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This paper is an account of the following theorem of F. A. Bogomolov:

- Theorem 0. Let X be a non-singular projective surface defined over the com-
plex numbers such that for some n=1 H"(K%"):;&O Then we have the relation
i< 4c, between the Chern numbers of X.

The proof is based on the two following results, which are of the intérest for
their own sake. The first introduces a strong notion of instability of rank 2 vector
bundles. '

Theorem 1. Let E be a vector bundle of rank 2 over a projective non-singular
surface defined over the complex numbers. Then c(E)>>4c,E) if and only if
there exists an exact sequence
(%) : 0—L—E—I,-M—0, ‘
with L and M line bundles,\and Z a O-dimensional subscheme of X with sheaf of
ideals I, such that, letting 4=LQM~* we have

a(dy’>4degZ
o(d)-H>0.

Here H denotes the class of the hyperplane section of X, and deg Z denotes
the length of O, that is :

(0)

and

deg Z_ Z dlmk Oz P

PeSupp Z

The two conditions ¢*>0 and c- H>0 define the numerically positive cone in
the Neron-Severi group NS(X), and the conditions (0) imply that ¢,(4) belongs to
this positive cone. The line bundle L occuring in Theorem 1 is necessarily unique,
since any other line bundle L’CFE has a non-zero morphism to M, and hence L'=
M(—D), with D=0 a positive divisor, and hence for the :corresponding 4’ we have
¢,(4)-H<O0. This unicity, together with the fact that we have a purely numerical
criterion for instability is in striking contrast with the case of vector bundles over
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curves.

A result closely related to Theorem 1 for vector bundles over P? was obtained
by Schwarzenberger [5], who only made use of the n=1 stage of the argument
given in § 1.

Note that both the conclusion and the hypotheses of Theorem 1 are invariant
under the operations of tensoring E W1th a line bundle and of going over to the
dual bundle E*.

Theorem 2. Let X be a non-singular projective surface over the complex
numbers, and let LC % be a line bundle ; then

(i) if for some n=1 h(L®*)>1 then there is a morphism f: X—C of X
onito a non-singular curve C of positive genus, and a. divisor D -on X made up of
components of the fibres of f such that the two subsheaves L and f*(Q4)(D) of 2%
coincide.

Hence

(ii) there exists a constant k such that for all n

LB <nk;

and -
(iii) L is not in the positive cone of NS(X).

There is no loss of generality in assuming that the line bundle LC Q% is a full
"~ subsheaf of 2% (Definition 2, § 1, see also Lemma 3, §2), in which case the divisor
D of Theorem 2 is positive, and is computed in Lemma 4 of § 2.

The assertion (i) with n=1 is an old lemma of Castelnuovo ([6], see also
Proposition 2 of §2); in this case we have the additional fact that H*(X, L)=
f*H(C, %), so that C has genus at least 2. There are many examples of surfaces
having a rational pencil X—P* with multiple fibres for which the corresponding
LcC 2% has h°(L®") =2 for some n>1. Nevertheless, Theorem 2 is proved by an
easy reduction to the n=1 case by means of ramified coverings correspondmg to
sections of L®”,

Theorem 0 follows at once from Theorems 1 and 2, since in the exact sequence
(*) we have A=LQ@M "' and det E=L®M, so that L®*=4®det E; note that the
condition H(K9")£0 is essential : for minimal models of ruled surfaces of genus
=2 we have ¢}>4c, (both sides being negative), and the tangent bundle is indeed
unstable.

Sections 1 and 2 contain proofs of Theorems 1 and 2 respectively; I add a
brief discussion of the significance of the invariants ¢ and ¢, and of the ratio a=
ci/c, for algebraic surfaces (§ 0) and of other possible applications of Bogomolov’s
methods (§ 3). Appendix 1 gives Mumford’s proof of C. P. Ramanujam’s strong
form of the Kodaira vanishing theorem from Theorem 1 as an indication of the
strength of this result.
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Finally, the stronger inequality ¢ < 3c, (Conjecture 1 in § 0) has been proved
independently by Miyaoka [7] and Yau [44], and Yau has also proved the conjec-
ture of Severi mentionned at the top of p. 460.
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§0. The invariants ¢ and c,

In this paper all surfaces will be non-singular and projective, and defined over
the complex field k=C'; they will usually be denoted X. The Chern numbers c?
and c, are the Chern numbers of the tangent (or cotangent) bundle of X; apart
from standard notation I will introduce in this section the letter « for the ratio c?/c,.

