Answers to Worksheet 7

A. Clearly, for every t € (—m, 7], |lepo(t)]|? = 1/2(cos®t +sin®t + 1) = 1,
and cpg(0) = P, cpg(m) = @Q, such that cpg is a curve with properties as
claimed.

The length of an arc of cpg connecting P and Q is
d 1
CPQ(t)H dt = / |(—sint, cost, 0)7||dt = .
0
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On the other hand, cosd(P, Q) = p-q = 0 for the spherical distance d(P, Q)
between P and Q. Hence d(P,Q) = 7/2 < 7/+/2, and the shortest curve
connecting P and @ is the great circle obtained by intersecting S? with
the plane (O, P, @), not c¢pg. This is hardly a surprise, since cpg is a
circle, but not a “great” circle.

B. The sum of angles in a spherical n-gon (not overlapping itself) is (n —
2)m 4 area: Just subdivide and use the fact that both area and sums of
angles are simply additive for polygons.

C. Two distinct planes IT; and II, through O in R3 meet along a line L at
a dihedral angle ¥ (measured from II; to II3). Then Refly, o Reflp, =
Rotr,(2¢): The points on L are fixed, and all the motion takes place in
the plane orthogonal to L, so the composite is a rotation. To check the
angle of rotation 29, consider the image of any point on II;.

For the last part, great circles L, and Lo are cut out on S? by planes
II;, TI, of R®, and the reflections are restrictions of the reflections of R3.
Their composite is a rotation of R, as just described, so the composite
of the two reflections of S? is also the rotation through 29 about the axis
through the two points of intersection of L and L.

D. Set P’ := ¢~ !(P) and P"” := Refl;, o 0~ }(P) and note that O, N, S, P,
P’, P”, ((P) are all coplanar by construction. For ANPO and ANP"S
we have ZNOP = ZSP"N = w/2 (Thales circle) and ZPNO = ZNSP”
(reflection). Hence also ZOPN = /P"NS = Zi(P)NO =: ). Therefore,
using AN PO,

tand = deucl(O, N)/deucl(O, P) = 1/deucl(07 P)
Using the triangle AN(P)O,
tand = deucl(oa L(P))/deucl(Oa N) = deucl(07 L(P))

This proves deyer (O, P) - deyet (O, (P)) = 1.



