vector spaces, let Hom(U, V) denote the set of linear
maps U — V. This is a vector space by the pointwise operations (af + bg)(x) =
af(x)+bg(x) a,beC,xel,f,g<Hom(U,V).
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Let U, V, W be vector spaces. Prove that there exists a unique linear map
Hom(V, W) ® Hom(U, V) — Hom(U, W)

taking S® T to So T for all (S,T) € Hom(V, W) x Hom(U, V).

10.2 Existence and uniqueness for tensor products

We now prove theorem 163.

Unicity of the tensor product. Note that p: U XV — Wand g:UXxV — X
are bilinear. We apply the universal property to the tensor product p: U x V — W
together with the bilinear map ¢q: U x V. — X. It says that there exists a unique
linear map h: W — X such thatg = ho p.

Note that we’re not done yet proving unicity. We must still prove that / is bijec-
tive.

By reversing the roles of p, g we find that there exists a unique linear map g: X —
W such that p = gogq. It follows that go h: W — W is a linear map such that
p=gohop.

Now apply the universal property to the tensor product p: U x V. — W and
the bilinear map p: U x V. — W. It states that there exists a unique linear map
¢: U®V — W such that p = ¢ o p. But we know two such maps ¢, namely g o h and
identity. It follows that g o h is identity.

A similar argument shows that / o g is also identity. Therefore & is bijective. This
proves unicity.

Existence of the tensor product. Let E be a vector space with basis U x V. Let F
be the subspace of E spanned by

{(au+bv,x) —a(u,x) —b(v,x) |a,b € C, u,v e U, x €V}
U{(u,ax+by) —a(u,x) —b(u,y) |a,beC,uecl, x,y e V}.

Put U® V := E/F. The natural map E — E/F will be written e — e+ F ore — h(e).
Define p: UxV — U®V by

p(u,v) = (u,v) +F =h(u,v) forall (u,v) e UxV.

Recall that u ® v is another notation for p(u, v).
First we prove that p is bilinear. Let a,b € C, u,v € U, x € V. Then

plau +bv,x) —ap(u,x) —bp(y, x)
= h(au 4+ bv,x) —ah(u,x) —bh(v, x)
= h((au 4+ bv,x) —a(u,x) —b(v,x)) = 0.

Likewise p(u,v) is linear in u if v is fixed. This proves that p is bilinear.

It remains to prove the universal property. Let W be a vector space and r: U x
V — W bilinear. We need to prove that there exists a unique linearmap f: U® V —
W such thatr = f o p.

Unicity of f. Note that E is spanned by U x V. Therefore E/F (thatis, U® V) is
spanned by the image of the natural map U x V — E/F whichis {u ®v | (u,v) €
U x V'}. There is only one choice for the values of f on this spanning set because for
all (u,v) € U xV we have f(u®wv) = (fop)(u,v) = r(u,v). This proves unicity
of f.

Existence of f. Note that U x V is a basis for E. Therefore there is a linear map
¢ E — W such that g(u,v) = r(u,v) forall (u,v) €e U x V.
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We claim
F C kerg. (171)

Leta,b e C,u,ve U, x € V. Then
g((au +bo,x) —a(u,x) — b(v,x)) = r(au+bv,x) —ar(u,x) — br(v,x) = 0.

Likewise for the second kind of generators of F. This proves (171).

From (171) it follows that there exists a linear map f: E/F — W such that
f(e+F) = g(e) for all e € E. In particular, for e = (u,v), this means f(u ® v) =
¢(u,v). In order to prove that this is the map f we're looking for, it suffices to
observe that ¥ = f o p because for all (u,v) € U XV

r(u,0) = g(u,v) = f(u@v) = (f o p)(u,v). O

10.3 Bases and tensor products

The bases for vector spaces used in this section are unordered and indexed; this
means the following.

Let V be a (possibly infinite-dimensional) vector space. An indexed family
(v; | i € I) of vectors in V is said to be an (unordered, indexed) basis of V if
for every element v of V there are unique a; € C (i € I), only finitely many being
nonzero, such thatv = 5,4, v;.

The notation (v; | i € I) knows by definition how often a vector appears in the
family. But a basis cannot contain the same vector more than once. Therefore, if we
are told that (v; | i € I) is a basis we may conclude that v; # v; whenever i # j.
This is false if we are only given that the set {v; | i € I} is a basis, which explains
why we use the notation (v; | i € I).