¢} and c, provide two crude numerical invariants of algebraic surfaces; to the
topologist they mean the Euler characteristic y(X, Z)=c, and the index z(X)=
$(i—2c,). In algebraic geometry they occur as K2=c? and (p, + D=+ +cy).

On blowing up a point P e X, ¢} decreases by 1 and c, increases by 1; the
arithmetic genus is birationally invariant, and to get a second birational invariant
we have to take c} or ¢, of the minimal model—which gives us the minimal value
of ¢, and the maximal value of ¢ for the given birational class. The Euler char-
acteristic of Oy(nKy) is given in terms of ¢? and ¢,

KO D)=+ 1+ (5 )
which takes on the form

Pu(0)=HOmKD) =@+ D+(F K (mz2)
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for n+mz=5 we have c}<4c,, the ratio a approaching 4 if n and m tend together
to infinity.

For the complete intersection of r hypersurfaces in p’*? there is the general
bound ¢i<(2r/(r+1))c,, and again & can be made to approach this limit by letting
the degrees of the hypersurfaces tend uniformly to infinity. To get a family of
surfaces with a approaching 2 we have to let r tend to infinity as well.

These examples are of course all simply connected.

(ii) Quotients of symmetric domains. Let D be a 2-dimensional bounded
symmetric domain, and let I” be a discontinuous group of transformations of D
acting without fixed points and with compact quotient D/I"’.  According to
Hirzebruch [14] the Chern numbers of D/I" are proportional to those of the com-
pact symmetric space D’ dual to D. There are only two possible choices for D :

D?={(z),2); |z, )< 1}CDp=P'x P!
and
D,={(z, 7)) ; |2, +|2,P <1} Dj=P".

‘The quotients D\?/I" will thus have c§=2cz; and those of D, will have c!=3c,.
Included in the case D,? are the product of two curves of genus =2, for which the
group I splits as a product of two groups acting on the factors. However, if I’
satisfies a suitable irreducibility condition then every subgroup 7/CI" of finite
index has finite commutator quotient 7%, so every finite covering Y—X has
a(¥)=0. o

Conjecture 2 above implies in particular that this does not happen for a group
I' of transformations of D,. . ,

(iii) Kodaira surfaces. Kodaira [15] constructs a class of surfaces X having
a morphism X—C with no singular fibres (see also [16]); he gives the values of ¢?
and ¢, for these examples, and one sees that ‘

‘202<c’1‘<2.35c2.

(iv)  Surfaces with ordinary singularities. Let X CP® be a surface of degree
n having only ordinary singularities (see [17], [18], [19]), that is a double curve 4
of degree m and genus p,(4), a finite number ¢ of ordinary triple points and a finite
number of pinch points. The following formulae for the invariants of the normal-
isation Y—X are implicit in [17], and given explicitely in ([18], p. 36, see also
[19D):

pe=("3 ")~ (1—m+p. )1,

cA(Y)=n(n—4)'—(5n—24)m+4p (4)—4 +1,
(Y)=n(r’—4n+6)— (Tn—24)m + 8p (1) -8 —1.
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There are similar formulae for the invariants of the minimal resolution ¥—X
of a surface in P* with only isolated singularities in terms of local analytic invariants
of the singular points given in [20].

Conjecture 2 must be regarded as a very dlfﬁcult problem, since even the
simplest possible case, that of proving that there do not exist surfaces of general type
topologically equivalent to P2 has been open since Severi [21].

To get some sort of upper bound for « we can write

wile 2@t
2Pat 1)+ —

and note that if 4''>2g we have «<5. 1In fact, as remarked by Van de Ven
(I22], [23]), provided the Albanese map X—Alb X maps onto a surface we always
have A'' >2q—1, which gives the limit <5+ 6 /2p,+ 1) (asymptotically ~5) in
this case. On the other hand, if X—Alb X maps onto a curve C (of genus g),
with general fibre of genus #, say, then there doesn’t seem to be a better estimate
than the formula for the Euler characteristic

=X, Z2)=(29—2)(2z—-2),

which in the worst case #=2 lead Van de Ven to the estimate a<8 ([22], [23D).

The special methods available for surfaces with a pencil of curves of genus 2
[24] do not seem to imply any trivial improvement of this estimate ; it is interesting
to speculate whether the asymptotic properties for such surfaces (in the sense of
Conjectures 1 and 2) are in any way special.

