or even 7 X 7 or bigger. For example,

Setwetisite 7713 Godeaux

3.2

TiTeXo ToY2 21 ToYo - ToriZa 0
Ty Yo R2  T1Y1 + ST 172X
T2 N 20 T2Y2 (11)
Zo Y2 z1
ToX1 ToYo + SXo

Matrix of first syzygies

ror1%2 + SY2

I order the relations L; and choose their signs as in (8). The matrix M; of
first syzygies in the approved (A B) form of [R2], 2.1 is the transpose of

—Y

—T1Zog

20

Y2
™Y

X2

T Yo Z2 o
T2 n Yo
—XT2 T2X0 21
—Y1 —T2Zo Ssxo + ToYo
—Y2 —Z1 —STo—ToYo
T2 —ST1 — "Y1
T2 Y2
U —Tox1
20 T2Y2 —Tor1T2 — SY2
20
20
)
—ToT2

—Tol2 ToT2T1 + SY1 ToTT2 + SYo

STo + TaYs

Yo —%22
—Yo o
29 —Xo .
(12)
—STg — T2 —Tox2
r172%0 + SYo ToYo —R2
—S8T1 —T1Y1 Y2 —Tol1
122 —Y2 I1
—T2T —T2 U
—2Z1 To
—z1 )
—Z1 Yo

The spinor sets made up by I = (4 out of the first 5 rows, with ¢ omitted)
and the complementary J = I¢ have spinors of the form z; Pf;.
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The equations become

Apr 2011

L1 T X1Y2 = d(:vg + M2a) + )\Zg,

Ly : 2oy = c(x? + \2b) + pzy,

L3 : 1y = cdrixy + Aczg + pdzy — Ape

c(dxixe + Az1) + p(dzg — Ae)

d(czy129 + p22) + AMczr — pe),

Ly : w129 = 1921 — Abyo + pay,

L5 D Y129 = (CZl — ,ue)xl — bd()\C.TQ + ,qu),

Lg : yoz1 = (dzg — Ne)wy — ac(Ayy + pdxy),

Ly: 2} + ay? + ex? + bdxyys — Ab(dzg — Ne) = 0,
Lg : 2129 + acxiyy + exyxs + bdxsys — Apabed = 0,
Lo : 23+ acrayy + exd + byi — pa(cz — pe) = 0.

(66)

This set of equations comes neatly from Iy = (Li, Lo, Ly, L) (unchanged
from (64) except for the unsurprising term ex;xs in Lg) by coloning out
T1X2Y1Y2; its syzygy matrix M is

(1 dry —T1 —pd A .
cry Yo —Z9 e 1 .
. -2 Ab -1 1 0 .
Abc —29 —cry Ty . . 1
-2 pad dxo T . A
—29 . Ha Yo To A
. —ay; 21 . —\b —X9 I
by 29 na —Xy X
(67)
) pae acyi + exs —bys —pac zo  —2z
Abe —bdyy — ex1 —ay, —z9 21 —Abd
acyy + exs —pacd 29 . Yo —dxs
—exy —ay, dzy— de —21 =Y dzy
—exy —bys —czy+pe  —2 CXo -1
bdys + exy Abed 21 —cr1 W% .
—cz1 + pe . 29 cdzs —Yo ) . —ud
dzo — e —2z; cdzq Y1 e

(Or ad lib., swap Rows i and i+ 8, or apply orthogonal row operation, adding
x X Row 7 to Row j and —x X Row j + 8 to Row ¢ + 8, with i +8 and j + 8
taken mod 16.) One checks that it satisfies ‘M JM = 0 where J = (9})

22


Miles Reid
see website + Fun


Miles Reid


Miles Reid
Apr 2011

Miles Reid



From Fun2, Mar-Apr 2013

If we think of the 9 relations modulo A, ¢ in rolling factors format

2y
/\ <C£I}1

Z .
X1 dl‘g 21 1
and 21z = ---

T2 Y2 22 22 = ...
2 T )

it is natural to arrange them as

L23 :
L13 :
L12 :
L14 :
L24 :
L34 :
Fiy
Fio
Fa
The syzygies are
Y1 —I
CT1 —XT2
—ubd  \b
Abe 0
0 21
—pe 22
Z1 0
29 ua
0 Aabc
Abe  pabd
€T acry
—€xr;  —ay
byg 0
—bdxs 0
0 —bys
0 bdx-