Incidentally, unordered indexed bases are quite convenient for infinite-dimensio-
nal vector spaces. It is known that every (possibly infinite-dimensional) vector space
has a basis in the foregoing sense.

Theorem 172. Let U be a vector space with basis (u; | i € I). Let V be a vector
space with basis (v; | j € ]). These may be infinite-dimensional.

(a) Then U ® V admits the basis (u; ® v; | (i,j) € I x ]).
(b) IfU,V are finite-dimensional then dim(U ® V) = dim(U) dim(V).

Proof. It is clear that (b) follows from (a). We prove (a).
Let W be a vector space with basis (w;; | (i,j) € I x J). Define

qZUXV—>W, q():aiui,):ijj): Z Ell‘bjwl']‘.
i€l je] (i,j)elx]

Here only finitely many a; and b; are nonzero. We claim that g: U x V. — W is a
tensor product.

Prove yourself that g is bilinear. We must prove the universal property. Let
r: U x V — X be bilinear. We must prove that there exists a unique linear map
f:W — Xsuchthatr = fogq.

Unicity of f. We have f(w;;) = (f oq)(u;,v;) = r(u;,v;). But the w;; span W so
f is unique.

Existence of f. Since (w;; | (i,j) € I x J) is a basis of W there exists a unique
linear map f: W — X such that f(w;;) = r(u;,v;) for all i, j. Let f be so defined.
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We have f o g = r because

<f04)(zﬂi“i/]§]ijj)=f( Y oaibjwi) = L aib;f(wy)

i€l (i,j)elx] (i,j)elx]
= ‘ Z a; b] T(Ml', U]) = T( Z a;u;, Z b] 7)])
(i,j)eIx] icl je]

Again only finitely many a; and b; are nonzero. This shows that f exists.

We have shown that g: U x V — W is a tensor product.

Recall that theorem 163 implies that the tensor product of U and V is unique up
to some isomorphism. We may therefore ignore which tensor product our theorem
is thinking of and instead use W, the one we have constructed. The statement of the
theorem then becomes that (q(u;,v;) | (i,j) € I x ) is a basis for W. This is true by
construction. The proof is complete. O

Remark 173. Hidden in the proof of theorem 172 there is an alternative proof that
a tensor product of U and V exists. It is even a bit shorter than the first proof (in
the proof of theorem 163). The disadvantage of the construction in the proof of
theorem 172 is that it doesn’t generalize to tensor products over other rings than
fields (outside our scope).

Theorem 174. Let U,V be finite-dimensional vector spaces and let f: U — U and
g:V — V be linear maps. Let f®g: U®V — U® YV be the unique linear map
such that (f ® §)(u ®v) = f(u) ® g(v) for all (u,v) € UR V (see example 166).

(a) Write the characteristic polynomials of f and g as

det(x — f) = TT(x — o), det(x —g) = TT(x - Bj).

icl €]
Then the characteristic polynomial of f ® gis [T (x —a; 3}).
(i.j)elx]
(b) u(f@g) = u(f) u(g).

Proof. Proof of (a). We only prove this if f, g are diagonalisable and leave the gen-
eral case to you (exercise 10.4).

Let (u; | i € I) be a basis of U such that f(u;) = «;u; for all i. Likewise, let
(vj | j € ]) be a basis of V such that g(v;) = 3;v; for all j.

By theorem 172, (u; ® v; | (i,j) € I x J) is a basis for U ® V. The definition of
f ® g implies that for all 7, j

(fegui®v) = f(u)®g(v;) = (qu;) ® (Bjvj) = a; B (4 @v;).

This proves part (a). We deduce (b) from (a) as follows:

tr(feg) = X Oéi/3j=<206i><):ﬁj>:tr(f)tr(g)« O

(i,j)eIx] icl jeJ

Corollary 175. Let G be a group. Let U,V be CG-modules and recall that then
U ® V is a CG-module. Recall that x; denotes the character of U. Then xysy =

Xuxv.

Proof. Immediate from theorem 174(b). O

So the product of two characters is again a character.
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10.4 Exercises

(10.4) Finish the proof of theorem 174(a) by handling the case where f and ¢ may
not be diagonalisable.