§1. Instability of vector bundles

Let E be a rank 2 vector bundle over X ; the proof of Theorem 1 is based on
a consideration of the auxiliary vector bundles

H,=S"EQ(det E)®";
H, is a vector bundle ofkrank 2n+1, and one checks easily the following result.
Proposition 1. (i) There are canonical isomorphisms
H,*=H, and detH,=O0y;

(i) the Riemann-Roch formula for H, gives

2(H) =Qn+ D@+ 1)+ @E —4e®)| 2 7],

Thus if ¢,(E)*>4c,(E) we know that A°(H,) 4 h*(H,) grows with n like #* ; more
precisely

Proposiﬁon 2. Let E be a rank 2 vector bundle on X such that c,(E)*>4c,.
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Then there exists a constant k>0 such that for all sufficiently large n h'(H,)> kn?,
Proof. By Serre duality and (i) of Proposition 1 we have

hz(Hn) = ho(Hn®KX)’

so that it will be sufficient to get a lower bound for the difference between h'(H,)
and A%(H,®K ).

Lemma 3. Let L be any line bundle on X ; then there exists a constant K>0
such that for all n ‘

h'(H,QL)—h"(H,) < Kn?.
Proof.  Suppose that the divisor class of L has been expressed as the difference
[L]~C—-D,

with C and D (say) smooth curves. Restricting the sections of H,®L down to C
gives the exact sequence

0—H'(H,Q0x(—D))—H'(H,®L)—H'(C, (H,BL)|,) ;
hence the lemma will follow from the bound ‘
h(C, (H,RQL)|o) <Kn®.

However, this is obvious, since (H,®L)|; is a standard construction on C starting
from E|; and L ; thus if E|, is expressed as an extension of two line bundles L, and
L, we have

r(C, (Hn®L)|a><pé K(LIQL;*SL).

=—n

‘Remark. This proves a slightly stronger form of Proposition 2, namely that
for any curve DX, A'(H,R0;(—D)) grows like n°. We will however only need
the fact that for some n A°(H,)>2n+1.

+ Let me fix some notation ; let P(E)—">X be the projectivisation of the bundle
E, and let Op (1) be the Grothendieck tautological line bundle on P(E). Let M,
be the line bundle

M, =Op 5 (2n)Q(z*(det E))®-";
we have ' ’
anMien: W*Mn=Hm and HO(X, H,J:HO(P(E), Mn)-

Definition 1. A quasi-section of the fibration n: P(E)—X is an irreducible
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for minimal models of surfaces of general type ([81, [9)).
The invariants p,, g and #™' relate to ¢} and ¢, as follows :

~g+1=p,+ 1=y +c;)

and ‘
r=1(X, Z)=2—4q+2p,+ ™.

A supplementary discrete invariant of X is the fundamental group =, ; this is related
to g by the fact that the Abelianisation 7:1"’=H1(X Z) has free part of rank 2g.

There is a general lower bound for ¢} in terms of ¢, for minimal models of
surfaces of general type provided by M. Noether’s inequality'

PeS K +2 (0)

([81, Theorem 9, p. 208)) ; this gives ¢,<5¢}+36. The surfaces approaching the
bound (0) are analogous to curves having non-trivial linear systems of very low
degree (Castelnuovo [10], Horikawa [11}; [12], [13]); there are very many such
examples, so the bound (0) is a very satisfying one. ‘We shall be interested in
inequalities in the other direction. o

The following two questions have played an important role in Bogomolov’s
thinking ; the first is referred to in Bombieri’s paper ([8], p. 219)} as a traditional
conjecture.

Conjecture 1. i< 3c,.

Conjecture 2. Al surfaces for which the index‘z-(X) =4(c}—2¢,) is positive
have infinite fundamental group #,(X); furthermore, if (X)>0 then X has a finite
unramified covering Y with g(¥) 0.

Using the identities given above, the first can be rewritten

V. AY'zZp.+q+1,
and the second implies:

2. If (X)=0 then A" >2(p,+1).

The theorem proved in this article is equivalent to

R 22q4+#p,+1).

Some examples. (i) Complete intersections. The non-singular hypersurface
of degree n in P® has

G=n(n—4), c,=n(n*—~4n+6);

. for n=4 we have c?<c,, and the ratio « tends to 1 as » tends to infinity.
The complete intersection of two hypersurfaces of degree n and m in P* has

G (ntm—SPnm,  cy=(rt+nm+mi—5(n+m)+10)nm;
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subvariety SC P(E) such that, equivalently S-(fibre)=1, or the restriction of the
projection, n: S—X is birational.