—11Yy2 + dzd + A\zo — pPad

—1hY2 + cdx1To + Aczy + pdzg + Ape
—Toy + cxt + puzy — N2be

—1129 + cx121 + Abedxs + pbdys + pexy
—X129 + Toz1 + Abys — pay;

—Yo21 + dxo29 + Aacy; + pacdry + Aexs
—22 + ay? + bd?2% + ex? — pPabd® — \2be

—2129 + acx1yy + bdroys + ex1zo + Apabed
—25 + ac*zi + bys + exi — Nabc? — pfae
dxo A —pud 0 0 0
Yo 0 Ac I 0 0
21 —Iy (7 0 % 0
29 —T9 cTy 0 0 W
—Xe  —dxs 0 - Ac ud
0 —1Yo 0 —cx 0 AC
pad 0 —dzo —x1 0 A
—Aac 0 —Y2 —xT2 0 0
pae —acr; —exs bys 0 —2

0 ayy er; —bdxs 29 -2
0 —Xac 0 —29 0 Yo
0 —pad  —MXe 21 —1ys  dxo
—acry na —29 0 0 —T9
ay 0 Z1 Ab To —X
—exs 29 e —Abe 0 cr1
exry -2 0 —pbd  —cxy

I
0
—Y1
0

Modulo A and p, the first 8 rows are standard determinantal syzygies, and
the last 8 correspond to the rolling factors (e.g., Row 9 certifies z; Foy — 20 Fl9
as an element of the determinantal ideal generated by the first 6 relations).
The matrix M satisfies 'MJM = 0.
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Same, massaged for z1

4.5 Approaching final form

Tidy up giving precedence to z; and z;. Modifying the relations as

—Ls: y1ys — cdrixe — Aczy — pdzy + Ape,
—Ly: zoyy — c(z] + N?b) — pz,
Ly —zys + d(23 + p?a) + Az,
Ly: —x120 + 2221 + pay; — Abys,
Lg: —yoz1 + (dzg — Ne)xs — ac(udzy + Ayq), (81)
Ls: —yi120 + (cz1 — pe)zy — bd(Acxs + pys),
Ly +acLy . 23+ acx? + bys + ex3 + Nabc® + pae,
—Lg: —z2 — acxiy; — bdways — ex1z2 + Apabed,
L; +bdLy : 2%+ ay? + bd®z3 + ex? + pPabd® + N\be
allows me to massage the matrix of syzygies into the form
acry bys 29 pna T To
—acxy exs 2 —Xac  —dxry —1s
—bys  —exy — e Abe 29 Y1 cx1
—2 JL€ —cxy —1Yo —ud  Ac
—z9  —Abc  cxy — T ) 1
—ua Aac  —zo Yo To . A
—x dxa -1 pd —-A
—y Y2  —cri —Ac —p
(82)
21 e . Y1 dx —pud  Ac
—Ab 21 —pbd  —y x1 : 14
pad 21 —drey —x1 A
ayy bdxo 21 —\b ) -1 —X9
—ay, exy e z1 pad dxo Yo
—bdxy —ex;y —ubd 21 -1 —cxy
Aabc  pae ) —exs by —acxy 21 29
pabd —Xbe ex; —bdzs ayy 21 29

This has lots of symmetry, in effect, many different skew symmetries:

(1) The bottom left 8 x 8 block has diagonal entries z;.
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Same, massaged for y1

The syzygies become

—CI1
—€Xx2
—by»
— e
—29
-2

—\be
—U
—\be
pbd

—bd.’lfg

(]

acxy exo
Ac
—\ac
Ha 22
—Y2
—Y2
—dxs
To —cr
A —ud
—ayr —€en
x —h
dxs
21
—2
2 — L€
—pad  —Xe

by
—H

CIq
T2

T

—de‘Q

—Y1
Ab
—ubd
—Abc

21

pae

Y2

—acry

Aac
—pad

d.’l?g

-2

—Xe
—ain
—€ex

€T2

Z2

Y2

—Ac

21

pud

T1
—hn
—cry

dl‘g

<1
d.TQ

pd

—Y1

Aabe

acxy

22

pabd
Ab

—bd$2
by

—ayi

(84)

zZ2
-
—Ac
T2

—CI1

Yo

Here the bottom block has y; down the diagonal, and the top block is “skew
with multipliers”: it would be strictly skew if we multiplied rows 2, 5 and 8
by a (and divide rows 10, 13 and 16 by a to preserve isotropy).