Hint for a first solution: put f, ¢ into upper diagonal form.

Hint for a second solution: use that the set of diagonalisable matrices in End(U)
is dense in your favourite sense.

(10.5) Let (u; | i € I) be vectors in a vector space U. Likewise, let (v; | j € J) be
vectors in a vector space V. True or false?

(a) If the u; are independent and the v; are independent then the u; ® v; are
independent.

(b) If the u; ® v j are independent then the u; are independent or the v j are inde-
pendent.

(c) Ifthe u; ® v; are independent then the u; are independent.

(d) If the u; span U and the v; span V then the u; ® v; span U ® V.
(e) If the u; ® v; span U ® V then the u; span U or the v; span V.
() If the u; ® v; span U ® V then the u; span U.

(10.6) Let p,q be characters of a finite group G. Prove that if p is not irreducible
then neither is pq.

(10.7) Find an example of irreducible characters p, g of a finite group G such that
pq is not irreducible.

(10.8) Let G, H be groups. Let p be a character of G and g a character of H. Prove
that the map

pxq: GXxH — C
(g 1) — p(g)q(h)

is a character of G x H.

(10.9) Let U, V be finite-dimensional vector spaces. Let B(U, V) denote the set of
bilinear maps U x V — C.

(a) Prove that B(U, V) becomes a vector space by the pointwise operations (ar +
bs)(u,v) :==ar(u,v)+bs(u,v) forallr,s € B(U,V), a,b e C, (u,v) e Ux V.
(b) For a vector space W, define the dual W* to be Hom(W, C). Prove that there

exists a unique bijective linear map f: U* ® V* — B(U, V) such that (f(p ®
q))(u,v) = p(u)g(v) forall (u,v) € U x V.

(10.10) See exercise 10.3 for the definition of Hom(U, V). Fix a group G.

(a) Let U,V be CG-modules. Prove that a G-action on Hom(U, V) is obtained by
putting (¢L)(u) = gLg™ (u) forall g € G, L € Hom(U, V), u € U.

(b) Let U, V,W be CG-modules. Prove that there exists a unique homomorphism
of CG-modules Hom(V, W) ® Hom (U, V) — Hom(U, W) taking S® Tto So T
for all (S, T) € Hom(V, W) x Hom(U, V).

(c¢) Assume that G is finite and let U, V be finite-dimensional CG-modules with
characters x, xv. Prove that the character of Hom(U, V) is xu xv-

(d) See exercise 10.9 for the definition of dual vector space. Let U,V be CG-
modules. Prove that there exists a unique bijective homomorphism of CG-
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modules L: U* ® V — Hom(U, V) such that (L(T ® v))u = T(u) - v for all
TeUuel,veV.

(10.11) Recallthat U, V are CG-modulesthensoare UG VandU® V. Let U, V, W
be CG-modules. Prove that there are isomorphisms of CG-modules as follows. You
cannot use that both sides have the same character because G is not assumed to be
finite!

@ UeV=Vel.

b (U V)aW=2U® (VeW).

© (U V)W (UW)d (Ve W).

11 Appendix: Summary of linear algebra
11.1 Introduction

In this section we summarise linear algebra. We give all definitions and the most im-
portant results needed for our module. Proofs, simpler results and examples cannot
be found here.

This is not a place where you can learn linear algebra. The summary is too short
for that.

Throughout we fix a field K (for example K = C, R, Q, Z/p) whose elements
are called constants or scalars.

11.2 Vector spaces

Definition 176: Vector spaces. A vector space over K is a non-empty set V to-
gether with maps V x V. — V written (x,y) — x+y and K x V — V written
(a,x) — ax such that

a(bx) = (ab)x (a+b)x =ax+ bx
a(x +y) =ax+ay (x+y)+z=x+(y+2)

foralla,b € Kand x,y,z € V.

Every vector space V has a unique element 0 = Oy suchthat Oy +x = x+0y = x
and0---x =0y forallx € V.
We make K" into a vector space over K by putting

(xl/"'/xn)+ (yll"'/yn) = (xl+yl/"'/x1’l+yn)/
a(xq,...,xy) == (axy,...,axy,).

Definition 177: Linear subspace. Let V be a vector space over K and U C V
a non-empty subset. We say that U is a (linear) subspace of V if ax +by € U
whenever a,b € Kand x,y € U.