Note that z: S—X is an isomorphism outside the subset
Y={xeX|z Y (x)CS}CX,

which by the irreducibility of S has codlmensmn at least 2, that is Y is a finite set of
points.

Proposition 4. There is a natural correspondence between quasi-sections
SC P(E) and exact sequences

(%) 0L —E—sI;-M—0,

with L and M line bundles and Z a zero-dzmenszona! subscheme of X having sheaf
of ideals 1.

Proof. The correspondence is given as follows: let N denote the restriction
to S of the line bundle Op 4, (1). The kernel of the surjection Op gz (1)—N is the
line bundle Op ) (1)R0p & (—S9), Whlch has trivial restriction to each fibre z7'(x),
and is hence of the form z*L for some line bundle L on X. Applying the sheaf-
theoretic direct image functor to the exact sequence of sheaves on P(E)

0—’7F*L'—’OP(E,)(1)*?N-*0
gives the exact sequence 7
0—“’L_‘)E"")‘7t*N'-,')0.

Since #: §—X is an isomorphism outside the finite set YCX, =, N is locally free
outside Y. To see that N is necessarily of the form I,-M, with M locally free,
consider an open UCX over which L and E are trivialisable: L|;=Op—E|;=
Oy®Oy is given by two sections f and g of Oy, and the divisors of zerpes of f and -
g have no common components—smce otherw1se the cokernel weN would have
sections supported on a divisor. Hence f and g deﬁne a O-dlmensmnal subscheme
Z. From the exact sequence
(18] (—g)
0—>0,-L8.0,00,~51,- OU——+0

one sees that the cokernel =, N is of the required form.

Note that Supp ZCY.

The following definition is implicit in the arguments of Proposition 4, and we
will ﬁnd it useful later :

Definition 2. Let & be a torsion-free sheaf on an integral scheme S. A sub-
sheaf # C & is said to be full if equivalently : :
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(1) the quotient &/ is torsion free;
or

(i) For any sheaf ¢ with FC¥C & and F=¢ at the generic point of S,
F=9.

Lemma 5. Suppose that we have an exact sequence (x) as in Proposition 4 ;
then
(i) det E==L®M, so that a(B)=c(L)4c,(M) ;
and
i) c(BE)=c(L)-c(M)+deg Z,
with deg Z the length of O, that is
CdegZ= X zl(Oz,P)

P e8upp

Proof. (i) follows from the fact that both sides are line bundles, isomorphic
outside a set of codimension 2. .
- For (ii), note that L—E is given by a section s e I'(EQL™"), which by hypoth-
esis has Z as its zero locus ; hence ¢,(EQL~")=deg Z, and (ii) follows formally.
With this lemma the “if” part of Theorem 1 is of course a triviality ; I now
want to give Bogomolov’s method of constructing a quasi-section SC P(E) for which
the corresponding L is positive, under the hypothesis that ¢i>4c,. '
For x € X and any n, let U(n, x) denote the subspace of sections of H, vanish-
- ing at x; U(n, x) has codimension at most rkH,=2n+ l'in H'(H,). Any s e H'(H,)
can be considered as a section of the line bundle M,, on P(E), and (s) denotes the
corresponding divisor ; M, has degree 27 on the fibres of P(E). :

Proposition 6. There exists a quasi-section S CP(E) such that for all n, x
and s € U(n, x), s vanishes to order at least n+1 on S, that is

®>m+1)8.

Befdre giving the proof, let us derive Theorem 1 as an easy corollary. = For
this, let S be the section provided by Proposition 6, and let L, M,Z and the exact
sequence () correspond to S as in Proposition 4. Letting A=L@M ' =L®Qdet E~,
Lemma 5 gives c,(4)*>4 deg Z, so that it will be sufficient to prove that for some
i>0 H'(X, 494 0.