All 7 of the 6 x 6 Pfaffians of the submatrix [1,2, 3,4, 5,6, 8] are divisible
by the Tth relation for z2; all 7 of the 6 x 6 Pfaffians of the submatrix

2,3,4,5,6,7,8| are divisible by L;.
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4.7 Alternative giving precedence to \ or u

One can attempt a similar thing for A or u. The matrix can be massaged by
column operations and admissible row operations into the form

0
Y1
21

—1
dl’g
pud

0

—de’l

SO DO O OO >

—Y1
0
22

— 5
Y2
0
21

0

T o8 coco>o

—z1  cry —bdry —ubd
—2Zy  cry  —bys 0
0 —pac 0 by
na 0 0 0
0 0 0 —29
—y2 0 29 0
—ay, —zy pabd —bdzs
0 —Y2 —ay: 21
0 0 —pa T
0 0 0 —I
A 0 —X 0
0 Ac -z =
1 1 Ab 0
0 —X2 0 Ab
0 0 —Ty  —U
T 0 0 0

0 bedxy exy
—cz1 + pe 0 exsy
acy, + exs 0 —pae

29 byo 0

—pacd  acy; + exs 0
cdzs —cz1 + pe 0
—ex —bdzy + Abe 0

dze — Ne —exy 0
(85)

—Yo ) 0

dxs —21 —pad
—pd hn —dw;
cdxy 0 —dzy + e
- 0 21

21 0 ayr

AC cry —Yo
—cx Abe 29

Here the top 6 x 6 block is skew with multipliers, and the top 8 x 8 block
would be after the O(16) row operations 7 — 7 — ¢ x 16 and 8 — 8 + ¢ x 15,

It corresponds to ordering the relations

22 + y2b + zoy1ac — pziac + xie + plae

— 2129 — T1yrac — Toyobd + Apabed — x1x9€
Y122 — T121C + pyobd + Axobed + pxqe

—22 — yia — z1y2bd + A29bd — xie — N2be

Y1Y2 — Az1c — pzad — T1m20d + Ape

—Yo21 — AY1aC + XTa2od — priacd — Axse
—To21 + X129 — Uy1a + Ay2b

T1Yo — A2y — x%d — pn2ad

—Toy + 21 + Tic + Nhe

29



4.8 Alternative giving precedence to xq, cr;

) 21 y1 dre  pd A
-2 . —=byy Zy  —pac
—y1 bys —29 ) CTo
—dIQ . Z9 . Yo
—pd =29 —Y2
-\ pa —x
—Abd . —ay; 2 —Z

. —ay1 2z pad —dry Yo
T . . una —X9

I . A .
. T . A .
-Xb . 1 1
—Ab T —T9
. —<1 —Uy Cn

) 1% .

S —

Abed

acy; + xqe
—cz1 + pe
22
Abe
bdys + 1€
bys
hn
—2

CI1

—\be

acy, + xrqe
—cz1 + ue
—pacd
cdzs

—Y2

—bdyy — 1€

e
Z2
—pud
d[L‘Z
—h
21
—Abed
Ac

CI1

with cokernel the vector of relations, ordered and signed as

aczayy + bys — pacz + 25 + plae + x3e

—cdx1Te + Y1Ys — Aczy — pudzo + Ape

—pacdry — Aacyy — Yo21 + drozy — AToe
—Abcdzy — pbdys + cx12y — Y129 — pxie
—\uabed 4+ acxiyy + bdxoys + 2129 + x120€
ay? + bdxyys + 23 — Abdzg + A\2be + x?e

plad + dzd — z1ys + A2o

payr — Abys + To21 — T122
—A2be — cx? + oy — pizy

e
—pae
TIo€

ayi
bdys + x1e
—Y2

—22));

The final spinor here is the determinant of the bottom left 8 x 8 block, with
diagonal entries z; or cry, and is equal to 2% x Lj.

The top 6 x 6 block is skew with multiplier ¢, and the top 8 x 8 block
would be after the O(16) row operations 7 — 7 — ¢ x 16 and 8 — 8 + ¢ x 15,
To spell this out, AddRow (AddRow (MultiplyRow(MultiplyRow
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