In particular, {0} is a linear subspace of V. It is usually simply written 0.

Theorem/Definition 178. Let X,Y be subspaces of a vector space V. Then X NY
and X +Y:={x+y|x€X, y €Y} are again subspaces of V.
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11.3 Basis, dimension

Definition 179. Let V be a vector space over K.

(a) Asequence (x1,...,xx) of elements of V is called (linearly) independent if
k
Yaxi=0 = a;=0foralli
i=1

forallai,...,a; € K.

(b) A sequence (xi,...,x,) of elements of V is said to span V if V is spanned by
the subspaces Uy = Kxy := {axy | a € K}.

(c) Asequence (xq,...,x,) of elements of V is called a basis of V if it is indepen-
dent and spans V.

Proposition 180: Basis. Let V be a vector space spanned by finitely many vectors.
Then V has a basis. Any two bases have the same number of elements.

Definition 181. Let V be a vector space spanned by finitely many vectors. The
dimension of V is the number of elements in one (hence any, by proposition 180)
basis.

The standard basis of K" is (ey, ..., e,) where ¢; has a 1 in the ith slot and zeroes
elsewhere.

Proposition 182. Let X,Y be finite-dimensional subspaces of a vector space V.
Then

dim(XNY) +dim(X +Y) = dim(X) + dim(Y).

11.4 Linear maps, matrices

Definition 183: Linear map. Let V,W be vector spaces over K. A linear map
V — W is amap f such that

flax+by) =af(x)+bf(y)
foralla,b € K, x,y € V. Let Hom(V, W) denote the set of linear maps V. — W.

Proposition/Definition 184. Let A = (ay,...,a,) be a basis of a vector space V
and B = (by,...,by) a basis of a vector space W, both vector spaces over K. There
is a unique bijection Hom(W, V) — Myxy(K) written f + (A, f, B) such that if c;;
are the entries of (A, f, B) then

f(b]) = 1‘51 Cl']' a;

forallje{1,...,w}. We call

€1t €12 - Clw

. 1<j<w _ | €21 €22 -+ Cow

(A f,B) = (cijhzico = | . 70 .. 7
Cvl Co2 *°° Cow

the matrix of f with respect to bases A and B.
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Let
1<i< 1<i< 1<i<
A= (‘111)1;]221 B = (b]k)lgljcgz’ C = (Cik)lg;{_gi

be three matrices. We write AB = C provided

q
cik = X ajjbjk
=1

for all i, k.

Proposition 185. Matrix multiplication is compatible with composition of linear
maps in the sense that

(A, f,B)(B,g,C) = (A, fg,C).

The set M, (K) of n x n matrices is a non-commutative ring under matrix multi-
plication and addition.

If V is a vector space, let End(V) denote the set of endomorphisms of V, that
is, linear maps from V to itself. Then End(V) is a non-commutative ring in which
multiplication is given by composition and addition is defined by (f + g)(x) :=
£(x) +g(x):

In fact, if V is n-dimensional and A is a basis of V then we have an isomorphism
of rings End(V) — M, (K) given by f — (A, f, A).

Two elements X, Y of M,,(K) are called similar if there exists P € GL(#, K) such
that X = PYP~ L.

If A, B are two bases of a finite-dimensional vector space V and f € End(V)
then (A, f, A) and (B, f, B) are similar.

Let f: V — W be a linear map. Its kernel is ker f = {x € V | f(x) = 0}.
Its image is im f = {f(x) | x € V}. Then ker f is a subspace of V and im f is a
subspace of W.

Proposition 186. Let f: V — W be a linear map and suppose that V is finite-
dimensional. Then
dim ker f +dim im f = dim V.

11.5 Determinants, characteristic polynomial

Proposition/Definition 187. There exists a unique homomorphism sign: S, —
{—1,1} such thatsign(i, j) = —1 for all distincti,j € {1,...,n}.

Definition 188. The determinant of an n x n matrix A = (a;;) is
. n
det(A) = X sign(s) TT e s (k)
SES, k=1

The characteristic polynomial of A is det(t — A) where ¢ is a variable.

Proposition 189. (a) Let A, B € M, (K). Then det(AB) = det(A) det(B).
(b) Let A € M, (K). Then A is invertible if and only if det(A) # 0.