From Propositions 4 and 6

H(P(E), M ,(—(n+1)S))0;
since obviously H'(P(E), M ,(— (2n+1)S))=0, the exact sequences
0—H(M,(—(k+ 1)S))—H(M ,(—kS))—H(S, (M (—kS))|5)

for n4-1<k<2n give
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5B, (M(—kS))| ) ZHPE), Mo —(n+1)$) >0,

k=n+1

so that for some i>0 we have HS, (M, (— (n+i)S))|s) #0.
Using the definitions

Opmy(D|s=N,  Opn(D&0px(—S)=7*L
and |
M,=0p2nQR(z* det E)®"
occuring in Proposition 4, we can rewrite
M (—(n+)8)|s =(NQz*LRr*(det E) )" (z*LON )"

Since #,NCM, we have NCz*M, and N®®-9 Cz*M®=-9, so that using (i) o1
Lemma 5 we have

M (—(n+D)9)|s C(@* LQm*M ) =n*(4)®*;

hence H(S, n*(DH®)=H(X, 4%9%)+#0 for some i>>0. This proves Theorem 1.
Note that we have only made use of the existence of a single non-zero section
s € H'(H,) whose divisor (s) on P(E) has a quasi-section § with multiplicity =n+ 1.

Proof of Proposition 6. We consider a non-zero element s¢ U(n, x), and
show that the divisor of s contains some quasi-section S with multiplicity at-least
n+1. The fact that S is then independent of n and x is essentially trivial, but as
remarked above has not been used in the proof of Theorem 1.

The formal proof of this fact is a little abstract using the simplest case of
Mumford’s theory of stablhty of pomts under the action of a reductive group [28];
in order to explain why we should expect a rabbit from this particular hat, 1 would
like to illustrate this argument by the simplest example. A section s of H,=
S?ER(det E)®~" gives us, for every point x ¢ X an element s, ¢ S*E_ @(det E,)®™";
choosing a basis (e,, e,) of E, this can be represented, up to a factor, as a homo-.
geneous form of degree 2z in 2 variables:

Sp=f(x1, X)) =27 axixi* =[] (x;—ax,).

The roots a; of this form will of course vary on changing the basis of E, ; however,
the discriminant of f,

disc (f)=,,;1;[j (oti—otj),

which is a polynomial in the coefficients a; of f, will only change by scalar factor
under such a base change. Taking account of these scalar factors, we see that to
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s we can associate a section disc (s) of the line bundle (det H,)®¥ in such a way
that disc (s) vanishes at x ¢ X if and only if the form associated to s, has a repeated
root, or in other words the divisor (s) on P(E) meets the fibre over x in a divisor
having a point of multiplicity at least 2. But det H,=0y, so that any section is a
constant, and if s was chosen to vanish at some given point of X disc (s) vanishes
identically, and (s) has some horizontal double component..

The formal argument is a generalisation of this, and goes in two steps :

Step A. Let W be the standard 2-dimensional representation of GL(2), and
let W,=S"WQ®(det W)®-»,

The diagonal scalars of GL(2) act trivially on the representation W,, so that
W, is a representation of the reductive group PGL(2)=G. - We have the notion of

an unstable point of W, under G ([28], p. 36)); the following conditions are equiv-
alent :

(1) letting G-fC W, denote the orbit of f under G,
OeG-f,

" denoting the closure in the Zariski topology.

(ii) For every homogeneous polynomial function P of degree m>1on W,
invariant under G, P(f)=0.

In our special case, f ¢ W, can be regarded as a homogeneous polynomial in
2 variables, and it is well known (and goes back to Hilbert) that we have a thll‘d
equivalent condition ([28], pp. 77-78)):

(iii) f has a root of multiplicity n 1, that is for some basis e, e, of W f=
er*'f' [(e; N\ ey)™, with f of degree n—1.

The assertion we need is (jii), and we prove it by checking (ii).

Step B. The invariant functions on W, of degree m define a canonical direct
summand I, ,, in S™(W *):

(0) S™W,*)=I,,,DS.

The vector bundle H, on X can be described as the vector bundle associated
to the GL(2) bundle E corresponding to the representation W, ; the structure group
of H, is PGL(2). Associated to the decomposition  (0) above we have a decom-
position o ' ‘

S™H,*)=I,,,®S,

With I, a trivial vector bundle.
- Thus every invariant polynomial p ¢ S™(W,*) corresponds to a global sectlon
PofI,, on X. Under the canonical pairing ,

sm(Hn*) >< H’n_>OX’
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P takes a global section s of H, into a global function P(s) ¢ H'(X, Oy).
If s € U(n, x) then P(s) vanishes at x, and hence vanishes identically.
This completes the proof of Proposition 6, and hence of Theorem 1.

§2. The stability of the tangent bundle
We begin with the following fundamental fact :

Proposition 1. Let X be a compact complex surface, and let o e H"(X 2%)
be a global holomorphic 1-form; then dw=0.

Proof. For compact Kahler manifolds there is the more general fact that
dw=0 for any global holomorphic p-form ([30], §4.7), ([31], § IV, 4); the proof
involves the rudiments of the theory of harmonic forms, so I give an easy alter-
native proof. _

Consider the C~-differential dw/ dw, which is of type (2, 2) ; wherever dw+0,
do/A\dw>0. On the other hand dwAdw is the total differential of a C* 3-form:

d+dD(doNa)=doN\G+doNde+ddo NG+ doNdo=doN\dw;

hence by Stokes’ Theorem the integral of dwAdw over the whole of X is zero:
[dondo=| dona=0,
?

and hence dw=0.

Proposition 2 (Castelnuovo s lemma, [6], see also [22]). Le: @ and w, € H'(2%)
be two linearly independent global holomorphzc 1-jorm.s' such that .

wl/\a)2=0;;

then there exists a morphism X ——z——>C and global holomorphtc 1-forms s, and s, ¢
HYC, %) such that w,=f*s,.

Proof. We will use the following obvious fact:

Lemma 3. Let E be a rank 2 vector bundle over a factorial variety V, and
let & CE be a subsheaf of rank 1; then there is a unique full subsheaf (see Def. 2,
8§ 1) LCE which coincides with & at the generic point of V, and L is a line
bundle. Furthermore, # CL.

L is just the subsheaf of E consisting of rational sections of % ; the argument
used at the end of the proof of Proposition 4 of § 1 shows that L is locally free and
that E/L is torsion-free.

The condition @, A w,=0 implies that o, and w, belong to the same lme bundle
LC Q% ; these two sections define a rational map f,: X—P'. The sequence of
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blowings-up X¥-—=>X which reduce the singularities of f,, and the Stein factorisation
of f, fit together into the diagram

When we have shown that C has genus >1 it will follow by a traditional argument
in the theory of surfaces (see Zariski [32], p. 25 or Zariski and Schillmg [33]) that
fisa morphlsm, and hence X =X. Setting @, =z*w,, we can assume X=X (the
full bundle £ spanned by @, in the sense of Lemma 3 is not necessarily z*L).

The map f, is given by taking the ratio w,: ®, as a function on X ; thus
o,=f¥(x)w,, x being a coordinate (rational) function on P!.

Now use Proposition 1 to give us

0 =dw1=d(f*(x)0)z) =f*(dx) /\wz‘;

that is : f¥(dx) is a rational section of the line bundle LC 0% corresponding to o,
and w,. Hence f¥Q%,.CL; since obviously f#(2%,) and f*(2%) coincide on an open
set of X (in fact outside the ramification of C—P"), we also have f*(2L)CL.
~ Now for an arbitrary morphism f: X—C of a non-singular surface X onto a
non-singular curve C we have the notion of ramification divisor D({f) on X: for
PeC, decompose the (scheme-theoretic) fibre f*P= 3", n,C, as a sum of irreducible
components, and set D(f)p= fA*P—(f*P)rea= 234 (n,— 1)C;, and define D(f) =
Yirece D(P)p. The ided behind the definition is the following fact :

Lemma 4. We have an inclusion f*(QL)(D(H)) C 2% as a full subbundle.

An easy computation in local coordinates at a non-singular point of C; shows
that the inclusion df : f*(2%) C 2% has divisor of zeroes (n,— 1)C,, proving the lemma.
. Returning to the proof of Proposition 2, we have

Corollary 5. L=f*(Q.)(D()).
This is just the unicity assertion in Lemma 3.

Now I claim that foL=20%; this 1s‘clear outside those points P ¢ C for which
the fibre f*C is non-reduced. But for such a point, since f*Q%,C L Cf*(QL(P)) we
have Q4 Cf,LCQ4(P); however, any sectlon of 2%(P) around P which does not
belong to 2} must generate 2%(P) at P, so that it corresponds to a (rational) section
of f*Q% over X having pole exactly f*P around f~'P, and hence not belonging to L.