(c) Any two similar matrices have the same characteristic polynomial. In particu-
lar, they have the same determinant.

The group of invertible elements of M, (K) is written GL(n, K) and called the
general linear group.
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Proposition/Definition 190. Let A, B be two bases of a finite-dimensional vector
space and let f: V — V be a linear map. Then (A, f, A) and (B, f, B) have equal
determinants. They are called the determinant of f and written det(f).

Definition 191. Let V be a vector space and f: V — V a linear map.

(a). The characteristic polynomial of f is det(t — f).

(b). It is easy to see that there exists a unique monic polynomial M € K[X] of
minimal degree such that M(f) = 0. We call M the minimal polynomial of f.

Proposition 192: Cayley-Hamilton. Let V be a finite-dimensional vector space and
f € End(V). Then f is a root of its characteristic polynomial, that is, substituting f
for the variable t yields zero. Equivalently, the minimal polynomial of f divides the
characteristic polynomial.

Definition 193. A matrix X € M, (K) is said to be upper triangular if X;; = 0
whenever j < 1.

Proposition 194. The determinant of an upper triangular matrix is the product of
the diagonal entries.

11.6 Eigenvectors, Jordan blocks

Let V be a vector space and f: V — V alinear map. If v € V \. {0} and a € K are
such that f(v) = av then we say that v is an eigenvector of f with eigenvalue a.

Proposition 195. Let V be a vector space and f: V — V a linear map. Let a be a
constant. Then a is an eigenvalue for f if and only if det(a — f) = 0, that is, a is a
root of the characteristic polynomial of f.

A diagonal matrix is a square matrix all of whose off-diagonal entries are zero.
A matrix is said to be diagonalisable if it is similar to a diagonal matrix. Similar
definitions hold for endomorphisms in End (V) if V is finite-dimensional.

Proposition 196. Let A be a square matrix. If K is algebraically closed (for example
K = C) then the following are equivalent:

(1) A is diagonalisable.

(2) K" is spanned by the eigenvectors of A.

(3) The minimal polynomial of A has no multiple roots.

If K is not algebraically closed then the first two items are equivalent.

Definition 197. An n x n matrix (a;;) is said to be a Jordan block if there exists
b € K such that ay, = b for all k and a; y,1 = 1 for all k and a;, = 0 elsewhere.

Proposition 198: Jordan normal form. Assume that K is algebraically closed, for
example K = C.
(a) Let A € M, (K). Then there exists T € GL(n, K) such that TAT ! is in Jordan
normal form, that is, is in block form such that the diagonal blocks are Jordan
blocks and the off-diagonal blocks are zero.

(b) Let A,B € M,(K) both be in Jordan normal form. Let (Ay,...,A,) be the
Jordan blocks of A and (By, ..., B,) those of B. Then A, B are similar if and
only if p = q and there exists s € S, such that Ay = By, for all k.
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(11.1) Let G be the presented group

6’ x—3yxy—1>.

Let H be the group of permutations of If'; = Z/7 of the form x — ax + b where
a,b € Iy, a # 0. You may assume that H is indeed a group. Define r,s € H by

G=(xylx,y

r(x) =x+1, s(x) = 3x.
(a) Recall that the free group F on a set A is the set of reduced words in A. Define
the multiplication in this group.
(b) What is a group presentation? What is the group presented by it?

(c) Prove that there exists a unique homomorphism f: G — H such that f(x) =r,
f(y) = s. State any theorems you use.

(d) Prove that f is surjective.

(e) Prove that every element of G can be written xk ]/ with 0 < k< 7and 0 <
{ < 6.

(H) Prove that f is bijective.

(11.2) Let G be a finite group and V, W be finite-dimensional CG-modules.
(a) Define homomorphism of CG-modules V — W.

(b) Let L: V — W be a homomorphism of CG-modules. Prove that the image of L
is a submodule of W.
In the remainder of the question, you may also assume that under the
present assumptions, the kernel of L is a submodule of V.

(c) Define what it means for a CG-module to be simple.

(d) Assume that V, W are simple. Prove that every CG-homomorphism L: V — W
is 0 or an isomorphism.

(e) Assume that V is simple. Prove that every CG-homomorphism L: V — V is
scalar.

(f) Let V be a simple CG-module. Recall
Z(G):={geGlag=gaforalaec G}

and let ¢ € Z(G). Prove that there exists A € C such that gx = Ax for all
xeV.

(11.3)

(a) Calculate the character table of S;. Show the intermediate steps and justify
them.

(b) Put H = S4, G = Ss. Calculate the induced character x© where ¥ is the unique
irreducible degree 2 character of H.

(c) Prove that there are two distinct irreducible characters A, u of G such that
x© = A+ . State all results that you use.

(11.4) Letn > 1beodd, n = 2s+ 1. Recall that the dihedral group D5, is presented
as (r,s | 1", s2, (rs)?). We write G = D,,,.

(a) Find all 1-dimensional representations of G. There are two of them.
(b) Let w = exp(27i/n) and put

w 0 01
=5 1) o= )
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From now on you may assume that for all k € Z there exists a unique repre-
sentation p; of D», such that p(r) = AX, p(s) = B.

For which k is p; irreducible? Prove your result.

Hint: Every 1-dimensional submodule is clearly spanned by an eigenvector
of B.

(c) Briefly explain the relation between linear representations G — GL(n, C) and
CG-modules, that is, give two sets between which a bijection exists. Define
this bijection in one direction.

(d) Define what it means for two representations p: G — GL(m, C) and 0: G —
GL(n, C) to be equivalent.

(e) Prove that the 1-dimensional representations of G together with py, ..., ps form
a maximal set of inequivalent irreducible representations of D,,. You may
assume without proof that py, ..., ps are pairwise inequivalent.

(f) Define conjugacy class.

(g) How many conjugacy classes does G have? State any results that you use.

(11.5) (a) Define class function.
(b) If p, g are class functions on a finite group G, define their inner product (p, g)¢.
(¢) Define induction of class functions.

(d) Let H < G be finite groups. Let p € CF(G) and q € CF(H) be class functions.
Prove Frobenius reciprocity: (py,q)n = (p,9%)c.

(e) Put H = A3 C G = S4. Write w = exp(27i/3) and let A be the linear
character of H such that A((123)) = w. Calculate the induced character A®.
State any results that you use.

(f) Let 1k denote the trivial linear character of any group K. Let H C G be finite
groups. Prove that (15)C — 1 is a character of G. State any results from the
lectures that you use.

(11.6) (a) Let N be a subgroup of a group G. What does it mean to say that N is

normal in G?

(b) Let Ny,..., N; be normal subgroups of a group G and put M = Ny N --- N N;.
Prove that M is also normal in G. You don’t need to prove that it is a subgroup.

(c) Let N be a normal subgroup of a finite group G. Prove that there exist irre-
ducible characters Ay, ..., A; of G such that

N =ker(A1) N---Nker(A).

(d) Let p be an n-dimensional representation of a finite group G. Recall that we
define the kernel of x, to be the kernel of p. Prove:

ker(x,) = {g§€G | xo(8) = xo(1)}

(e) Find the character table of A4. You may assume that there exists a linear char-
acter x, of A4 such that x,((123)) = w := exp(27i/3) and x»((12)(34)) = 1.

(f) Combine the foregoing results to find all normal subgroups of Aj,.

12 Index



78 Chapter 12

abelian ............ccoiiii.... 2,41,47
actiononaset ...........c.oeiue.... 21
action on a vector space ............ 22
afforded by ............. .. ...l 23
algebraic integer ................... 61
algebraicnumber ................... 60
algebraically conjugate ............. 61
alphabet ............oooiiiiiii, 13
alternating group ................. 4,48
anti-homomorphism ................. 5
anti-symmetric relation ............. 12
automorphism ..................... 21
ASSOCIALIVE . ..vvvt i 2
basis ....iiiii 72
Burnside’s p*4” theorem ............ 63
cardinality ...........cooviiiiiiiin... 2
central ....... ...l 32
(&S5 1 Lo 32
character ............cooviiiinn... 31
charactertable ..................... 43
characteristic polynomial ........... 74
class function ...................... 34
classification (small groups) .......... 5
commutative ............c.iiiinin... 2
COMMULALOT . ..vvviteeineeeneennnn 46
commutator subgroup .............. 46
COMMULE ...ovvvriinneennannnnnnn. 2
conjugate (ina group) .............. 31
conjugate (algebraically) ........... 61
conjugacyclass ..................... 32
CONStANT . .vvvvniiiiiiiiiii e 71
convolution ..............coevuin.n. 38
COSEL « ettt 10
cycle ..o 4
cyclicgroup ....ovviiiiiiiiiiiaa, 3
cyclic group (classification) .......... 3
degree .......coiiiiiiiii i 6
degree (character) ................. 34
derived subgroup ................... 46
determinant ...................onn.. 73
diagonal matrix .................... 74
diagonal sum ....................... 25
diagonalisable ...................... 74
dictionary ...........ccovviiiinann... 26
dihedral group ................... 4,32
dimension ..............oooii.... 6,72
direct product ..............oiiia.. 5
directsum .............iiiiiin... 25
dual ...oooiii 44
endomorphism (vector space) ...... 73
equivalenceclass .................... 7