This proves the proposition, since f*w, provide the required sections of .Q
ensuring that C has genus >2.
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Proof of Theorem 2. For a line bundle L £% and a rational map f: X—C
of X onto a curve C, the condition f*Q, L is a equivalent to the condition that
the fibres of f are tangent at the general point of X to the foliation corresponding
to L. The function field k(C) of C is then determined intrinsically on X as the

field of functions on X whose differential belongs to L QY% ; thus the map X —f—>C
is unique if it exists if we assume that k(C) is- algebraically closed in £(X).
Theorem 2 is a consequence of the next assertion:

Proposition 6. Let LC Q% be a (full) line bundle, and suppose that for some

nz1 there are two linearly independent sections s, and s, e H(L®"). Let X—]¢1—>P1

be the rational map defined: by s, and s,, and XL>C be its Stein factorisation.
Then f*Q,cCLC2%. "
Furthermore, f is a morphism.

Proof. Note that for a rational map f: X—C and a line bundle M on C, f*M
is a well-defined line bundle on X.

There exists a canonical finite covering Y1i>X having Galois groupZ/n®Z/n,
and sections #; ¢ H'(Y,, L) such that mEs, =P (i=1,2). Desingularising Y, if

necessary we get a covering Y——>X and sections ¢, € H(Y, z*L) such that z*s,=
2», The embedding LC Q% lifts to an embedding #*L Cx*Q%, and compeosing
with the standard map dr : #*Q%— 0% gives us a line bundle (not necessarily full)
a*LC 2%, and two linearly independent sections #, and. t, e H(Y, z*L).

Now consider the diagram ‘

Pi > P!
(x9 }’)'—>(x", J’"),

where the left-hand column is given by Proposition 2 applied to the sections #, and
t, of z*L on Y, and the right-hand side is the Stein factorisation of the map defined
by 5, and s,. By Proposition 2 we know that g*Q% coincides at the general point
of Y with z*L, so that the fibres of g are tangent to the foliation defined by #*L;
since the above diagram commutes it follows that the fibres of f are tangent to the
foliation defined by L at a general point of X.

This proves the first part of the proposition. For the last assertion we let as

before X¥—2>X be a sequence of blowings-up which reduces the indeterminacy of f:
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X-z5x
f“\‘ f
C
Then if we let . Q% be the full line bundle corresponding to z*L, then we have
both that L=7*Q2%D(f)), and that the morphism f is defined by two sections z*s,
of z*LCL. Butif f was not regular at some point P ¢ X then some component
of z~'(P) maps surjectively to C under f, and the n*s; vanish on it. This contradicts
L=7*24(D({), and so f is regular.

Theorem 2 is proved.

§3. Possible extensions

I would like to mention the following problems concerning the possible gen-
eralisations of Theorems 0, 1 and 2; some of these will be treated in F. A.
Bogomolov’s forthcoming article [0].

(i) Vector bundles of higher rank on a surface.

Let E be a vector bundle of rank # on a surface. For a full subsheaf FCE
of rank r, let F’ denote the quotient E/F ; F’ is then torsion free of rank r'=n—r
and locally free outside a finite set Z=Z(F). = Set

A= A(F)=(det F)®"' ®(det F)®~",
where det F’ is the uniquely defined line bundle extending the usual det F’ outside Z.
Definition 1. E is said to be f-unstable if there exists a flag

| F,.CcF,C..--CF,CE, (0)
w1th the F, full subsheaves of E, énd integers d,=0, not all zero, such that the line
bundle :

L= @ (4,)®%

has H(L) 0.

By analogy with the n=2 case one could hope for the following two steps to
work : : *

(@ >@2n/(n—1))c, implies that either H'(H,) or H'(H,*) grows with m,
where H,, is the auxiliary bundle

H,,=S""E®(det E)™™;

(one checks easily that det H,,=0y).
(b) Letse H'(H,) be a section chosen to vanish at some point x € X ; then
the general fibre sy of s defines an unstable orbit of PGL(n) in the representation
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W, to which H,, is associated. The stabiliser of this orbit provides a parabolic
subgroup P,CPGL(n), and s provides a reduction of the structural group of E to
P,, which in turn defines a flag (0).

(a) and (b), together with the analog of Lemma 5 of § 1 Would give the follow-
ing result:

cl(E)2> Cz(E)

implies that E is f-unstable, with the line bundle L in the numerically positive cone.
(ii) Vector bundles on higher-dimensional varieties.
Let E be a rank 2 vector bundle on some variety ¥ CP¥ of dimension n such
that

c(E):-H**>4c,(E)-H"*;

then the restriction of E down to the general surface section X =H""*CV satisfies
the hypotheses of Theorem 1, so that E|; has a positive subbundle Ly. Do the
L, come from restricting down a positive subbundle L CE over the whole of ¥'?