equivalent representations ........... 6

October 28, 2013

finitely generated ................... 10
freegroup .......covviiiiiiiii., 15
Frobenius formula .................. 42
Frobenius reciprocity ............... 52
generalised orthogonality ........... 39
generating set .........oeveveevnnnn.. 10
{0 [S1 ¢ 110) N 3,13,16
o 11 o P 2
group presentation ................. 16
Hermitian ..............ccooiiin... 26
homomorphism (groups) ............ 4
homomorphism (CG-modules) ..... 22
identity .....oovveiiiiniii e 2
image .....ooeeviiiiiiiiiiiian.. 11
imprimitivity decomposition ........ 57
independent ....................... 72
induced module .................... 57
induction (characters) .............. 52
inner product ...................... 26
intertwining matrix ................. 24
invariant inner product ............. 27
INVEISe ...oviiiiiiiiiiaaanns 2
inverseword .............. ..ol 13
invertible .......... ... .. il 2
irreducible character ............... 34
irreducible representation .......... 25
isomorphic .............coiiia, 5
isomorphism (groups) ............... 5
isomorphism (CG-modules) ........ 22
isomorphism theorem .............. 12
isotypical ...l 29
Jordan block ....................... 74
Jordan normal form ................ 74
kernel (homomorphism) ............ 11
kernel (character) .................. 45
Kronecker product .................. 31
letter .....ovvii i 13
1 46
linear character ........... 41,41,43,47
linearmap .........coovvvvienninnn. 72
linear subspace ..................... 71
lowerbound ....................... 14
Mackey’s theorem .................. 58
Maschke’s theorem ................. 26
Maschke’s theorem (proof) ......... 27
minimal polynomial (number) ...... 61
minimal polynomial (matrix) ....... 74
module (CG-module) .............. 22
901035 5 (G 60
monoid ........cooviiiiiiiiiiiia 5
multiplicity ...l 36
MYStery group ........oeeeeeuuunnnnn. 45



neutral ...l 2
Nielsen-Schreier theorem ........... 16
normal closure ..................... 11
normal subgroup ................... 10
one-step reduction ................. 14
order (Eroup) ...ovvvreenrennennnnnnn. 2
order (element) ..................... 2
ordered set ........covviiiiiniininn.. 12
ordering ...........oevviiiinennnnn 12
orthogonal complement ............ 26
orthogonality (characters) .......... 35
orthogonality (character table) ..... 44
overlap ...t 14
PEIMULAtION ..o.vvveenneneennennn.. 4
permutation character .............. 48
permutation matrix ................. 39
permutation module ................ 22
permutation representation ......... 51
positive definite .................... 26
POWET SEL «vvvviiieeennnnneeennns 12
presentation of a group ............. 16
Primitive .......ccovviievnnnennnnnn. 57
product (words) ..............ou.n.. 13
pull-back .........................L. 46
quotient Group ........oeveveneennn. 11
real element of a group ............. 37
reduced lower bound ............... 14
reducedword ................. ... 14
reflection ...l 4
reflexive .......... .ot 12
regular character ................... 39
regularmodule ..................... 39
regular representation .............. 39
relation ............cooiiiiiiiiia, 16
representation .............o.veiiennnn 6

13 Index of notation

A, alternating group ............. 4
A* setofwordsover A .......... 13

AB  product of two

subsets of a group ............ 10
C, cyclic group of ordern ........ 3
Cw infinite cyclic group ........... 3
Xp characterofarepp .......... 31
xv character of amodule V ..... 31