(iiiy The stability of the tangent bundle to a higher-dimensional variety.

Let V be a complex projective manifold, ‘and let FC 2% be a rank k sub-
bundle. Can we limit the Iitaka Kodaira dimension x(det F, ¥) [34] of the line
bundle det F?

As Bogomolov points out, the method of proof of the Castelnuovo-Bogomolov
Theorem 2 shows easily that in the (esséntially equivalent) cases p=1 and k=1
we have

=1 k(detF,V)<k
k=1  «(F,V)=<p.

In view of the poverty of methods available for dealing with varieties of Kodaira
dimension 0 [35], the following result is of interest:

Theorem 3. Let V be a projective non-singular variety of dimension n over
the complex numbers such that Pic V=Z and the anticanonical class —Ky is a
positive generator of Pic V. Then the tangent bundle Ty is stable.

For otherwise there is a subbundle FC 2% of rank k<<n for which the cor-
responding

A(F)=(det F)®»-*@(det F/)®~*=(det F)e"@KP~*

has a section; it follows that det F=K$™ with m<O0, contradicting the above
Castelnuovo-Bogomolov theorem.

Assuming positive answers to the problems mentioned in (i) and (ii) above, we
get restrictions on the Chern numbers of V' ; for example, under the additional con-
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dition that —K is ample, we get the bound (—K)*<72 for Fano 3-folds. This
bound, going back to Fano ([36], [371, p. 83-93), has been recently reestablished
by Iskovskikh ([38], see also [39]) by fairly difficult arguments, and under further
conditions.

(iv) Extensions to characteristic D.

Shafarevich and Mumford have both pointed out that the proof of Theorem 1
breaks down in characteristic D, since the part of the divisor (s) which meets each
fibre in a single point of large multiplicity will in general be a multiple of a surface
T C P(E) for which the projection T—X is purely inseparable ; the same proof then
gives merely the instability of z*E for a suitable purely inseparable cover r: Y-»X.

Theorem 2 however would seem to be hopelessly false in characteristic p; the
proof breaks down since (a) Proposition 1 of § 2 is false, so that we do not know
that w, Aw,=0 implies that setting f=w,/w,, df Adw,=0; and (b) even if we knew
this, it would still leave the possibility that the map defined by the linear system
|nL| (with LC Q%) is composed of an inseparable morphism of surfaces. The pro-
blem suggests itself of knowing whether any positive LC 2% corresponds to an in-
separable morphism f: X—Y of degree p, in the sense that L coincides at the gen-
eric point with the image of df : FOY—02% (see [40]).

There seem to be examples, due to Parshin (unpublished) of surfaces for which
the ratio a=cl/c, is arbitrarily large. ‘

Appendix. The Kodaira vanishing theorem

Theorem (Kodaira [41], C. P. Ramanujam [42], [43]). Let X be a non-
singular projective surface over the complex numbers, and let L ¢ Pic X be a line
bundle such that c,(LY*>0 and c(L)-C=0 for every curve C on X.

Then H(L-)=0.

Proof (D. Mumford). To a € H'(L™) there corresponds in a canonical way
an extension :
(o) 0—-0y—E—~L—0

of vector bundles on X, which is split if and only if ¢=0.
The bundle E has Chern classes ¢,(E) =¢,(L) and c,(E)=0, so that it satisfies
¢\(E)*>4c,(E) ; applying Theorem 1 gives us another exact sequence involving E :
0
{
Ox

d
0—L(—D)—E—I;-0xD)—

O N
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The positive sub-bundle provided by Theorem 1 has a non-trivial morphism to L,
and is therefore of the form L(—D), with D=0 a positive divisor; and from
Theorem 1 we have that 4=L(—2D) is in the numerically positive cone of NS(X).
The numerical conditions we have now contradict the index theorem unless D=0,
in which case the extension () is split and a=0.

For by Lemma 5 of § 1 we have

¢,(E)=0=(c,(L)—D)-D+deg Z,

so that ¢,(L)-D<D?*; and ¢,(L)*=2c,(L)-D follows from the fact that L(—2D) is
in the positive cone and the hypothesis made on L. Thus either

(L)  c()-D

det :
c(L)-D D?

=¢(L)’D*—(¢e(L)-D)* >0,

which contradicts the index theorem, or D*=c,(L)- D=0, which implies D=0 (by
the index theorem once more).
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