Xx"°® regular character ........... 39

MAS3E1 Groups and Representations 79

representation (cyclic groups) ........ 8
restriction (characters) ............. 52
F0] % Lu o) 1 NN 4
satisfy relations .................... 17
scalar .......iiiiiii e 71
Schur’slemma ...................... 34
semi-direct product ................. 21
sign character ...................... 48
sign representation ................. 48
simple group .........oiiiiiiiiinn.. 11
simple module ..................... 25
SPAM .+ttt e 72
SPLt v e 53
stabiliser ...........cccoiiiiiiiiin.. 57
standard basis ............... .. ... 72
SUDZIOUD . o'vvvnt e ieieneenn, 2
submodule ............ ...l 24
SUbSPACE .....viiii 71
symmetric group ........ 4,19,30,37,47
symmetric relation ................. 12
tensor product ............cevuinenn.. 31
total ordering ...................... 13
L = o] A 30
transversal .............coiiiiia.. 57
transitive relation .................. 12
triangle group ...............ou.... 18
trivial group ..., 2
trivial representation ................ 6
EWISE et ens 44
universal property (free groups) .... 16
upper triangular .................. 74,6
VECLOT SPACE .+ e vvtevineeeaaeennnnnns 71
weakly conjugate ................... 51
WOId .« e 13
X dual character ............... 44
xu twisted character ............ 44
CF(G) {class functionson G} ... 34
D,, dihedral group of order 2n ... 4
det determinant ................. 73
ey basis elementof V8 ... ...... 39
exp(x) e~
F(A) set of reduced

wordsover A ........... 14



80 Chapter 13

x§ g lxg 32
X6 {x8)|g€G) ittt 32
174 57
GL(n,C) group of invertible
n X nmatrices ............ 3
Hom(V, W)
{linear maps V. — W} ....... 72
I(G) {irreducible
characters of G} ....... 34
idy identity map A — A
I {algebraic integers} ......... 61
im image .......ccovevvvnevnnn.. 13
K(G) {conjugacy classes of G} ..32
k(G) #K(G) voveniiiiiiiiian.. 32
ker kernel ............. ... ... 11
¢(u) lengthofawordu .......... 13
M(n,C) ring of n x n matrices ....2
M(K) oo 8
x"  n-th power of an element
xofagroup ...........ooenn.. 2
np p&---®p (ncopies) ....... 36
P(X) powerset ..........c....... 12
Q {algebraic numbers} ......... 60
r€Dyy r(x)=x+1 ... 4
R(u) reduced lower bound of u ..14
Rep,(G) {representations
G — GL(n,C)}/~ ..... 7
Rep(G) [l>oRep,(G) .coonnnn.... 7
pa certainrepof C, .............. 7
p'®8  regular representation ...... 39
S, symmetric group .............. 4
s€Dy s(x)=—X oo, 4
Stabg (W) stabiliser ............. 57
T(p,q,r) triangle group ......... 18

te, P
AT

tr trace ........c.ooiiiiiiinnnnnnnn
Vreg

Z(G)

regular CG-module .........

centre of G

1 identity in a group

1g trivial linear
character of G

R*  Group of invertible
elementsinaringR ..........
#A, |A| cardinalityof A .........

H < G H isasubgroup of G

(ay---a;) k-cyclein S, ..........

G=H

G x H direct product

~  equivalence

S/~ setof ~-classes .............
y/~ ~-classof y ................
(A) subgroup generated by A ...
H\G COSets .........coovvvunnen.
G/H COSets ........cocvuuvennn..
[G: H] index of groups ..........

N <G N isanormal
subgroupof G ...........

(Ade> (AD

o composition of maps

normal closure ......

u — v U one-step reducesto v ...

> reflexive transitive

closureof — .................
uxv RUD) oo
(A|R) presented group .........
fla restriction to A of a map f

(A, f,B) matrix associated
with a linear map

XY directsum ................

isomorphic ...............

October 28, 2013



MAS3E1 Groups and Representations

orthogonal complement ..... 26 q

p@® o diagonal sum

commutator xyx~'y~! ..... 46 1

pH  restriction

inner product on C(G) ....33

G induction

derived subgroup ..... 46 [Pl e,



